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The Routh Test

Every root of a,w™ + a,w* +....+ a, = 0 has strictly negative real part iff all n + 1 entries

in the first column of the following Routh-table are non-zero and have the same sign:

1: ay a
2. ag az

3 a1a;—aoa3 ajay—apas
3: e e
n+l: o
The Jury Test

Every root of d{z) B 2+ a2

d(1) > 0,
and
>0 ifniseven
d(-1) {<0 ifn is odd
and

ay e

as ..

aja6—Qga7
ay

+ ap = 0 has modulus strictly less than one iff

|a0|< amlbol >!bn—l‘,lcol>|cﬂ_2|, ceey

where the b;, ¢; etc., are determined from the following Jury-table

a a;
[+ Q)
bo b,
where b; = qpa; — a,a,_;
4. bni b,oa

2n-3: ...

Here, for all i,

{Otj ifan>0
a; =

—a; ifoy <0

a e a,
Ap—2 e (22
by by
..... by
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1.

(a)

(b)

(©

The Questions

By considering the Z-transform of the sequence {z } generated by the scalar

system
Tpy) =0Tkt To =1

for appropriate a, determine Z {(—1)*}. (5]

Find zZ(z) for the system
Tppr = — Bl 29 =0, 21 = 26.

Use apartial fraction expansion to determine from zZ () a formula for z

which involves a trigonometric function. 7]

Consider the discrete-time system Sy of Figure 1 below, with sample period T,
input uy and output yi.

(i) Determine a state-space model for S; and suppose that the eigenvalues
associated with it, denoted J;, are distinct. State a first-order vector

difference equation that relates x4 to zx, where zx a z(kT). [2}

(ii) By considering spectral forms, determine the eigenvalues associated
with the difference equation of part (i) in terms of the A;. Denote those
eigenvalues by \;. 2]

(iii) State, without proof, the relationship between BIBO-stability of the
complete system Sy of Figure 1, its poles and the eigenvalues A
Use the relationship to show that the discrete-time system Sy is BIBO-
stable if the eigenvalues )\; associated with S. all belong to the set
{s € C: Re(s) < 0}. [4]

u . . ¥y
u, — ZOH S:y=ay+ f+u~"—>» Vi

Figure 1
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2.

(a) Design the pole-zero pattern for a notch filter GZ (z) with 3 poles such that
contributions at 0 Hz and 50 Hz in the continuous-time input () of Figure 2
do not appear (in discretized form) in the output signal yz. The sample period
is T = (300) ! second. The distance in the complex plane between any pole-
and any zero should be at least 0.1. [4}

(b) Determine a canonical direct realization of your G Z(z) from part (a). 5]

(c) Consider a system with zero initial conditions, transfer function

Z(p) = ——2=1

G¥(z) = (z—O.;)(z—{—O.S) ’
input 1y = cos(wt,) and output y;. Note that a formula for
Z {cos(wtx)} is not needed here.

(i) State a formula that provides information about the output y in terms of
the value of G%(z) at a specific 2. [2]

(ii) Use the integral inversion method to find a formula that predicts the
output yx when w = 0, exploiting the fact that u; = 1¥* when w = 0.
What are the numerical values of o, ¥1, ¥2, ¥3?

Check your values for yg, ¥1, ¥2, ¥3 by long division.
Discuss very briefly the consistency, or otherwise, of these values with

your information about yi from part (i). [9]

U

ult) —— o % (o) —> %

Figure 2

Page 4of 8

3.

(@)

®

Suppose GZ(z) is the pulse Z-transfer function from uZ(z) to y%(2) of the system
of Figure 3, and GP () is the corresponding pulse Delta-transfer function.
In Figure 3, S denotes a continuous-time linear system and the sample period is T'.

(i) Suppose S, has the Laplace transfer function Tslﬁi
Find GZ(z) from the step response of S..

