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Special instruction for invigilators: None
Information for candidates

Some formulae relevant to the questions

The normal N (m, 0?) density: p(y) = Zs=exp(—
System equations:

(y-m)?

202

T4l = Az + Bug + Mg
yr = Czi + Nwy

Here, v and wy, are standard white-noise sequences.
The Kalman filtering equations:

sk = AZkpk
Tk = Tjk-1 + Peje-1CT(CPyi-1CT + NNT)"Y(y, — Cirje-1)
Pesrje = APup—1 AT + MMT — APqj1CT(CPip1CT + NNTY'CPy-1)AT

The average quadratic cost identity:

N-1
E [Z (2 Qxy, + ul Ruy) + 2 Qn
k=0

N-1 N-1
= F l:”L‘g‘SOT() + Z(Uk + kaEk)T(BTSk+1B + R)(uk + Fkl'k) + Z tT(Sk_*.l]\ﬁf]\/[T).
k=0 k=0

where for k =0,...,N — 1,

= (BTSk.HB + R)_IBTS)H.lA
Sp = ATSpu1 A + Q — ATSpB(BTSk1B + R) !B Sk1d, Sy =Qn

The algebraic Riccati equations:

S=ATSA+Q - ATSB(BTSB + R)"'BT5A4, (control) -
P = APAT + MMT — APCT(CPCT + NNT)'CPAT, (filtering)
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1. Suppose that z1(t) is a doubly integrated white-noise process

d2 I
— =Y
dt? ’

where v(t) is Gaussian white noise with covariance function E[v(t)v(s)] = 6(t — s).

(a) Show that, if 5 is taken to be dz,/dt, the vector process z(t) = (z:(t), z2(2))T
satisfies the integral equation

z(t) = [é tzs]x(s)-i—/:[é t?”ﬂv(r)dﬂ > 5.

(Hint: for the noiseless case, find by direct integration the fundamental matriz re-
lating initial states to current states). (6]

(b) Suppose z(0) is known. Give expressions for the mean and covariance of z(t). [7]
(c) At a particular time ¢ a single noise measurement is made of z4(t):
= n(t) +w,

where w is an independent normal random variable of zero mean and variance Q.
Show that the conditional mean E[z(t)|y:) takes the form

Elz(t)ly:] = 2(0) + Kilyr — 21(0))

and give an expression for the gain vector K,. Briefly explain why the first compo-
nent of K; — 1 as ¢ — 00. (7]
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[N}

The state of a linear system
1 = Az k=0,1,2,...
is measured by a series of observations
v = Czp+wg, k=12,...

corrupted by a Gaussian white-noise process wy of variance ). The unknown initial
state x, is normal with mean oo and covariance Pojo-

Use the following version of Bayes’ identity for conditional probability densities

108p($o|yk, Yk-1,-- -) + logp(yklyk—n .- -)
= log p(yk|To, Yk-1,---) + logp(Zolyk-1,...)

to establish the recursive “information” filter
—1a - - -
P0|k Tolk = Pol;:..le[k-—l + (Ak)TCTQ lvyk ’
-1 _ p-1 KNT AT A ~1 gk
g = P T (AT)CTQ CA®,
where Zox and Py are the conditional mean and covariance of zo given Y, Yk—1,- - - 8]

In the case where zj is scalar, Q = C = 1 and A = 0.99, determine the limiting
value of the conditional standard deviation of zo given Yk, Yx—1,- .-, 38 k— o0 [6]

In the case where zj is scalar, @ = C = 1 and A = 1.01, show that zo[ is a consistent
estimator of zo in the sense that the mean square error vanishes as k — oo. 6]

(Hint: the identity

l+a+...+a" ! = , a#l,

is relevant to parts (b) and (c).)
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3.

A set of 2N + 1 measurements are made of a signal changing at a constant rate.
These are modelled as

Vv = A+Bk+w, k€{-N,-N+1...,-1,0,1,...,N}

where A and B are unknown random variables representing a mean level and slope,
and the wy are uncorrelated noise terms of zero mean and variance @, that are
independent of A and B.

Show that the estimates for A and B given by

. 1 N
Av =
N 2N+1k=Z_NYk

and N
B _ Zk:l k(}/k - Y-k)
N =

2 ZQI:]. k2

are unbiassed in the sense that

E[AN|A,B]= A, E[By|A,B)=B.

