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1. Consider the descriptor realization

Ei(t) =
Fy(t) =
where
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(a) Derive a state-space realization

x(t)
y(1)

and determine the corresponding transfer matrix G(s).
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Ax(t) + Bult),
Cz(t) + Du(t),

[4]

{(b) Find the uncontrollable and/or unobservable modes of the realization in (a)

and determine whether the realization is detectable and stabilizable.

(c¢) Find a minimal realization for G(s).

[4]

[4]

(d) Find the McMillan form of G(s) and determine the pole and zero polynomials.
What is the McMillan degree of G(s)?

(e) Determine the system zeros, indicating the type of each zero.
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2. (a) Define internal stability for the feedback loop in Figure 2.1, and derive neces-
sary and sufficient conditions for which this loop is internally stable. [4]

(b) Suppose that G(s) is stable. Give a parameterization of all internally stabilizing
controllers for G(s). [4]

T‘?_G‘ K(s) G(s) i

Figure 2.1

(c) In the Internal Model Control design procedure illustrated in Figure 2.2 below,
Gi(s) represents a plant, G\(s) is a nominal model of the plant and P(s) is a
compensator. Here

1.

1.

1 1
, s+1 s+2
Gol(s) = |
0 o571

Suppose that there is no uncertainty in the plant description so that
G(s) = G,(s). Using the answer to part (b), derive necessary and sufficient
conditions on P(s) so that the loop in Figure 2.2 is internally stable. [4]

Suppose now that there is an output multiplicative uncertainty in the
description of the plant so that G(s) = [[ + A(s)]Go(s) with A(s) a stable

transfer matrix satisfying
[AGw)l < 1+ jwl?, Yw € R.

Let S(s) denote the transfer matrix from r to r+y in Figure 2.2. Design a
controller P(s) which internally stabilizes the feedback loop in Figure 2.2

for all A(s), and such that ||.S(0)| < 0.1. (8]
r u Yy
P(s) = G(s)
> Go(s)
Figure 2.2
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3. Figure 3.1 illustrates the implementation of the Kalman filter,
te = Av.+ Bu+ K(y - Cz.),
for the linear dynamics
@ = Ar + B(u+ w), y=Ca+v.

Here, w and v are uncorrelated white noises with covariances W =/ and V = I,
respectively, and i = PCT, where P is the stabilizing solution to

AP+ PAT — PCTCP + BBT = 0.
Assume that the triple (A, B, C') is minimal. Define G(s)=C(sI—A)™"

)
U 1 Te
— B 3 J > C >

A
K [

Figure 3.1

(a) Let L(s) =1+ G(s)A. Show that
L(s)L(=s)T = I + G(s)BBTG(—s)". [5]

(b) Derive the smallest upper bounds on ||({ + GK)™'|| and ||({ + GK)"'GK]|
guaranteed by Part (a). (5]

(c) Suppose that stable perturbations A; and A; are introduced as shown in Figure
3.2. Here, G(s) and K are as above. Using the answer to Part (b), derive the
maximal stability radius (using the £,,-norm as a measure):

(1) for Aq(s) when Ay(s) =0, [5]
(ii) for Ay(s) when Aq(s) = 0. [5]
o Ai(s) Ay(s)
T_(‘) J K J Gls)
Figure 3.2
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4.

(a) State the small gain theorem concerning the internal stability of a feedback

loop having a forward transfer matrix A and a feedback transfer matrix S.[ |
’ 4

(b) Consider the feedback loop shown in Figure 4 where (/(s) represents a plant
model and K '(s) represents an internally stabilizing compensator. Suppose that

~10/3 2/5 0 |1 -1
2/5  —5/2 —7/6|3/5 4/5

G(s)é[?g]: 0 76 -1 |1 1 |€RH.
/ 1 3/5 1 0 0

-1 4/5 1 |0 0

K(s) G(s) ,

A

Figure 4

(i) Show that the given realization for G/(s) is balanced and evaluate the
Hankel singular values of G(s). 6]

(ii) Design a first order internally stabilizing controller A'(s) for Gi(s) as follows:

e Replace G(s) in Figure 4 by a first order approximation G(s) and give
an upper bound on ||G(s) — G1(8)]|ec. What is the transfer matrix for
Gl(S)?

e Find the set of all internally stabilizing controllers for the new feedback
loop.

e Using the small gain theorem and the bound on ||G(s)— G1(8)l|c,
choose a first order internally stabilizing controller for the feedback
loop of Figure 4. [10]
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5. Consider the feedback configuration in Figure 5.1. Here, G(s) is a nominal plant
model and K'(s) is a compensator. The signals r(s) and n(s) represent the refer-
ence and sensor noise, respectively. The design specifications are to synthesize a
compensator h'(s) such that the feedback loop is internally stable and:

e [or good tracking, it is required that. when n(s) = 0,
le(i)l] < fwr(Gw) "Ml (j)ll, V.

e To limit the control effort, it is required that when n(s) = 0,
lu(i)ll < lw2(jw) " Hir(jw)ll, V.

e For good sensor noise attenuation it is required that, when r(s) = 0,
ly(G)ll < hos(jw) ™ In(Gw)]l, Yo,

where w;(s), wq(s) and ws(s) are suitable filters.

r(s) e(s) : u(s) ’ (s)
K(s) = G(s)

Y

Figure 5.1

(a) Derive H.,-norm bounds, in terms of G(s), K(s),w;(s), wa(s) and w3(s) that
are sufficient to achieve the design specifications. [6]

(b) Derive a generalized regulator formulation of the design problem that captures
the sufficient conditions in Part (a). [7]

(¢) Assume that K(s) achieves the design specifications in Part (a). Suppose
that an uncertainty A(s) is introduced as in Figure 5.2 where A(s) is a stable
transfer matrix. Derive an upper bound on ||A(jw)||, Vw, for which robust

stability is guaranteed. [7]
Als)
*?_.. K(s) G(s) —
Figure 5.2
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6. Consider the regulator shown in Figure 6 for which it is assumed that the triple

(A, B,C) is minimal and x(0)=0.

Z9 w
a =Y Z1
F " B / - C
A <
Figure 6
Let z = [ il } and let H denote the transfer matrix from w to z. A stabilizing
=)

state-feedback gain matrix F is to be designed such that, for given v>0, ||H||__ < 7.

(a)

(b)

Write down the generalized regulator system for this design problem. (6]

By using the Lyapunov function V(t) = ()T Xxz(t), where X is to be deter-
mined, derive sufficient conditions for the solution of the design problem. Your
conditions should be in the form of the existence of a certain solution to an
algebraic Riccati equation. It should also include an expression for F' and an
expression for the worst-case disturbance w.

Use the identity

(R —a 'S)T(aR - a"'S) = *RTR+ a7 2875 — RTS — STR,

for scalar o # 0 and matrices R and 5 to complete the squares. [10]

Suggest an algorithm for evaluating the optimal value for v guaranteed by the
sufficient conditions of Part (b). [4]
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