Determine GP(v) from GZ(z). (]

(ii) Suppose S, has the model £ = Az + Bu, y = Cx where

ceR? A= [g _12],B= m,c:[l 0].

Use I+ 3AT to approximate
YAT) BT+ LAT + AT + ...
and hence approximate GP(7) when T = 0.1 second. [6}

z-=0.5
z—-17

Consider the system of Figure 4 below, where GZ(z) = Te=2x1% |
di = 1* and f is a scalar gain. Use the Final Value Theorem to

determine whether y;, converges to a constant for some f, and determine

the constant if such convergence takes place. (8]
' . u S Y-
Uy ——> ZOH ¢ —>
Figure 3
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4. Consider the system of Figure 5 below, where Kk > 0.

@

(®)

Suppose G4 (z) = zngllg,)

Draw the root-locus and determine from it the range of values of the gain K for
which the closed-loop system is BIBO-stable, '

pethaps using the fact that GZ(0.604+0.7975) =~ —2.272. (6]
Confirm your results using the Jury test. [4]

Suppose GZ(z) = E;l—)‘ and T = 2 seconds.
Apply the W -transform followed by continuous-time Nyquist analysis to
determine the range of values of K for which the closed-loop system is

BIBO-stable, perhaps making use of the fact that (1 + j)! = — 4. [6]
Confirm your results using the Routh test. [4}
+
zZ
KG (z) >
Figure 5
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5.

{(a) Consider the system and observer defined below, where ’ denotes transposition:

System: x4y = Azg + bug, yr =z
Observer: Ty = (A — &)k + Lyr + buy,

2 1 17, ,
= = = 1], e R
A—[_l _2],b [2],c 1 1)¢ee

(i) Transform A’ to companion form, using a transformation derived from

the last row of the inverse of the relevant controllability matrix.

(ii) Hence determine £ such that the eigenvalues associated with the observer

are both zero.

(b) Consider the system of Figure 6. Suppose GZ(z) = Fﬁ%{) and K > 0.

9]

(4

A plot of G%(e%) as § varies from 0.1 to 6.183 radians is shown in Figure 7, where

the arrows indicate the movement of GZ(e’) as @ increases from 0.1 radians.

Scale the real axis of the plot by evaluating GZ(—1). Use discrete-time Nyquist

analysis and the plot to determine the range of values of /' > 0 for which the

closed-loop system is BIBO-stable. Give sufficient explanation to make your

method clear.
+ Z
KG (z) >
Figure 6
21
el
e
& o
E
2
0
Real
Figure 7
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6. (a) Supposeitis required that z; — 0 for the control] system consisting of

Plant: Zpyr = Azp +bug, Y = c'zx
Observer: Tre1 = (A—Lc)Exk + lyx + bui

Controller: u; = f'Zk
where z¢, Tk, b, ¢, f,{ ER" and 'denotes transposition.

Suppose the eigenvalues of A+bf *_and of A—{c', are all zero.

(i) By obtaininga difference equation for ey = T — % and using a

companion form, show that Ty = ax fork 2 n 81

(i) Use another companion form and the result of part (i) to show that
z = Oforallk > 2n. 4}

(b) Consider the second-order system with output yx,
[yk+1 ] — [an 012] [yk] + [bl]uk
Wk+1 a1 G2 | | Wk b,
with the following reduced-order observer of wy:

@y = vk + hyk
where

Vgl = v + myg + nuk.

Hereh, ¢, m, n € Rand

{=ayp — hayo with |Z| <1

m = a1 — hall +€h.

n = b2 - hbl.

!

Letey = wx — Wk € R, zx = [yk 'wk]’ and Zy = [yk fﬂk]

(i) Show thate; = ¢*eg and that, as k — 00, ex — 0. Show also that % —zx — 0

ask — oo. [5]

(iiy By considering wi in terms of ey and @, show that the pulse Z -transfer
function from uZ(z) to @7 (z) is equal to that from u?(z) to w?(z). (3}
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