[6]
Determine the conditional variance of Ay and By given 4 and B and show that
Ay and By are uncorrelated. (7]
An alternative conditionally unbiassed estimate of the slope B is
~ Yy —-Y.n
By = ————.
N 2N

Show that this is asymptotically “inefficient” as an estimate of B when compared
with By, in the sense that

E[(By — B)?}|A, B
E[(By — B)?|A, B]

Ry = —+ 0 as N — 0.

(Hint: You may ﬁnd the inequality

useful in your argument.)
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Suppose the scalar controls ug of a linear system
Tl = Az + bug

are to be chosen to ensure that the first component z} of the state tracks a scalar
reference process z; modelled by

Zkel = Gz + Uk, o] <1

where v, is standard white noise of variance 1. The process zj is measured via a
noisy observation process '
' Y = 2k + Wk

in which wy is also standard whote noise of variance 1. The controls ux, which may

depend on zx and Yo, - - -, Yk, ar€ chosen to minimise the cost function
N-1
1 2 2
E[Z(zk — z)? + Ruj) .
k=0

Show that the optimal control law also minimizes the cost function

N-1
E[> (zk — 2p)® + Ru?)

k=0
where Zxk = Elzklyk, Yr-1, - - J [10]

The control problem can be reformulated as a complete information LQG problem
with the cost given in (a), in which (zk), 2k is taken as an extended state. The

subsystem of state equations for 2 are given by the Kalman filter.

Assuming that the prior distribution of zo is such that the coefficients of the Kalman
filter are time-invariant, use the equations at the front of this paper to derive the
coefficients of the filtering equation for Zx in the case where a = 0.99. This equation
is a component of the system of stochastic difference equations for the extended
state. Determine the variance of its noise term. [10]

P _ AT
v CLCMOJ} 0 (a(kr’ Zplk B Lufdf e
¢t ,; He o exar.
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Consider the application of the first-order extended Kalman filter and the statistical
linearization filter to the scalar process zy:

Ther = f(ze)+ve, zx€R
Yy = T+ Wk.

Here, vy is an observation process and v; and w are white-noise processes, of
respective variances @, and Q., that are independent of z.

The first-order extended Kalman filter is the ordinary Kalman filter for =, applied to
a modified model in which f(zx) is replaced by its first-order Taylor-series expansion.
Determine an expresson for the one-step predictor Zxi1j given by this filter in terms
of the current state estimate Tjx.

The statistical linearization filter is based on the approximate model
Tre1 = Explf(z)] + RkPk—“: (zk — Zigk) + Uk

where .
Ri = Ewlf(zi)z] — Explf (T0)1Eki

and where Ex[.] denotes expectation with respect to the N(Zk, Prjx) normal den-
sity, Zxx and Pyjx being estimates of the conditional mean and variance of zx given
Yk, Y1, - - .- Determine a predictor equation for Zx41jx and the corresponding equa-
tion for Peiij-

In the case where f(z) = z — 2°, express the predictor equation derived in (b) in
terms of Zxjx and Pk

(Hint: for normal N(0,1) random variables X, EX3=0).

What is your opinion on which filter is likely to give more accurate estimates for
the example in (c)?
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For the controlled process
Tpe1 = Azp + Bug + Mwg, 2o =12,

where wy, is zero-mean Gaussian white noise with ijwf = Ik, the control feed-
back law for uy is chosen to minimise J§ y(z), where

N-1
Jon(z) = E E(x?ij + u’fRuj) +25QNnzIN|To =12

j=0

Give a sufficient condition under which the algebraic form of the control Riccati
equation (at the front of this paper) has a unique positive semi-definite solution.  [3]

Suppose this condition holds and that @y = S is the unique solution. Using the
average-quadratic-cost identity (also at the front of the paper) show that the optimal
cost at k =0 1s

muin Jon = z7 Sz + Ntrace(MTSM)

[6]
Taking Qn to be S, as in (b), determine the value of the time-averaged cost:

~ min, J¥N(T)
lim ———
N—oo N

For what class of control laws is this the minimum value of the time-average cost? 5]

Suppose, for the set-up of (a), the only information available at time k is the set of
noisy measurements Yo, Y1, - - - » Yk—1, Where

Yp = Cxp + v

and v, is white noise independent of wg. Explain what is meant by the “separa-
tion” principle, and describe in qualitative terms the form of the control law in this
particular case. , 6]
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