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Information for candidates:

System: i(t) = Az(t) + Bu(t), (0) = xo.

Quadratic cost function: J(zg,u) = /oo (z(t)'Qz(t) + u(t) Ru(t)] dt,
QzQ’ZO,ORzR’>O.

Riccati equation: A'P+PA+Q-PBR'B'P=0.

Optimal control law: u(t) = —R71B'Pz(t) = —Kux(t).

Minimum cost: b Pxp.

Return difference inequality for scalar u: |1 4+ K (jwI — A)7!B| > 1,

Minimum principle: z = f(z,u),u €U

J(z0,u) = /0 Y L), u(t)dt,
H(z,u,Ag,A) = MoL(z,u) + )\Tf(ac,u),

oH|T

MW= -

oz

(@ s ML)
H(z* w, \j, \) > H(z*,u*, A5, \"), Yw e U,
H(z*,u*, 25, A% =k
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1. Consider the linear electric network in Figure 1, with Ry >0, R >0, C' >0 and L > 0.
Denote by u be the driving voltage, by z1 the current through the inductor L, by z9 the
voltage across the capacitor C, and by y the current through the voltage source.

Figure 1.

(a) Using Kirchhoff’s laws, or otherwise, express the dynamics of the circuit in the
standard state-space form, regarding u as the input and y as the output. [6]

(b) Study the controllability and the observability of the dynamical system determined
in part (a). (6]

(c) Compute the transfer function from the input u to the output y. [4]

(d) Compute values of Ry, Rz, C and L such that in the transfer function computed in
part (c) there is a pole-zero cancellation. Interpret your answer in the light of your
answer to part (b). [4]
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2. A linear system is described by the differential equations

T1 = T
Ty = oar3+ug
3 = Pz +y12 + U2

where u; € IR and us € IR are control inputs and «, 8 and ~ are constant parameters.

(a)

(b)

()

Suppose that only u; is used for control (i.e. uy =0). Study the controllability and
stabilizability properties of the system as a function of «, 8 and . [4]

Suppose that both u; and us can be used for control. Show that the system is
controllable for any «, § and . (7]

Set a =1, 8=0and v=—1. Let u; = kyz1 + k3z3 and ug = fiz1 + f3z3. Find
values of k1, k3, f1 and f3 such that the closed-loop system has all three eigenvalues
at —A*, with \* > 0. Show that such values of ki, k3, f1 and f3 are not unique.
Compute the values of k1, k3 and f3, which together with f; = 0, assign all the
eigenvalues of the closed-loop system at —A*. [9]
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3. Consider the system

r —+

1 =2
T = 13 1

1
114

with initial state zg, with the quadratic cost to be minimised

° 2 2 2
J(ﬂ)o,u) = /0 (quxl + q22To +ru ) dt,

with z = [z1,29], q11 > 0, g22 > 0 and r > 0.

(a)

(b)

Verify that the conditions for the existence and uniqueness of an optimal feedback
control law are met. [4]

Write the ARE associated with the above optimal control problem. Find g1, g2
and pyo such that the ARE is satisfied by a matrix of the form

2 0
P = .
[0 Pzz}

Verify that the resulting Q and P are positive definite for all r € (0,1). (8]

For q11 and g9 as determined in part (b) compute the optimal feedback law. Show
that the eigenvalues of the optimal closed-loop system go to —3 and to —oo as
r — 0. (Hint: Re-write the optimal closed-loop system in the new state variable

10
z:[l 1:|ac) (8]
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4. Consider the system
&=z +u,

the initial state £(0) = zo # 0, the final state z(T") = 0 and the cost (to be minimized)

T1 9
J(mo,u):/o FU dt.

(a) Write the necessary conditions of optimality in the case of normal extremals. (Note
that there is no constraint on w.) (6]

(b) Compute the optimal control as a function of the costate . Then, using the condition
that the Hamiltonian is zero along any extremal, compute the optimal control as a
function of =. . [6]

(c) Integrate the state equation and find the optimal control law as a function of t¢.
Finally, compute the time T' at which the condition z(T) is met, and compute the
optimal cost for any zg. (8]
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5. Consider the system

z = Az + Bu
y = Cx

with A + AT =0 and C = BT, and the quadratic cost (to be minimised)

(w0, u) = /0 " (o () + T (eule))

with o > 0.
(a) Show that the system is controllable if and only if it is observable. [4]
(b) Write the ARE associated with the above optimal control problem. [2]

()

(d)

