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Information for candidates:
Some formulae relevant to the questions.

The normal N(m,o?) density:

_ 1 _(y—m)?
p(y)—me)cp( oo )

System equations:

T = Fz_1+u’+wg
yw = Hrp+u’+uvg.

Here, wy, and vy, are white noise sequences with covariances Q*® and Q° respectively.
k

The Kalman filter equations are

Pij-1 = FPk—lLk—lFT +Q°

P = Ppr — Pyp—rt HT(HPie  HT + Q°) " H Pyj-1,

Ki = Pyp1HY(HPyr—1H" + g,

Ty = Frp-1+ Ki(Ue — Jrpe-1) »

in which Zgg—1 = FZr-1+ v’ and fep-1 = HEpp-1+ 0’
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1. Consider the stochastic differential equation

j(t) = w(t)

where {w;} is Gaussian white noise with E[w(t)w(s)] = 6(t — &),

(i):

(iii):

Show that
i) = 9(0) + [Lw(s)ds and y(t) = y(0)+§(O)t+ Jo Jg w(s)ds'ds .

Hence show that z(t) = (z1(t),z2(t))T = (y(t), §(t))" satisfies

w0 =[5 1 ]s0s [|11° o

Hint: Use the integration by parts formula to evaluate the double integral. 8]

. Now assume that z(0) is independent of {w;}. Derive a formula for

P; = cov {z(t)}

in terms of Py and t. 8]

Finally, assume that z(0) = 0. Show that the correlation coefficient of x1(t) and

t), el
x5(t), namely E[z:1(t) z2()]

(Bz3(t)? (Ex}(1))?

is a constant. [4]

P(xl (t)a "“"Q(t)) =

¥
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9. A sensor is believed to be at the origin in one-dimensional space. The sensor has a random
time-varying bias by, governed by the auto-regressive model

bk = ﬂbk_l = Wk .

Here {wy} is a white noise sequence for which wy ~ N (0,02). a and of are a known
constants, —1 < a < 1.

The observation y, at time k is of an unknown fixed point 7o on the real line, corrupted
by white noise:
Yk = 70— bk + vk

where v ~ N(0,02).

(i): Formulate the problem of simultaneously estimating the position and the bias (ro, bi),
at time k, as a standard Kalman filtering problem:

z = Frp—1+ Wk
Yp = hTa:k + V.

What are F, k' and cov{wy}? 6]
(ii): Is (F,hT) observable? [2]
(iii): By solving the algebraic Riccati equation determine the steady state predictor error
covariance

S = {si5} = limg—ooPrj—1

where
Pye—1 = cov{ze|yrk-1} -

Comment on the values of s13. Would it be sensible to use the steady state version
of the filter, in place of the ‘optimal’ time-varying linear least squares filter? i 2]
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3a: Take two jointly distributed, scalar, random variables z and v with mean m, and my
respectively. Denote by p(z,v) the correlation coeflicient:

El(z — 'm;xJ('v — my)] =
(E(a: - mx)z)i (E(v— mv}Q)E

p(z, 1") =

Show that, for j = 1,2,
p= (-1 implies o7l (z—mg) = (=1Y x o7 (v —my) .
Hint: Calculate E[|o;'(z —my) — (—1) oy (v — my)|?).

3b. A noisy scalar measurement y is taken of a signal z. z is modelled as a scalar random
variable. y is taken to be z corrupted by additive correlated noise:

y=z+v.

Here Elz] = mg, cov{z} = 02, E[v] = 0, cov{v} = o} and cov{z,v} = pog0y, for some
constants mg, 02 > 0,02 >0and p, -1 < p < +1.

(i): Calculate the linear least squares estimate % of = given y, and the mean square
estimation error E[|z — £|%].

(ii): Suppose that o, # 0. What values of p minimize the mean square error?

(iii): Suppose that o, = 0y and p(z,v) = —1. What is the mean square estimation error
in this case? Comment on your answer.

Hint: In part b(iii), use your answer to part a.
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4. N identical sensors are used to take independent measurements of the position z of an

object in one dimensional space. The k’th sensor measurement y is related to z according
to:
Yyp = T+ eg.

Assume that the additive noise terms ey,. .., ey and z are independent random variables
and
Elz] = 0, Eled) = ... = Elen] = 0,
var {z} = o2, var{e1} = ... =var{en} = g
(i): Derive the linear least squares estimate of & given y1,...,YN.
(ii): Derive the mean square estimation error Elz — &%

iii): Suppose that o2 = 0.5 em? and o2 = 1 cm?. It is required that the mean square
€T e
estimation error satisfies:
El|z — 5':|2 < 0.0lcm? .

What is the minimum number of sensors for which this constraint is satisfied?

Hint: Derive the linear least squares estimate by direct minimization of the mean square
error, and not by using the standard formula for the linear least squares estimator. You
can use the fact that, by symmetry, the weights in the linear least squares estimator are
all the same.
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5. N independent measurements yj, are taken of the composition of liquid in a tank, to decide
whether biological contamination has occurred. Two hypotheses are considered:
(Hg) : contamination has not occurred. In this case, yx ~ N(0,0?)
(H;) : contamination has occurred. In this case, yx ~ N (ak,o?).

Here, o2 and @ are known positive constants. The situation when a test selects (Hy) when
(Hp) is true is called a false alarm.

Let I(y1,...,yn) be the log likelihood ratio:

1(Y1y-- -, YN
I, .. ¥N) = 10geu*_y_)._
po(y1,---,UN)

In this formula, p; is the joint density of (y1,... ,y~) under hypothesis (Hj), j =0, 1.

[8]

(i): Show that the log likelihood ratio is
4 1
l(y1,...,YN) = 0'2Zak {yk - Eak] ;
k=1
(ii): Assuming (Hp) (no contamination), calculate the probability density of l(y1,. .., Yn)-

[4]

(iii): Taking (Ho) as the null hypothesis, construct a Neyman Pearson test of whether
contamination has occurred, at the 0.01 significance level, i.e. under the constraint

that the probability of a false alarm is 0.01. 8]
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6a.

6b.
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Signal and observation processes are described by the equations

T = f(oTr—1)+wi
Ye = h(Ik)*thIk,

in which wy, and vy, are white noise sequences with covariances Q° and Q°. f and h are
given (possibly nonlinear) functions.

By making suitable linear approximations to the above nonlinear equations, derive the
standard extended Kalman filter equations for estimating the conditional mean and co-
variance of zj given yi.x, taking as starting point the Kalman filter for linear, Gaussian
estimation. 6]

What form does the measurement process matrix H in the extended Kalman filter equa-
tions for ‘range only tracking’, i.e. when the state variable is two-dimensional and

1
h(z1,22) = (x% +x§)2 ?

[4]

Consider stationary processes {z)} and {yi} associated with the state space model

0 1 0
T = {_aﬂ _al}%_l—#{l

v = leoci] x -

€k

In these equations ey is a scalar, unit variance white noise process. Suppose that the

spectral density of y; is
4
o, W) lxlwgcoswt
W) = = X —>— .
L 2" 1+ 3 coswt
Determine consistent values of the parameters ag and ay.
[10]
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