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1. Consider the discrete-time feedback system shown in the figure below, with
input signal u, output signal y and a white noise disturbance e with E(e) = 0.
This disturbance e incorporates also the effects of measurement and modeling
errors. It is known that K > 0, |a| < 1 and |8 < 1, but otherwise K, a and

B are unknown.

(a)

(b)

()

(d)

7 14+ az™! o y
+ 148271 | 4

Compute the transfer functions from u to y and from e to y. For
which values of K, a and 8 are these transfer functions stable? Hint:
show that the closed-loop pole is on a straight line segment connecting
a and f. [4]
Write an ARMAX difference equation which can be used to estimate
K, a and B from the measurements of uy and yi for k =0,1,2,...N.
Hint: you may introduce other variables instead of u, y or e if this is
more convenient. [4]
Describe a least squares based method for estimating K, o and 3 from
the measurements described in part (b), using the ARMAX equation
derived in part (b). Hint: it may be useful to work in several steps,
and in each of these steps to transform the ARMAX equation into
an ARX equation with the same unknown coefficients, by introducing
new variables. 4]
Briefly describe the method called pseudolinear regression to estimate
the white noise signal e and then the unknown parameters K, o, 8
(based on the measurements of ug and yi, for k=0,1,2,...N). [4]
Assuming that K, o and 8 have been found, how can we approximate
the transfer function from u to y by an FIR transfer function of order
157 Hint: introduce convenient notation which allows you to formulate
a simple answer. [4]
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2. A microwave device can be modeled in a certain frequency band (Win, Wmax)
by the following simple circuit:

u R

O

The unknown parameters R and L should be determined. The driving
voltage is u(t) = U coswt, where U > 0 and w € (Wmin, Wmax)- The average
power P dissipated by the device (in R) can be measured via a sensor.

We have 20 measurements available from experiments, Pi,Ps,...Psp,
which correspond to u having the known amplitudes Uy, Us, . .. Uag (not zero)
and the known frequencies wy,ws, . ..wso. Naturally, the data will not fit our
simple model exactly, no matter how we choose R and L.

(a) By defining new variables if necessary, rewrite the model of the system

in the form Yk = w0+ ek, where y and g are known, 8 is the vector
of unknown parameters and e, are the equation errors. [4]
(b) Write the formula for the vector of estimated parameters § which
minimizes e% —|—Ae§ ceo e%o. Indicate how we can derive estimates for
R and L from 6. 3]
(c) Is it possible to estimate 6 by the formula required in part (b), if
the amplitudes are all equal: Uy = Us... = Uy (but the frequencies
are different)? Is it possible to estimate ¢ by the formula required in
part (b), if the frequencies are all equal: w1 = wy... = wog (but the
amplitudes are different)? [3]
(d) Assume that ej, es,...epp are independent and identically dis-
tributed. Assuming also that E(e;) = 0, give a formula for an un-
biased estimate of Var(e). [3]
(e)  Still assuming independent and identically distributed equation er-
rors, give a formula for an unbiased estimate of Cov(f), where § is the
estimate from part (b). Note that Var(eg) is not known, but it can
be estimated, as was required in part (d). (3]
(f) Now assume that the power sensor has an unknown gain £ > 0, so
that we are measuring kP (instead of P). We may connect a known
resistor Ry in series with the microwave device, for a part of our 20
measurements. (The voltage u is applied to this series connection.)
Modify your answer to part (a) so that from the model we can find
also the unknown parameter & (in addition to R and L). [4]

-9 -
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3.

An unstable linear SISO plant with an unknown transfer function P is
connected to a stabilizing controller as shown in the diagram below. The
reference signal r is sinusoidal with a frequency of 50 Hz and d is a random’
disturbance. At frequencies higher than 1000 Hz the gain of the plant is
practically zero. We assume that P(i1007) # 0.

