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Special Information for the Invigilators: NONE
Information for Candidates:

Sub-sampling by an integer N

1 N-1 . 1 N-1
il (w=2mk)/NYy _ k_1/N
T n[n] N kz_o X(e ) =% ;X(WNZ i

where
k _ _—jomk/N
Wy =e .
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The Questions
1. Consider the three-channel filter bank shown in Figure 1
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Figure 1: Three-channel filter bank.

X[n]

(a) Express X(z) as a function of X(z) and the filters. Then, derive the
three perfect reconstruction conditions the filters have to satisfy.

[7]

(b) Assume that Go(2), G1(2) and Ga(z) are 3-band ideal filters as shown

in Figure 2, and assume that H;(z) = Gi(z7), for i = 0,1, 2. Sketch

and dimension the Fourier transform of yo[n], y1[n], y2[n] and Z[n] as-
suming that z[n] has the spectrum shown in Figure 3.
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Figure 2: Fourier transforms of the synthesis filters of Figure 1.

[7]
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Figure 3: Spectrum of z[n).

(c) Now, the filter bank is iterated on the Hy branch to form a 2-level
decomposition.

i. Draw either the synthesis or the analysis filter bank of the equiva-
lent 5-channel filter bank clearly specifying the transfer functions
and downsampling factors.

3]

ii. If the filters are %-band and ideal as shown in Figure 2, draw the
Fourier transform of the equivalent filters of each branch before

downsampling.
3]
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2. Consider the two-channel filter bank of Figure 4.

(b)
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Figure 4: Two-channel filter bank.

Assume that Go(z) = (1+27Y)(a+bz"" +az7?) with a # 0 and b # 0.
Find the values of a and b such that the condition (go[n], go[n — 2k]) =
§[k] is satisfied, where (go[n], go[n — 2k]) denotes the inner product
between go[n] and go[n — 2k|.

[5]

Assume Gg(z) is the filter you obtain in part (a). Design the filters
Hy(z), H1(z), G1(2) in order to have a perfect reconstruction orthogo-
nal filter bank.

[5]

Consider the two-channel filter bank of Figure 4 without downsamplers
and upsamplers. Such a filter bank is called a Nonsubsampled filter
bank. Choose {Ho(z), H1(2),Go(2),G1(2)} as in an orthogonal two-
channel filter bank. What is #[n] as a function of z[n] and the filters?

[5]
Assume Hy(z) and Go(z) are given, show how to obtain H;(z) and
G, (z) such that #[n] = z[n| in the nonsubsampled filter bank. Assume
that Ho(z) = 1 and Go(2) = 27 + 4 + 2, calculate {H:(z),G1(2)}. Is
the solution {H;(z), G1(2)} unique? If not, provide at least two more
alternative solutions.

[5]
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3. Consider the two-channel filter bank of Figure 4 shown in Question 2.

(a)

Take

1

16(1 + 221+ 27 )~z +4—271),
where P(z) = Hy(z)Go(z). Compute a linear phase factorization of
P(z). That is, assume that Ho(z) = ;5(1 + 27)*(1 + 2). Given
this choice of Hy(z), define the other filters Hi(z), Go(2) and G1(z) in
terms of their z-transforms.

P(z) =

[7]

Now, consider the two limit functions

b(w) }EEOHM" (zk)

where My(w) = % My(w) = ﬂ‘—(jg—ﬂ and ¢(w), p(w) are the
Fourier transforms of ¢(t) and @(t) respectively. What can you say
about convergence, continuity and differentiability of ¢(t) and (t)?

[7]

Assume that the two limit functions ¢(t) and @(t) exist and that ¢(t)
and ¢(t) are two valid scaling functions. Consider the two correspond-
ing wavelets

\/_Zhl (2t —n a.ndwt) \/—Zgl[n]goZ!—n)

where h;[n] and ¢:[n] are the filters you found in (a).
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i. State the number of vanishing moments of ¥(t) and 1 (t).
3]
ii. Consider a function f(¢) € Ly(R) and assume f(t) is uniformly
a-Lipschitz with a = 2.2. You can write f(t) either in terms of
¥(t) or ¥(t). That is:

£ =" (fB):bmalt))Ymalt)

or

Z Z wm, n wm n( )

with the usual assumption that ¥m.(t) = 27™2H(27™t — n).
Which of these two representations leads to a faster decay of the
wavelet coefficients across scales? Justify your answer numerically.
In the light of these considerations, discuss whether or not it would
be better to exchange the roles of the analysis and synthesis filters.

[3]
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4. Consider the linear B-Spline given by
1—t, |t]<1

p(t) =
0, otherwise.

We know that ¢(#) is a valid scaling function. However, the linear spline is
not orthogonal. It is our aim to orthogonalize it.

(a) Compute the deterministic autocorrelation function

aln] = {p(t), p(t —n)).

Denote ¢(w) to be the Fourier transform of ¢(t) and A(e?*) to be the
discrete-time Fourier transform of a[n]. Show that the new function
¢(t) with Fourier transform

« P(w)
p(w) m

is an orthogonal basis of the subspace Vy = span {¢(t—n)}nez. (Hint:
Show that the Riesz basis criterion A < Y, ; [¢(w + 27n)|* < B is
satisfied with A = B =1).

[5]
(b) Using the Poisson sum formula:

> fle-n)= > flexk)e™™,

n=—00 k=—o00
show that ¢(t) satisfies the partition of unity.

[5]
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(c) Finally, find the z-domain expression of the filter Hy(z) that leads to
the two-scale equation:

8(t) = v2  holn]e(2t —n).

w2

(Hint: Use the fact that ¢(w) = 2&2")p(w/2) and the fact that
o) = )
P(w) = \/A_(ejw_))
[5]
(d) You now have a valid orthogonal scaling function, find the correspond-

ing wavelet. That is, find the z-domain expression of the filter /7:(2)

such that: ¢(t) = V23, ha[n]¢(2t — n).
[5]
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