Find the positive definite solution P of the ARE derived in part (b) and compute
the optimal state feedback control law and the optimal closed-loop system.
(Hint: consider a diagonal P.) (6]

10 -1 |1
Using the results in part (c), compute the optimal closed-loop system as a function
of @. Study the behaviour of the eigenvalues of the optimal closed-loop system when
o goes to infinity. Compute the transfer function G(s) of the system (A, B, C') and
verify that, as & — oo, one eigenvalue of the closed-loop system approches the zero
of G(s). (8]

Let
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6. Consider the system
T = I
j]g = U
and the problem of finding a bounded control law [u(t)| < 1 that drives the state of the
system from (z1(0),z2(0)) = (=1/2,1) to (z1(ty),z2(ts)) = (0,0) in minimum time.

(a) Write the necessary conditions of optimality for normal extremals. [4]
(b) Write the optimal control as a function of the optimal costate A* (). [2]

(c) Assume that the optimal control has constant sign in the interval ¢ € [0,17], integrate
the state equations and compute the optimal control u*(t) as a function of ¢. Thus
evaluate 2. [6]

(d) Integrate the costate equations and verify that there exists an initial condition A(0)
for the costate such that the Hamiltonian is equal to zero along the optimal solution
computed in part (c). [4]

(e) Show that the control that drives the state of the system from (z1(0),22(0)) =
(1/2,-1) to (z1(tf), z2(ts)) = (0,0) in minimum time is —u*(t), where u*(t) is the
control computed in part (c).

(Hint: Define a new state variable z = —z.) [4]
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Linear Optimal Control - Model answers 2002

Question 1
(a) Let iy and iy be the currents through R; and Ra, respectively. Then y =i = 13 + 12

Moreover,
; u— LI ) Ci U — I9
1 = T1 = 19 = To = .
1 1 i3 2 2 o
Hence,
A= B= — 1 —= D=—
0 L T e =] %
Ry C RyC
(b) The controllability matrix is
1 R,
L L?
C=1 1 1

and it is full rank if R;R2C # L. The observability matrix is

1
| -
Ry
o=\ B 1
L RC

and it is full rank if Ry RoC # L.

(¢) The transfer function is
s2LC 4 sC(Ry + Ry) + 1

W(s) = C(sI =A™ B+D =~ g G ps 1 1)

(d) There is a pole-zero cancellation if

(S2LC + SO(Rl + RQ) -+ 1)3:—R1/L = 0

or
(s2LC + sC(Ry + Ry) + 1)s=—1/(CRy) = 0

and this is the case if R{RoC = L. This is expected, in fact, from part (b) we know
that if R;RyC = L then the system is neither controllable nor observable.



Question 2

(a)

The controllability matrix is

01 0
C=11 0 ay
0 v B

and it is full rank if 8 # 0. Hence the system is controllable if and only if 5 # 0. To
check stabilizability, consider the matrix

010
T=|10 0
0 v 1
Then, with g =0,
) 0 oy « . 1
A=T"'AT=|1 0 0 B=T"'B=|0]|,
0 0 1 0

showing that the system is not stabilizable (the un-controllable mode has eigenvalue
equal to 0).

The controllability matrix is now composed of six columns (x denotes an clement
which does not need to be computed)

C =

o = O
—_ o O
LR O =
O R O
b
> oF %

This matrix has always rank three, as the first three columns are linearly indepen-
dent, for any «, § and . The system is controllable for any «, 8 and 7.

The closed-loop system is

0 1 0
t=Agz=1Fk O ks+1 |z
fi =1 fs

and the characteristic polynomial of Ay is
N — faAZ 4 (kg + 1 — k)M + (ki fs — f1 — fika).
This has to be equal to (A + A*)3. Hence, equating coefficients with equal power
yiclds
f3=—3\* ks +1—ky =3(\*%)? kifs — f1 — fiks = (W)

and this system of equations admits infinitely many solutions ki, ks, f1 and fa.

However, if fi = 0 then the only solution is

(X2
3

. b% 2
ks = 3(\)? —1— G f3 = —3\*.

Ii,'l:— 3




Question 3

(a) The pair (A, B) is controllable, the pair (A,QY?), with Q = diag(qi1, g22), is ob-
servable, Q@ > 0 and R =1+ > 0.
(b)
4
4=~ +qn 3p22—4+2p—72_3
A'P+PA—PBR'B'P+Q= ‘ =0.