Y
L

o2} gp

We use a controller with the transfer function

Kms

Cls) = Ko+ 7 T oomy®?

where the controller gains Kp, Ky, have to be tuned. It is known from ex-
periments that for Kj = 3 and K, = 10, this feedback system is stable.

(a)

(b)

()

Compute S, the transfer function from 7 to z, in terms of Kp, K
and P. If K, and Ky, are such that the feedback system is stable,
d = 0 and r(t) = Rcos(wt), where R > 0, describe the behaviour of
2(t) for large ¢ > 0. Comment in particular about the case when the
frequency of r is 50 Hz. [5]

In order to tune the controller, we would need an approximate Bode
plot of P. Describe identification experiments which can provide us
with the necessary data for the Bode plot. For these experiments,
we can make d = 0, we may use the controller and we can generate
any bounded signal r. Describe briefly the computations necessary to
process the measurement data. (5]

Assume that the feedback system is stable, 7 and d are independent
stationary random signals with expectations E(r(t)) = E(d(t)) = 0
and known power spectral densities S'" and S%. Is z a stationary
random signal? Compute E(z(t)) and write the formulas needed for
computing Var (2(t)) (the power of z), in terms of P, C, S™" and S99
(do not do any computation). [5]

If the feedback system is stable, 7(t) = Rcos(100t) for all t € R,
where R > 0 and d is as in part (c), compute F(y(t)) and Var(y(t))
in terms of P, C and S%. Is y a stationary random signal? -Give a
brief reasoning. Hint: use your answer to part (a). [5]
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4. We know that a nonlinear discrete-time system X is formed by the cascade
connection of two stable LTI subsystems, and the input to the first linear
subsystem is u3, where u is the input signal of X. In the block diagram of
¥, shown below, the block marked X 3 is a static cubing block. The transfer
functions of the LTI subsystems are denoted by G and H. The output y of
Y is obtained from the output of the second subsystem, but it is corrupted
by the measurement noise e, which is (discrete-time) white noise.

| P e
3 -
LX3___,_“ G__T__,H 3

-+

Suppose that u is (discrete-time) white noise independent of e. The values
up, pr and yi have been observed for k£ = 0,1,...10,000. Based on these
data, we would like to estimate the transfer functlons G and H.

(a) Isu3 stationary? Describe a method for estimating E(u}) and C“

(the autocorrelation function of u3) for 7 =0, 1,...100. [3]
(b) Describe a method for estimating the auto-correlation function '
and the cross-correlation functions CZ—‘SP and C¥ for 7 =0,1,...100.
Explain very briefly how this problem is related to the concept of

ergodicity. Is y ergodic? [3]
(¢c) Describe a method for estimating the terms go, 91,...9100 in the
impulse response of G from the results of parts (a) and (b). 3]

(d) Describe a method for estimating the terms kg, h1...h100 in the
impulse response of H from the results of part (b), and explain briefly
how this method is derived from the properties of C¥¥ and C¥Y. [5]

(e) Having estimated go, g1,...g100 from part (c), how can we build
a FIR filter whose transfer functlon is a good approximation to G?

Write the corresponding difference equation. 2]
(f) Express SYY, the power spectral density of y, in terms of E(uk),
E(uf), E(ex), E(e}), G and H. [4]

—_ 5 —
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5. Consider the discrete-time LTI system with input u and output y described
by the equations

(d)

(e)

(£)

Syk — 8Yg-1 + 3.18Yk—2 = Q—1,

qr = — Jug + Sug_7.
Compute the transfer function G of this system. 2]
Determine if G is a stable transfer function, and compute its DC-gain.
Is G proper? Is it strictly proper? Is it FIR? 2]
Consider the signal u given by ug = 0 and :
. ;

| ’Uk=ﬁ_651 (k=1,'2,3,...), | (2)
where §; denotes the discrete-time unit pulse at kK = 1. Compute the
Z-transform of u, denoted 4(z). [2]

Let y be the response of the system to the input signal u given in
part (c). Assume that the initial state of the system is zero. Compute
the Z-transform §(z). [2]

Explain why the signal y from (d) is of the form

ye = ¢1(0.7)F 4+ 2(0.9)% + ¢3(0.1)F forall k> 2.

