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Some formulae relevant to the questions

2
The normal N(m,c”) density: p(y)= 21 —exp (- (yz-:;) )
u o

System equations:

x,,, =Ax, +Bu, + My,
v, =Cx, + Nw,

Here, v, and w, are standard white-noise sequences with identity covariance matrices.

The Kalman one-step-ahead predictor equations:

£k+llk = A‘f"klk—l + K(k)(yx — Cf}dk'l)
K(k) = AP, ,(CPy,C" + NN")™
Py = APk;k—lAT +MM" - APklk—lCT (CPk;k-lcT +NNT) CPk|k—1AT

The “completion of squares” identity for mean quadratic costs:
N-1 T T
E[Eo(xk Oxp)+xNOnxy]
T Nl T, pT & T
= Elxp Soxo + kzo(uk + Frxg)” (B” Spa1B+ R)ug + Fexp)] + Z (S, MM™)
where for £k =0,---,N—1,

F, = (B"SuB+ R)"'B"S, .4
Sy = ATSp 1A+ Q- AT Sy BB Sp 1B+ R B Spnd, Sy =0Qn

The algebraic Riccati equations:
S=A"SA+Q-A"SB(B"SB+R) "' B"S4 (control)
P=A"PA+MM" — APCT (CPA™ + NN") CPA" (filtering)
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(a)

(b)

(©)

Suppose X, (¢) is the indefinite integral of a coloured noise process X, (t) givenby
where v(f)is continuous-time Gaussian white no ise for which

E[(t)v(s)] = 8(t —5)

Show that the vector process x(f) = (x;(£),%, (t))T satisfies, for ¢ > s, the integral
equation

1 = Y30 1|1 Y3 g
x(t) = / x(s)+ I A ( ) v(r)dr
0 —e 39 slo —e 30 1
(Hint: first obtain the integral equation for x, (f) alone). [8 marks]
Let x, be the sampled process x(k#) . Show that x, satisfies a difference
equation of the form
Xy = A X, +v,

where 7, is discrete-time vector white noise. Determine A and the noise

covariance Q = E[v,v; 1.
Briefly explain why Q is non-singular. [7 marks]

Suppose that a Kalman filter has been constructed that generates the current
conditional means %, of the sampled process from noisy measurements of its

past and present values. Suppose that the value of x(f) at the intermediate time
t = (k +1)h is also of interest. Give an expression for its best estimate predicted
at time kh. [5 marks]
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2(a)

(b)

Consider a sequence of observed random variables ¥,Y, ", Y, that are related to
an unknown random variable X of mean m and variance p by

Y, =X+N,, k=1n .

Here, each N, is a zero-mean variable of variance ¢, and the N, and X are
uncorrelated with each other. A feature of the linear least-squares estimate
(LLSE) of a variable given a aumber of observed variables is that the error of
estimation is uncorrelated with each of the observed variables. Use this
characterization to establish that

Yk—m

R 1 N
X=m+ (Z(
1 N 1 9%
p +%qk

))

is the LLSE of X given Y,,-++,Y, and determine the corresponding mean squared
error p. [12 marks]

An observer makes an initial estimate of the altitude of an aircraft as it passes
directly overhead and then periodically estimates the altitude from measurements
of its elevation as it recedes into the distance. The standard deviation of the initial
estimate is 10 metres and that of the subsequent estimate computed from the k-th
periodic measurement of the elevation is 5k metres. If it is assumed that the
aircraft remains at a constant altitude, what is the best accuracy, expressed as a
standard deviation, that the observer can hope to achieve in his estimation of the
aircraft altitude? [8 marks]

(Note: P 1 approximately 1.64) .
1 K2
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(@)

(b)

(©)

Suppose x, and y, are vector Gaussian processes satisfying the state space
model

X, = Ax, + Bu, + Mv, Xy normal

Ve =Cx + Nw, .

Here v,and w, are independent Gaussian white-noise sequences with zero means

and identity covariances E[v,v; ], E[w,w;]. uy dependson y;,yz_1, - .

