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Prove that for two probability sets

P.P,....P, (P+..+P, =1)
and Q1’Q2"'-,QM (Q1+"'+PM=1)
P log—=<) P log—
i=1 Pt i=1 Q,‘

with equality if, and only if, P, = Q; for all i.

Hence, or otherwise, prove that the entropy function H satisfies the condition

H(P, -, P,)<logM
M

where H(Pl,---,PM)=ZPilog%. (4]
i=1 i

If H(x) denotes the entropy of a discrete random variable x, H(y) is the entropy of a
discrete random variable y, and H(x/y)and H (y/x)are the associated conditional
entropies, prove that:

@ H(x,y)<SHX)+H(y)

() HGEy)=H@+HQY/x)=H(y)+Hx/y)

(i) Hx)-H(x/y)20,

and explain the significance of the results. [9]

For the case in which the elements of the channel matrix are such that a) each of the rows
of the matrix is a permutation of a basic set of numbers and b) each of the columns of the
matrix is a permutation of a basic set of numbers, determine the relationship between the
probabilities associated with the channel inputs if channel capacity is to be achieved.

(71
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Data is transmitted over a discrete memoryless noisy binary channel using pulses of
amplitude +V Volts. The channel is corrupted by zero-mean additive white Gaussian
noise and attenuation can be neglected. If two decision thresholds at £ .V are employed
in the channel decision marking system and the received signal levels between the
decision thresholds are considered to be ‘ambiguous’; determine the capacity of the
channel as a function of the various decision probabilities when

(1) k<1
(ii) k>>1. [14]

Explain the practical significance of the two approaches to decoding and discuss the
associated advantages and disadvantages. [6]

If, in deriving your results, you employ any special arguments then these should be
proved.
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Figure 3.1 shows an image that is comprised of black and white pixels. The first-order
statistics are fully representative of a class of images that are to be transmitted and it may
be assumed that the pixels are statistically independent of each other.

The image is to be transmitted using a binary channel after it has been scanned on a line-
by-line basis.

Determine the entropy of the image source and compare this with the image compression
that can be achieved through the use of block encoding, with blocks of length 2. [10]

If the information was to be transmitted using your encoding scheme, and an error was to
occur in the image in the seventh transmitted digit, what would be the output image

obtained? Sketch the image on the grid provided. [7]

What general conclusion can you draw from your answer? [3]

Figure 3.1
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Suppose the pixels of an image can be represented by K binary digits. Suppose further
that the image is to be transmitted over a binary communication channel using the well-
known method of run-length coding.

If runs of lengths Iy, I, I3,..., I can occur with associated probabilities Py, Py, -..... , Pa,
and successive runs are statistically independent, determine the data compression that can
be achieved when the following encoding schemes are used:

a) At the start of each run a (K + 1)-binary digit word (a zero plus a K-bit word
representing the amplitude of the pixels in the run) is used, and a binary 1 is

used to represent each other pixel of the run. [6]

b) Optimum Run-Length encoding based on entropy considerations. [5]
c) Run-Length encoding in which a Shannon-Fano code is employed and a code-

word of length L;, is used to represent a run whose probability is P;, i=1,...,n

(5]

Compare the achievable compression ratios and draw conclusions as to the desirable
properties of the run-lengths. [4]

Note: Compression Ratio, CR, is defined to be

CR = Number of Data Digits Before Encoding
Number of Data Digits After Encoding
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Discuss the statement; “A restriction on the rate at which data pulses can be transmitted
over a communication channel does not in itself place a fundamental restriction on the
rate at which data can be transmitted over the channel”. [2]

A binary symmetric channel has a cross-over probability of P. Determine from first
principles the capacity of the channel. [6]

The channel is to be used to transmit information from an information source whose

outputs are the integers 0,1 and 2, which occur with equal probabilities. Explain what has
to be done in order to transmit data at, or close to, the channel capacity. [12]

Two modems whose constellation (signal-point) diagrams are shown in Figure 6.1 are to
be used to communicate data over a channel having a bandwidth of W Hz.

The noise which affects each dimension of the constellation identically and
independently has an amplitude x whose probability density function P(x) is

P(x) =constantfor —g< x< g

= 0 elsewhere.

Calculate and plot the capacity of the two modem systems as a function of g. [18]
What important practical conclusions can you draw from your plots? 2]
1
. .
X 1 | |
[ ®
-1
Figure 6.1
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