Explain briefly how the constants c¢j,cg,c3 can be computed, but
do not compute them numerically. [5]
Assume that the discrete-time transfer function G given above has
been obtained by a discrete-time identification procedure applied to
a continuous-time LTT system, via sample and hold blocks (i.e., D/A
and A/D converters) with a sampling frequency of 10 kHz. Make
an estimate of the transfer function P of the continuous-time system,
which should be valid for frequencies that are significantly lower than
the sampling frequency. [2]
Suppose that the output measurements of the above system are sub-
ject to measurement errors, in that

9(2) = G(2)i(2) + &(2),

where é is the Z-transform of the sequence e, which is white noise
with E(e;) = 2 and E(e?) = 9. Given measurements y1,%2,. . . 4300,
how can you compute an unbiased prediction of y39;7 How large
is the variance of the prediction error? [5]

(END |

s B

System Identification



oD i S 2ok i e e e IR htesaadien muly ~uajar

s ErGiHy ik

)t g g B g qutte— gl
-I‘-ﬂﬁ' * yl‘f = F 4y

ey Jerag o) 1o O oo yefiseywily s

ares 0t erggmen Ty motiomd slugmarwids s vl B Uraauyraed

185 AT 1 4 ey, s 2 8l Sisgang Ol
bk 0= (ot oo g o0 Tetgin ndd mbieseiD)

e [ s l=d) 00— i =

wgt oy O f =gk s iy simu qomSeadsmalhy ads scsramd) 1l watber

) 2 fafoal ¢ Yo apuieaayE

s Sy wt lemspes vl s G1 el sl T seoepesy oly et ol
ANA St Al e sy walt T e Tarhany ubt drii setnrst A | 51 %
i et dsiisan - wil

werel] apllite &l 0 il @ lemrs ndd Gle g

S fmal *leae = 0005 200w = iy

s Dl w8 g e Swemnie. wll wan Poivd egle
5l T R O e
wal s e 0 UM T sk teil, sadt v,
ot EIER Tt e CtiSeshitass mis samail . m e TU T O
£ Wt edeada h!ﬂ'l‘l i !ﬁlm iR AR 175 sttt o
ril 1 Bt I oAl gleltilnd o -t finemeime 20 T o8
ipstifen =it gpntinioen atit o 4 poiEm ftas nilt 16 sl sl wr
e=vul I TTRIT vLi[l]n:_.ﬁ{qu it T HI|FL"=JI';!:IJ wil nfiln 103 bmmh el e
IJ_J & TS 1 it P us_ll
don = apenern avouds ods Yo ansinesamas gy sty saulp ppopge
reill T ascoae EspRener=iil vy s

Cafh & fxadle gl = [Ny

SEftnt w1 o Duidin 48 sosoyie oede W mindfiasenl, 0 o 2t 0 orde
Ay <o ol slfsrmatd e poil o = i"'“:'l Thint & = baath £i'a
agtti nbdl Srgpt W nalisil o) i an ot =AEimkT T BE Rod

r-:_- ST L mdh'.i"n.l ﬂ;l fh Fatulisx sl
1 |1‘E| |
i
]
o ]

nnj

=11

I=+}

=i



SYSTEMS TDENTIF] -
'CAT\ON) Maj 2006
Solutions "¢ f;//

’ _ b+ g Ik.ﬁg'
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M-ﬁz”"
K(l+w2")
= — + K
FrK)(1ep) * Where  p= “%Kx— ,
! I+ B!
Ee(x)-'-—- A+ z:_ = {51 -1\ °
“K'H;f’ (+K D+ pe)
ance. r)= 4"5'7(' P’ .3 .i_f_l"(d' 1S a cenvex comlo:‘vm."'b“

of o and fp, which are both in the spen unit disk D,
we have thal alse PelD. Hence . 7;“_ and Ee are
stable r‘ego.rawl;ss of the choice of K>0, o(,/&elD.