Establish the expressions for the one-step-ahead predictor %,,,, and the Kalman

gain K(k) that are given on page one. (You may use the fact that for vector
normal random variables

E[X |Y]=EX +Cov(X,Y)Cow(Y) (Y - EY).) [8 marks]
Suppose z, is a scalar controlled process described by
Z,, =02z, +03y, +v,
where y, is an output measurement of the form
YVe=2z,+b+w, .

Here, bis an unknown normal bias in the measurement and v, and w, are
independent noise processes of unit variance.

An estimate of interest is the one-step-ahead predictor of z,. Specify a state-

space model from which an appropriate Kalman filter could be constructed.
[5 marks]

Suppose, for the model in (b), the value of the bias b is known. Determine the
steady-state form of a first-order Kalman filter that generates z,,,, . [7 marks]
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(a)

(b)

(©)

Consider a stochastic linear system
Xy, =Ax, + Bu, + Mv, | Elxg]1=0, covlxg]=F

and an averaged cost function of the special form
u Nty T T
JN =E[ X (kuxk +ukRuk)+xNSxN]
k=0
where v, is standard white noise and where S is assumed to be a positive definite

solution of the control algebraic Riccati equation (ARE) on page one.

Using the “completion of squares” identity on page one, show that the control law
that minimizes Jy over all control laws that are functions of the current state
takes the time-invariant form

u, =-Fx,
where
F=(B"SB+R)"'B"SA. [8 marks]

The “rate” cost J* =lim, L J% is also minimized (over “stabilizing” control

laws) by the control law in (a). Determine a formula for its optimal value.
[4 marks]

Consider the scalar case where
Xpol =Xp tup +mvy ,  x9=0

and the “rate” cost is
—u R 2 2

Determine the optimal value of J* and the steady-state variances of x, and u,
generated by the optimal law. [8 marks]
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(@)

(b)

The behaviour of a scalar controlled process x;, is described by the equation
xk+1:0.5xk +Up +Vvp, X0 =0 (1)

where v; is independent Gaussian white noise of variance c?.

xj, is measured by a quantizer with an output y; that takes values on a discrete
set of levels {kh,k an integer}. If the quantization parameter /s is small
compared with o, the conditional probability density of x; given yi, yi_1,*,

can reasonably be approximated by the corresponding conditional probability
density of the variable

X -1 +(-a@)yi +by

2
where Xj;_; is the predicted mean of xg, a=: 2” - and by is a uniform
(23

random variable on the interval [—%,g] independent of y;. Show that the

resulting conditional mean and variance of this variable are approximately the
same as those of xj given y;, yz_1, -+, where now

Y =X +wg )

and wy is Gaussian white noise, independent of x; , with zero mean and variance

2
%—. It may be assumed that the predicted covariance of x; is approximately
o, [10 marks]

Suppose a cost E[Xh " (q(xx)? +r(ug)*)] is to be minimised. Explain what is
meant by the “separation principle”. Demonstrate that it is valid under the
assumption that observations yj,y;_1,-:- of the form (2) are available for the
purposes of control at time k. If only the conditional means and covariances
ofx), are available and this process may be conditionally non-Gaussian, as is the
case in (a), describe how the separation principle has to be modified.

[10 marks]
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(a)

(®)

The presence or absence of a fault in a piece of equipment is assessed by a
number of measurements y = (y1, ", VN )T made at different locations. If no
fault is present ("F =0"), the joint probability density of y is py(y); if a fault
is present ("F =1"), the joint density is p;(¥) .

If the prior probabilities of a fault are P(F =0)=xy, P(F =1)=7y, show that
the Bayes test that minimizes the probability of error is:

choose F =1 iff—lpl—(y)zl;
mopo(¥)
choose F =0 otherwise. [10 marks]

Suppose that, if F = f (=0orl),

¥ is normal with mean 2 f* and variance 1
Y is normal with mean 0 and variance 1+ f
)3 is uniformly distributed on [2f,2f + 4]

that, conditional on F, the measurements yy,y,,y3 are independent of each
other and that 7y =7y =1/2.

Determine the outcome of the Bayes test in the two cases:
@  n=Ly,=0 y;=3

@ =1 y,=0, y3=1

and compute the probability of the decision being correct in the second case.
{10 marks}
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