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1. Consider the discrete-time feedback system shown in the figure below, with
input signal u, output signal y and a white noise disturbance e with E(e) =
0. This disturbance e incorporates also the effects of measuring and modeling
errors. It is known that K > 0, |a| < 1 and || < 1, but otherwise K, o and
f are unknown.

(a)
(b)

(d)

uw 1+ az™?
+ 1+ 6271 | 4

|

Compute the transfer functions from u« to y and from e to y. For
which values of K, « and 8 are these transfer functions stable? [5]
Write an ARMAX difference equation which can be used to estimate
K,a and B from the measurements of u; and yg for k =0,1,2,...N.
Hint: you may introduce other variables instead of u, y or e if this is
more convenient. [5]

Describe a least squares based method for estimating K, o and 8 from
the measurements described in part (b), using the ARMAX equation
derived in part (b). Hint: it may be useful to transform the ARMAX
equation into an ARX equation by introducing new variables. [5]
Assuming that K, « and 8 have been found, how could we approxi-
mate the transfer function from u to y by a FIR transfer function of
order 12?7 Hint: introduce convenient notation which allows you to
formulate a simple answer. {5]



2. A microwave device can be modeled in a certain freqﬁency band (Wmin, Wmax)
by the following simple circuit:

L
w R

o

The unknown parameters L and R should be determined. The driving
voltage is u(t) = U cos wt, where the amplitude U and the angular frequency
w are known. U can be varied in a certain range and w can be varied in the
range (Wmin,Wmax) mentioned earlier. The average power P dissipated by
the device (in the resistor R) can be measured.

We have 100 measurements available from experiments, Pj, Py, ... Pigo,
which correspond to the known amplitudes Uy, Us,...Uigo (not zero) and
the known frequencies wy,ws,...wygg. Naturally, the data will not fit our
simple model exactly, no matter how we choose L and R.

(a)

(b)

(c)

(d)

(e)

By defining new variables if necessary, rewrite the model of the system

in the form y = w0+ eg, where yi. and @i are known, 8 is the vector
of unknown parameters and ey are the equation errors. [5]

Write the formula for the vector of estimated parameters 6 which
minimizes e% + f% ot 6%00' Indicate how we can deriYe estimates for
R and L from 6. [4]

Is it possible to estimate 6 by the formula required in part (b), if
the amplitudes are all equal: Uy = Us ... = Ujgg (but the frequencies
are different)? Is it possible to estimate § by the formula required in
part (b), if the frequencies are all equal: wy = wa ... = wigg (but the
amplitudes are different)? [4]

Assume that ej, eg,...ejgo are independent and identically dis-
tributed. Assuming also that E(e;) = 0, give a formula for an unbi-
ased estimate of Var(eg). [3]

Still assuming independent and identically distributed equation er-
rors, give a formula for an unbiased estimate of C’ov(é), where 6 is
the estimate from part (b). Note that Var(eg) is not known, but it
can be estimated, as was required in part (c). [4]



3. We have a stable linear SISO system with an unknown transfer function G.
From physical considerations we know that G is minimum phase, i.e., all its
zeros are in the open left half-plane. The relevant frequency range on which
this system operates is from 0 to 2000 Hz. At higher frequencies we expect
the transfer function of the system to be practically zero.

We want to connect this system to an integral controller, as shown in the
block diagram below. We want to find a controller gain k£ > 0 such that
the feedback system is stable, and k should be close to the largest value for
which this is true. '

(a)

(b)

(c)

(@

w

+

G(s)} ‘ -

In order to choose a good value for k (as described above), we would
like to plot an approximate Nyquist plot of G. What sort of iden-
tification experiments could provide us with the necessary data for
the Nyquist plot? Describe these experiments very briefly (assum-
ing that looking at an oscilloscope is not accurate enough), and also
describe briefly the computations necessary to process the data from
these experiments. [6]

Suppose that £ > 0 has been chosen such that the feedback system
is stable. Suppose that the input signal u is

u(t) = 10(1 — e~ ") + cos 300t (1)

and the correspondihg output signal is denoted by y, as shown in the
block diagram. Assume that w = 0. Describe the structure of y(t)

for large t (i.e., in steady state) and explain how such y(t) can be

computed in terms of the data (G, k and u). [5]

Assume that v = 0 and w is a stationary ergodic random signal with
expectation E(w) = 13 and a certain known power spectral density
Sww- Is y a stationary random signal? Is y ergodic? Compute E(y)
and write a formula for computing Var(y) (the power of y), in terms
of G, k and Sy, [6]

If  is given in (1) and w is as'in part (c), is ¥ a stationary random
signal? Give a very brief reasoning. [3] |



4. We want to model the output circuit of a power converter by the simplified
circuit shown below, where the filter inductor Ly and the filter capacitor Cf
are known, and the load resistor R and load inductance L are unknown. We
can choose the waveform of u (which is the output voltage of the converter)
and we can measure the load voltage y. R and L are to be determined (they
should be positive). We cannot expect a perfect match between our true
circuit and this model, but we would like to get a close match in a certain
frequency range. Warning: this problem may look similar to one in last
year’s exam, but the solution is in fact rather different.