(b) [ntroduce d:u—} (this s the Su‘gnqﬂ ol tThe oufpuf
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(C) Denote W, T e tae ., then W is a (mon—w;ﬁt&)
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Question 2,(2) The current through the device s

l:('t) = U Cos (wt + cf) , Wl\e,re. CP =-arg (R'f' CwL)
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Quesjc;on S @) Sy = [i + () C(S)—_\
s2+ (loom ¥
[s +Q00'n:) ]-[i+KFP(s):| i ](tnP(s)s

\g d=0 and r(i'):Rcaowi', then Epr far%ei'
we have z(t)chw(wt-r?w), where

Z =}5(iw)l'R, ¢, = arg S (iw).
l:or S0Hz we howe w= 00 so Hmt (L{Sins,
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Ohoe, we lnowe E_S't‘,tmq,u S(Lw), we can oblain

s ol S
P(iw) = b2 (8™ -1).

This Sormu.ea will lead o Qarge, errors i C (iw)
(s very swmall (En which case 5(::@)81), ie., a small
reLa'l:ive error (n esttmq{iins_ S(Cw) will be ampﬂ'gf‘d
omo\ become a Qarae, reQaLive error (n 'H\e es!-c‘wmté,
92 P (iw). IS Cliw) s ey lacge, then the seana.ﬁ
7z will be very small | and thes 4,00 increase the

febeli hood Bf errors @rmpﬁng the measurement a{i

5(&0). The remarks on errors in this para,%raph
are not 'Par‘t of the solution .

(C) Denote W=[£] ; X (s o[al'w:n&cl Lj PQSSCng H\-e
Isknlt‘onqrj St‘gan, w H\f‘ough a S'L‘aue LTI SJSEIM
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g{aﬁona:«j. 6t‘nce E(W)=O, we ‘mve E(Z):‘ O.
We have  Var(z)= C*()= —{ 5% (1 du,
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'HM‘S S—oLLOWS from what we said in our answer
to P“rt @), Since now Z =|SHoori)|-R=0. Since
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Wwe now C_QF\SEAQV t!r\.a% %fme Aag S!'E'\V‘{-QGI
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follows that | £ (y(t)) = () = R cos (100).|
_{1\/[5 Ap_pemls on t, So 'HMA%, g s not |
M- WQ ha,ve

Var (y(®) = E( [g(t)—E(g(t))]z)

= E( [s0-re])

(ke )= Var(2t)

=) B
= 5";58 S™ (1w) dw -"—‘-*'—S ]P(aa)S(.:u)]z-

It
so fhat o BT
Saop Bleh ph eollsudns
Var(g(t))”_ﬂ:_s Q+P(a£)c(;) S (e,

...._.9-—-—



Question_Ll.(a) Since ... “'-4:“‘09“4,“;_,.--
are (.i.d. (Em:!.epenclent anal. fclen’«‘c% o‘isfribufed),

3 3
the same s true for‘ %—49“29"(49“;,"'

(6’\ any m%er Euncticm IU-) —”'w; 3 (s while hoilse ,
(_n,, pqrbcu.,.nr‘,) Lf; s 5{attonqg o,wol ergool.;c. Basec{

oh 6"300‘4“91 We (an es'litmc.'te (aanhatsgi:zzes)

