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Question 1

(a) Let 4 and 45 be the currents through L and C, respectively. Then y = i = i; + 9.

Morcover,
u — Lz —x
’[:]:.’I,‘QZELT‘TQ‘ ’I:Q:Cj?l:u RII.
Hence,
1 0 1
" RC RC 1 1
, R V| oe=lm ] peg
L
(b) The controllability matrix is
1 1
C = RC R2C?
1 R
L L?

and it is full rank if R2C # L. If R?C = L the system is not controllable. However,
as both the eigenvalues of A have negative real part, the system is stabilizable.

(¢) The observability matrix is

1
—— 1
R
o= R
R,C L

and it is full rank if R?C # L. If R?C = L the system is not observable. However,
as both the eigenvalues of A have negative real part, the system is detectable.

(d) The transfer function is

LCs? +2CRs + 1

W(s)=C(sI - A 'B+D= s+ RRCA )

(¢) If R2C = L then

W(s) = R2C®s* +20Rs +1 _ (RCs+1)*2 1
YT RCs+ R)(RCs +1)  R(RCs+ 1) R

which is the transfer function of the circuit in Figure 2.



Question 2

(a) Consider the following submatrix of the controllability matrix

0 0 1 0
- 1o 0 2l
C=BABl=\, 0 1/r

0 1/ro —2wo/r¢ 0
and note that its determinant is —1/r¢ # 0. Hence the system is controllable.

(b) Consider the closed loop system
©=(A+ BK)z + BGv

and note that

0 1 0 0
. 3&)6 + k1, k12 ki3 27‘0&)3 + k14
A+ BK = 0 0 0 1

kar/ro  —2wo/ro + koo /o kaz/ro kga /o
Hence, selecting

k’[l = *3&)3 —1 /ﬂg = -2 k’]g =0 /ﬁ114 = *27‘()6«)5

A72| =0 /iigg = 2(.4)() 14523 = -7y /{}24 = —'27‘0
yields
0 1 0 0
1 -2 0 0
ATBE=1 o o o

which shows that (b1) has been achicved.

To achieve (b2) note that

0
—C(A+BK)"'BGq = | 91 _
( ) [ 0 ga/ro

Hence, it suffices to select
g1 =1 922 = To-



Question 3

()

The controllability matrix is

e=1 4]

and the system is controllable it o # 0.

1 1
O_{a O}

and the system is observable if o # 0.

The observability matrix is

Let K = [k ko] and note that

ek =k
4 BE = { —]ﬂ7| —k?g :l ’

and that the characteristic polynomial of this matrix is s2 + (k1 + ko — )s — k.

Hence the sclection

/4 1)? 1
/ﬁ,'] :_(a+ ) k’gz—“
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is such that the eigenvalues of A — BK are equal to —1. Let L = [I1 I5)T and note
that
L _ o=l =

and that the characteristic polynomial of this matrix is s + (I + 1y — a)s — alds.

Hence the selection I
(c + 3)? 9
= —— ly = ——
« «

15 such that the cigenvalues of A — LC are equal to —3. Finally, the controller is
{=(A—-BK —~ LC) + Ly, u = —KE.

The limits for &« — 0 of ||L|| and ||K|| are equal to +o0, and this is in agreement
with the loss of controllability and observability of the system for « = 0.

With K as sclected in part (c), consider the return difference inequality
Il + K(jwl — A)"'B| > 1.

Note that

, B (1 + w?)?
1+ K(jwl —A) "Bl =] —— 2
11+ K(jw ) l wz(ag+wz)

and ) ‘
(1 + w?)? 14 w?(2—a?)

w?(o? + w?) w?(a? + w?)
Hence, for all jof < V2 and « # 0 the state feedback gain selected in part (c) is
stabilizing and optimal in some sense. For « = 0 it is not defined, and for v > /2
1t 1s not optimal in the sense stated in the question.



Question 4

(a) Let

and note that

v — P
2 |’

0o, ( ‘
J(xg,u) = / (?f + qoods + 'r"fl,z) dt.
Jo

: } @ =(A+al)i+ B

and

(b) For any « > 0 the pair {4, B} is controllable, hence the pair {A + T, B} is control-
lable, + > 0, Q = diag(1, g22) > 0, and the pair {4, Q'/2C} is observable.