(2)
(b)

(d)

Compute the transfer function G of the model circuit (from u to y),
in terms of L¢,Cy, R and L. Is G stable? [6]

Suppose that by measurements that use sinusoidal u, we have ob-
tained estimates for G at 30 angular frequencies wj, ...w3g, in the
frequency range of interest. Using these data, how could we estimate
R and L using a least squares based algorithm? Write down the for-
mulas which give the estimated R and L, taking care to define all the
symbols that you use. Hint: do not use directly the transfer function
G, because it gets you into a complicated problem (four unknown
transfer function coefficients which depend on the two unknowns R
and L, hence an overdetermined system). Instead, compute the load
impedance Z(iw) = R + iwL in terms of G(iw) and then use the ex-
perimentally determined values of G to compute the corresponding
values for Z. [6] '

Construct a realization of the transfer function G, of the form £ =
Az + Bu, y = Cz + Du, where A, B, C and D are matrices. 3]

We connect a hold device (D/A converter) at the input of our sys-
tem (i.e., we use a digitally controlied converter) and we connect a
sampler (A/D converter) at its output (e.g., a digital voltmeter), both
converters working with the sampling period T. How can we compute
the transfer function of the resulting discrete-time LTI system? There
is no need to perform any computations to answer this part. [5)



5. Consider the discrete-time LTI system with input « and output y described
by the equations

Syk — 8.5y—1 + 3.6Yk_2 = Gk-1,
Qr = 3ug — 2up_1.

Compute the transfer function G of this system. [2]

Determine if G is a stable transfer function, and compute its DC-
gain. Is G proper? Is it strictly proper? Is it FIR? [2]

Consider the signal u given by ug = 0 and

3
10F
Compute the Z-transform i(z). [2]

Let y be the response of the system to the input signal u given in
part (c). Assume that the initial state of the system is zero. Compute
the Z-transform §(z). [2]

Explain why the signal y from (d) is of the form

up = (k=1,2,3,...). (2)

vk = c1(0.8)F + c2(0.9)% + ¢3(0.1)% for all k> 1.

Explain briefly how the constants ci,co,c3 can be computed, but
do not compute them numerically. [5]

Assume that the discrete-time transfer function G given above has
been obtained by a discrete-time identification procedure applied to
a continuous-time LTI system, via sample and hold blocks (i.e., D/A
and A/D converters) with a sampling frequency of 10 kHz. Make an
estimate of the transfer function P of the continuous-time system,
which should be valid for frequencies that are significantly lower than
the sampling frequency. (2]

Suppose that the output measurements of the above system are sub-
ject to measurement errors, in that

§(2) = G(2)4(2) + &(2),

where é is the Z-transform of the sequence ej which is normalized
white noise (so that E(e;) = 0 and E(e?) = 1). Given measurements
Y1,¥2, - - - Y300, how can you compute an unbiased prediction of y3917
How large is the variance of the prediction error? [5]



6. Consider a stable discrete-time LTI plant with a stationary random input
signal uy and the corresponding output signal yi, which have been observed
for some finite time interval.

(a)

(b)

Describe a method for estimating the auto-correlation function C7*
and the cross-correlation function CrY for 0 < 7 < N —1, where N is
much smaller than the length of the time interval of our observations.
Explain very briefly how this problem is related to the concept of
ergodicity. [3]

Describe a method for estimating the first N terms go,91,..-9N-1
in the impulse response of the plant from the results of part (a), and
explain briefly how this method is derived from the properties of CF*
and C7Y. [3]

What is the meaning of a random signal being “persistent of order
N”? What is the significance of this concept in the context of part
(b) above? [5]

After having estimated the first N terms of the impulse response,
9o, 91, - - -9N—1, how can we build a FIR filter whose transfer function
is a good approximation to the true transfer function? Write the
corresponding difference equation. [4]

Suppose that a discrete-time stationary random signal uj has power
spectral density S¥* such that S¥¥({) > ¢ for all ¢ on the unit circle,
where ¢ > 0. Note that then the infinite Toeplitz matrix 7' with
entries T, = C}% satisfies

o0 o0
S (Tz)izk 2 €Y o},
k=0

k=0

for every real sequence z, for which ZZ‘;O :1:% < 00. Explain why this

implies that u is persistent of order N for any N =1,2,3,.... [5]

[ END ]
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