E()=-L i}:uk, Var (i2) = L5 (@Y,

k=0
~ N
= 3
lj/l\ere N= 40?000 and Uy 7 “k 2 E(“i ) Since u?
{s white noise 9 its auto correlalion S;.(mctfon is esti-
ma'tcd as E\u;uB N\ 3
- = Var(uk)- So(t))

wl\ere So (s the discrete um:t PL{LSE, | So(t)-‘?-{l S‘Or T=0,
0

else ,
G’) 6':“‘& ‘*3 cs Wl’“{e nolse, it s e.raac‘u‘c HEnce)
the rondom Siahq,p— [ u—3 P C%jr) where ?. s the
oﬂ'bfivd: ngﬂ-ﬂﬂ Of H 2 (s a.LSo e,raocl.cc. Sm(_e g ?+e
where e s agodin white hmse) mdepeno\ani Qf
we 3e.t that  alse [_U- P g] (s s{'q}-mnm:j anol)
e,rgp O‘AC lh Par‘l—LCu.QaJt .‘t gouows ‘H’mj' we Can

eslimale C P and CP} (f"r T =0,,.. ‘100> bj

Au p | N-T /\g /;%' I N-z
L, U s = ~
C-r. N-z.i-ikgol k Piee 5 C’Z: N—?:'+'1kZ=(;Pk gk+z’

wherc ai has Lee,n cleﬁin,eal eare(er‘, ana[ simzfar{’j

A R A
P=pe= i)y Y= % BB, <OL"'°“565 g
e.raa&‘c, ‘)e.ina a Com["’“e“t 5 Eu P y-] )
Q—he same gr)Pr—LeS to CP




C“u - o-?-go, where 0"?'=Var‘(uf),-

=3
we 9efi ’CP = a’z‘j_'. We can estimate

boHL CPu; and S (see H’te answer 'to 75
(3) and (b)), and then we can oblain ‘f:r :s‘tt—
mnte og 9. from '“12 ﬁame.d ‘gor-mul«a. aLove,

(d) Denote agoin Lj 9 the oufr'mt seam_ﬂ o} the
Sulo5jsfe.m w:,f:h frans;—er Fnc.&ion H.T}\en_

C‘?P = ﬁ* CPP Since Y =“g}+e, we have
CY¥ = CVP+C%. Sine p is oblined from
w and e is fne\:_penol.m't o} u, we have that e
(s ina[e.pmdzn't 05_ P bawes CeP-—'—O, m’

C¥ = fox Cif, o wrillen ia matrix Jorm,

[ 1 [:*7 ¥
L [ CYP | [Remem-
. o ey s ko Co | [ber thet
crrocre e hy cr C= i
A o 4 == |, =
b yP
et ot (e (/3 <
A O

Sinc.e. H (s S'Iia\nl-e) we ['lcwe Lk—* 0. We 'I:run-
cate the above infinite sjsiém of equakons b

keerir;% on% the }irsi‘ 401 Qqual-r'ans ond  the
54‘(5{: lod un len owns "LO,I'L“... hd“oo' We r‘ep(a-ce. CIt
ond ¥ (which ave nat known) by their estimates,

See Part (b), Qnal tkj":liwi 93'.\/2. 5'0" ha,“l_,”,a. héoa'



(6) —i—'hg appr-oxima'be \Lrams?,b\ S:q.ncj-{oﬂ (s
G%(z) = §o + §Ji'+§2z“2 +§m g
TL\J’S co rresronals to 'H\e MA e,a(u.a-t-:'on

_ A A A A
PP-— 3" 'D;_ T 1Y% Y92V, - g 3409 vk—:oo i

Here, v c].e.uofe,s the En/wf stgnq.ﬂ af the FIR

fiﬂi&, pots the outpal signed, and §k
the estimate ‘i; 9 » k=0,4,... 400,

(}) We have 3'—‘- HG ? + /e\ : where (r o
olf\amge) (v B ko{t olEno":e.S ‘H-e % ‘fransjormafion.

Thos, )
g: [HG I]ﬁ, where w—:[uJ,
L_.————f-——"’ | €
L
Bj ‘H'\e, mo\tr‘ix Version oS- 'H\& erne.r- Lee
formula (discrete—time version ), We have

ww , X

533 =1, S L. . Oince u.3 and e are Enolepen-
dedt ¢ we  have wu c* 0
- = : whe re

m o) 0;2-
o= VAr(ui)r- E(u:)—"E(ui)z,
C’]Z-"-" Var(ek):: E(e:‘)—— E(ﬁk)z.
MuQ‘tipljiﬂg ou'l:, we. o\ojmln.