2
P22 p
3p22—4+27 q22 — 2p22 — %

The above equation has the solution

1—r 8r(3r + 4) 4r

7 22 = 9r2 4 12r 4-4 P22 = 3r+2°

g1 =4

Note that P > 0 for any » > 0 and Q > 0 for any r € (0,1).

(¢) The optimal feedback is v = —kz with

1 7
k= =1 —1]diag(2, ——=
1~ 1ding(2, )
and the optimal closed-loop system is
4
1—= -2+
. 3r+2
= Agx = T.
3+- —-1- A
3r+2
Note that in the variable z one has
9r2 —4r — 4 B 6r
A,y = r(3r + 2) Ir+2
7 -3

and forr =0
| —2/r O
A~ [ 7 -3 } ‘

This shows that one eigenvalue goes to —3 and the other to —oo.



Question 4

(a)

Let
1 .
H = §u2 + Az + ).

The necessary conditions of optimality, for normal extremals, are

i=a2+u A= —3x\z° Ozg—:u—k)\ 0=H.
Ou
The optimal control as a function of X is u = —A. Replacing this into H =0 yields

1. .
5% +Az3 =22 =0,

hence, either

or
A =213 = —22°.

Note that the solution u = 0 is not admissible, in fact, if u = 0 then z = z2, and if

2(0) = zq # 0 the condition z(T") = 0 cannot be met for any T'. The only admissible

solution is therefore u = —22°.

The optimal closed-loop system is
r=—-x,
and integrating this differential equation with z(0) = 0 yields

T
(t) = ———.
\/2z3t + 1
We conclude that the condition z(T) = 0 is met for T' = +o00. The optimal control,
as a function of * and =z, is

2.778
u(t) = ——F/——,
(y/223t +1)°
and o 1 )



Question 5
(a) Controllability of (A, B) is equivalent to
rank[ sI-A B ] =n

for all s € €. However,

Al
rank[sI—A B]:rankliSIB,A }zrank[slg—A

hence (A, C) is observable if and only if (A, B) is controllable.

0= A'P+ PA—PBB'P+aC'C=—AP+PA—PBB'P+ aBB'.
(¢) Let P = AI, with A > 0. Then the ARE becomes
0= —M+ A —NBB +aBB/,

hence P = /al is a solution of the ARE and it is positive definite. The optimal
state feedback control law is

w=—Kzr=—R'B'Px=—-VaB'z
and the optimal closed-loop system is

i =Ayr = (A - VaBB')z.

(d) For the specified A and B, the optimal closed-loop system is

[ e -1-ya
t=Aar=14 "5 Vo

and the characteristic polynomial of the matrix A 1s

s2 + 2sy/a + 1.

The roots of the characteristic polynomial are
—Va+Va—-1 —Va—-+va-—-1

As cv — ~+o0o the first tends to 0 and the second to —oo. Finally, the transfer function

of the system is
2s

241
This has a zero for s = 0, and this is where one of the eigenvalues of the optimal
closed-loop system tends as o — +-00.

W(s) = C(sI — A)7'B=



Question 6

(a)

(d)

Let
H =14 Azo+ dou.

The necessary conditions of optimality, for normal extremals, are
T1 = X9 To = U A =0 Ao = =\ 0=1+4 Ax2+ Aou

14+ A\zg + dou < 1+ Az + how, Yw € [—1,1].

From the last condition the optimal control is
w = —sign(Aa),
hence u = £1.
If v = ¢, for some constant ¢, then
z1(t) = 21(0) + z2(0)t + ct? /2 zo(t) = z2(0) + ct.

If u=+1, z,(0) = —1/2 and z3(0) = 1, then

g1 (t) = =1/2 +t +12/2 zo(t) =1+t
and the condition zo(t;) = 0 cannot be met for any ;. If u=—1, 11(0) = —1/2

and 29(0) =1
:1:1(75):—1/2—1—1‘,—152/2 zo(t) =1—1

and the condition zo(tf) = z1(ty) = 0 holds with ¢y = 1.
Integration of the costate equations yields
M) = M(0)  Xet) = A2(0) — A (0)1.
Substituting into the Hamiltonian yields
H=14MO0)(1 =% —X(0) + X (0)t =1+ A (0) — A2(0).
Hence, H = 0 for all ¢ (along the optimal solutions) if

1+ )\](0) - )\2(0) = 0.

Let z = —z and note that
2"1 = Z9 ZI'Q = —U

and z(0) = —z(0). So the optimization problem in the z variables is solved by
—u = —1 for t € [0,1].



