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1.

The mean square error performance function for the N coefficient Finite Impulse
Response (FIR) filter represented in Figure 1 is given by

H(w) = 0'3 - 2ET_vg+_\yTRgv_

where o7 is the variance of the desired response {d[n]}, R is the autocorrelation matrix,
E{ L[n]ggT[n]}, with x[n] = [x[n],x[n—l],...,x[n—N+l]]T, p is the cross-correlation vector
E{d[n]x[n]} and w = [wl,wz,...wN]T is the vector of coefficients.

(a) State the assumption on the nature of the autocorrelation matrix R so that J(w)

has a unique minimum, and give an example input signal, {x[n]}, which would

satisfy this assumption. [2 marks]

(b) Sketch the contours of constant J(w), as a function of w, when

. 09] __[10 00] 097 _[10 09 o
MDP=10ss| ' R=[o0 10| P =55/ R=109 10 [6 marks]

(¢) Describe how the method of steepest descent, as described by the recursion
o
wlk +1]=w[k]- EVEJ(_VX[k])

may be used to converge in the mean to the minimum of J(w) [4 marks]

(d) For J(w) in (b) (ii) and given that the autocorrelation matrix R can be
replaced by the similarity transform

R =QAQT

where Q is the matrix of normalised eigenvectors of R and A is the diagonal
matrix of corresponding eigenvalues; hence, or otherwise, show that
the steepest descent solution may be written as

{:wl[k]}__{&ﬂ-0.46(1—1.9a)k -0.25(1-0.10)" }

wolk]l [0.21-0.46(1-1.90)% +0.25(1-0.1a)*
[13 marks]
{d(n]}
{x[n]} + .
FIR Filter
Figure 1
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2.

(a) Discuss the relationship between linear prediction and autoregressive modelling.
[5 marks]

(b) For an autoregressive process generated by the difference equation

14 9 1
x[n] = sz[n—l] - azx[n—2] - jzzx[n—S] + win]

where w[n] is a zero mean statistically stationary white noise discrete time
signal with variance G2,

(i) Calculate the coefficients of the optimum linear predictor. [1 mark]
(i1) Using the step down algorithm, as described by

a fi] - a,[kla,[k—1i]
1 - ag k]

a, 1] =

evaluate the reflection coefficients which correspond to the optimum
linear predictor and show how these can be used in a lattice structure
realisation. [6 marks]

(iii) Determine the autocorrelation sequence r, [t] for It < 2.
[6 marks]

(c) Describe the steps involved in the autocorrelation method for power spectrum
estimation from an observation {x[0],x[1],...,x[N-1]}, commenting upon the
computational complexity of each step.

[7 marks]
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3.

(a) Describe where moving average models are used to represent elements of mobile
communication systems.
[3 marks]

(b) A zero mean, white noise process, {w[n}}, with variance va is input to a moving
average MA(q) filter with impulse response sequence {b[0],b[1],...,b[q]}, calculate the
mean value of the output of such a filter and verify that its autocorrelation function is
given by

q-

r. [Tl = 62 Y, bim]b[m+1]

m=0

[7 marks]

(¢) The autocorrelation sequence of an MA(2) process is found to be
1y [0] =602, rya[£1] = —462 and r,,,[£2] =207, and is otherwise zero.

(1) Evaluate the impulse response sequence of the MA(2) filter.

(i1) State whether the solution in (i) is unique and, if there is more than one
solution, describe the different solutions and why they exist.
[10 marks]

(d) If the output of a MA model is corrupted by additive coloured Gaussian measurement
noise, suggest a method to estimate the impulse response of the model which is immune
to such noise, and state any assumptions that are necessary.

{5 marks]

Page 4 of 6



4.
A set of linear equations is represented in matrix form by
Ax =Db

where A is an n x m matrix with known complex elements, x is an m-dimensional
vector, the elements of which are the unknowns, and b is an n-dimension vector with
known complex elements.

(a) Show, for the three cases n = m, n > m, and n< m, the form of the solution for x,
and the corresponding value of the cost function J = e'e,where e = b - AX,

and (.)H denotes Hermitian transpose.
[8 marks]

(b) A communications array measurement signal is modelled in the form
mik] = p + aexp(2nf k); k = 0,1,...,N-1

where [Lis a complex d.c. level and ois the amplitude of the complex sinusoid.
Formulate the solution for pLand o as a set of overdetermined equations and show that
the least squares solution for pand o is given by

N DFT(0) - exp(jnf [N - IDS(f,)DFT({,)

mio N? - S*(f,)
o| = | NDFI(f,) - exp(-juf, [N~ I)S(f,)DFT(0)
N* - S*(f,)

sinnf, N 4 DFT(R) = E L 270
Eupsral = k:Qm[ ] exp(-J27uk) .

where S(f,) =

[}

[10 marks]

(¢) Show how the least squares solution in (b) simplifies when N is even and
f = P where p is a nonzero integer in the range {——l\l,ﬁ - 1}.
¢ N 2°2
Comment upon the result.
[4 marks]

(d) As the frequency f,of the model is generally unknown suggest methods by
which this may be estimated. [3 marks]
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3.

A family of stochastic gradient algorithms is based upon approximately minimising cost
functions of the form

J=E{e®[n]} p=123..

A

where e[n] = d[n] - d[n], namely the difference between the desired response d[n] and the

output of the adaptive filter d[n]= _ng[n]g[n] , where win]=[wq[n],w,[n],...., Wy [n]]T is
the coefficient vector of an N-tap, finite impulse response, adaptive filter with input
vector x[n]=[x[n],x[n~1],....x[n—N+1]]T.

(a) Explain when it would be advantageous to use an adaptive algorithm based on p 22
and give an example application.
[3 marks]

(b) Verify that a least mean square (LMS) type coefficient update for w[n], based
upon J, is given by

wln +1]= w[n] +2pue**” [n]x[n]
[3 marks]

(c) Given that d[n]= ETﬁ[n] + v[n] where w ={w{,W,,..,W ]T is a vector of fixed, but
1>W2 N

unknown parameters, and v[n] is zero mean independent identically distributed white
noise with symmetric probability density function, which is statistically independent of
x[n], and that the weight error vector, c[n]=w[n]-w, is close to zero, show that

2
E{c[n +1]} =[1- up(p - DE{v?*[n]}R]E{c[n]}
A [12 marks]

(d) Establish the conditions on the adaptation gain, W, that assures that the mean

E{w[n]}of the coefficient vector of the adaptive filter converges to the desired vector w.
[7 marks]
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