S () = |[HE@)[ 6@ 2+ o2,




Ques’caon 5 (a) (5-— g8z +3.45 iz)gfz).-.i'%(z)

§@=(3+52")u@) . Combining these, we get

-3+52)%" 062! +=*

5-gz'+3.45= l— 1.6 +0.63z2 '

G(Z) =

(Ir_)) The POlM 9f G are 07 and 0.9, so thot it s shble.
Its DC 9»1,:1. (s 6({)=B?_C;LIB_=LIO/3' G is SJ‘ra‘a% proper

Cie.y G(oo)=0> and it s net FIR.
(€) 1§ the formuda for «, twwe true ohe for k=0, then
Lhe Z- troasfsam  woddd be zfzo.i - 677, B::;“ésfwe

A
have e sublract ?(So -'—'7, so that

o (z) = zf;i o TF gt 2

~5.34+06Z'
- z=-04

(~06z +1)-(-532+06) 1
(z-07) (2-0.9) (z-04) <

(d) /3(2)': G(z.) a(z) —

(e'> WE use ‘““& pﬁr{f@ﬂ J:'rm;l—z‘ans Aicompoﬁikan

d, + d,. = ds
z2-0%F z2-0.9 z-0.4

13'(2.)=z 9(=)= ;

e ) A
@wker& d4 o= ,Q,l;m (2—07)13(2) on,ol' saw‘&?@j

=07

}or dz,d3. Take inverse Z ‘f:r‘ansfe’\.ms:

w, = 4,00+ d, 09" + ds(oA)k"iﬁ:@

gor k=4,2,3,... while wo-‘-'O, Since gkzzd;_i,

- di _ da - _ﬂ_
}OF C:i_ (a?)_i’ Cz_-(-a—g—)-z, Cz = (O.J)z) we %eb H\-ﬂ

desired gorm“*p-"-- —-—/13..._.




[, hs
(f) P(S)%‘JG( j+h2.; ), where h'—*'[O_H)
Tz

Qccorc!un% to -Tu.sl-m s ﬁ-ormu.ﬂ.a.
(%) ljcrochce g 9= 2 and e=¢- 2, thea E(ek) 0 a.ncl.-)
m%ﬂ\@f‘qﬂ g—ermuﬁ.a Ser H\e_ one skp ohend

pre&&ion. ai) gkf,n,RMAX SSST?_M described \:_sj

~s

or ~
It WY TAY, , o0 = tJ-:»"“lr. + "1‘*&.-1 +'°z“k-z

€ s 2

’g"(a 6@ie+ &,

(s A, = F '
yk - @4-‘:‘4)3&-1 ¥ (CZ.—QZ) 3;:..;
F £ F
+b°uk +b4qk_! + bz“k-z

wl'\ere

F F F

P yo of ¢ %
y'k ey yk—l +C, yk-z o y
e + c‘iuk-l +C, U - u

L

k 2

ond we have gk yk +ek (these iS no ne.e‘l to
wrile ol this dswwn in the e.xam)

’n our case, S l)e.mg an outpu} error, we ko.\fe

c:J.—..- i (cj-:.ﬂ,...'n>, o:o,fnzz, So that

bz’ +b,z*

FT@= (b7« bg?) ) = ey
= G(®UR.

Thus, we hove ®o s « throush G pud  the oubpet

oblained %ﬂ. k=304 will be the unbiased Pre&'g'ffon 6’0

3"301 ln parh‘wﬂu the daka Yoy Yar-or Yspo ore nol

n&EA-Qd. From yg yk +ef'~ we see fkﬁ-}' 'H‘-E proLlr.twn erfref
(s ek g So that s variance is 9, _.,4L1 _

=)
|+ Q,z +azz