(¢) The ARE is

PBB'P

T

(A+al)TP 4+ P(A+al) — +Q.

It we assume P = diag(1, ¢22), then this becomes
20— 1/r +1 2p9 — 2+ pao/r
2p2n — 2+ poa/T 2020 — P3y + q22

Hence )
1 2 1 —a—a?

[/ Al— Doy —m ——— ‘:4
R YN P2 =570 722 (

Note that 7 > 0 for all & > 0, pyy > 0 for all @ > 0 and gz > 0 for all 0 < o < 1/2,
hence v = 1/2.

(d) The optimal control law for the original system is

1_. —x)] + P22t
ut = —~Blpy = LT P22T2
r r

with poy as in part (c), and the optimal closed loop system is

2 1 4
9y — _
3+ 2«
= Ayx = 5 ) 1
3420 —2207
3+ 2«

To prove that all cigenvalues of A, have real part less then —« consider the matrix
Aq + ol This matrix has the characteristic polynomial

, 6a+5 14+ 16 + 8a?
S s+
20+ 3 20+ 3

and the coefficient are all positive for « € [0, @).



Question 5

(a)

Lot
H =1+ Mu+ Xo(—x2 + u).

The necessary conditions of optimality, for normal extremals, are
T = @y Ty = —T9 +u /'\1 = /'\2 = Ay
(A1 + A)u < (A + Aw, Yw € [-1,1].
The optimal control as a function of A\; and A, is
u® = —sign(A\1(¢) + A\3(1)).

Hence, for any ¢ such that (M (¢) + A5(1)) # 0, [u*(t)] = 1.
From the necessary conditions in part (a) we obtain

(B = XI0)  A3() = A5(0)el.

Hence, the equation

MF(0) + A5(0)ef =0

in the unknwon ¢ may have at most one solution, say #. This means that if £ € (0,7)
then the optimal control will have a switeh either from +1 to —1 or from —1 to +1
at t =t If T ¢ (0,7) then the optimal control will be equal to +1 or to —1 for all £.

If =1 then
x1(t) = @9+t To(t) = e H{aog — 1) + 1.

The trajectories in part (d) are optimal if they are such that z(T) = 24(T) = 0,
he.

O=2190+T = 6711(7520 —1)+ 1.
Eliminating the variable T > 0 we obtain T = —xz1p > 0 hence
e rg — 1) +1=0.

Hence the set of initial conditions which are driven to the origin at time 7" by the
control w = 1 consists of those [z9, z29]7 for which
10

Tog =1 —e 10

with x9 <0, and the time to reach the origin is T' = —x1p > 0.

(2]



Question 6

(a) Let
H = Mz + u).

The necessary conditions of optimality, for normal extremals, are
T=ax+u A= -\
MMz +u) < Mz +w), Yw e [-1,1].
The boundary conditions are
xz(0) =z A(L) = z(1).
(1) The optimal control is
u* = —sign(\)),
hence v = +1.
(¢) If the optimal control is such that z(1) = 0 then A(1) = z(1) = 0. However,
At) = e "A(0),

hence A(1) = 0 implies that A(#) = 0 for all ¢, hence H does not have a unique
minimum. Thus the necessary conditions of optimality for normal extremals are not
adequate to determine optimal controls yielding 2(1) = 0, 7.e. yielding the lowest
possible value for J (g, u).

() Assume

xzo| <1 —1/e and zy # 0 and consider the control (x). Note that
2(t) = et (zg — sign(zg)) + sign(zg)
for t € [0,4]. At + =1 one has z() = 0i.e.
7 sign(zo)
sign(zg) — zo
However, 0 < t < 1, hence

| < Sienmo)
sign{wg) — =g
and this holds for all |xg] <1 —1/e. At time ¢ one has x(¢) = 0 and u(¢) = 0 for all
t > f. Henee, x(t) = 0 for all t < ¢ < 1.

() If |zg] <1 —1/e and x¢ # 0, then the control (x) yields J{xp,u) = 0, which is the
smallest acheivable value for the cost. As a result the control law (x) is optimal for
all initial states such that |z¢] <1 —1/e and z( # 0. Note, finally that this control
law is not unique, i.e. if [zg] <1 —1/e and 2 # 0 it is possible to construct other
control signal yielding x(1) = 0.



