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1. The coefficient update equation for the signed-regressor (LMS) algorithm is given by
wln +1]=w[n]+ 2 e[n]sign(x[n])

where e[n] =d[n] - w T[n]g[n]; d[n], w[n] and x[n] are respectively the desired response,

coefficient vector and input vector at the n-th sample; and (.)T denotes vector transpose.

(a) Given Price’s theorem, which states that for a pair, . and (3, of zero mean jointly
Gaussian random variables

. 1 2
E{asign(f)} =—,[—E{af}
g Vi V4
and any other necessary assumptions, which should be stated, show that

(i) E{sign(x[n])x " [n]} = —L\E R whereR =E{x[n]x"[n]};
A

Ox

(i) E{v[n+1]} =(I- 2#;1—\/%R)E{X[n]} where v[n]=w[n]-w

1s the Wiener solution;

- Langt N

(111) the mean of the ﬂ[n]lgenerated by the signed-regressor LMS algorithm converges if

and W opr

O<,u<—1—

/2
= - - m— - IJOX —
B (LS e e = 5 z
and comment upon the learning trajectory of the signed-regressor LMS algorithm as

compared to that of the conventional LMS algorithm.

(b)

(1) Define and discuss the term misadjustment as used to quantify the performance of an
adaptive algorithm.

(ii) Given that |v[n + l]”2 =E{v"[n+1]v[n +1]} and the identity
E{v'[n]x[n]x ' [n]v[n]} =E{v" [n]E{x[n]x” [n]}v[n]} verify that

Jvin + 11| = || 4(0L \/gﬂ-ﬂzN)E&T[n]Rz[nn +44° Nl i

X

where N is the number of coefficients in the adaptive filter.

(111) With the assumption that the signed-regressor LMS algorithm is convergent in the
mean square, use the result in (i1) to calculate the misadjustment of the algorithm. Show

how this expression simplifies for small p.
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2. The extended normal equations are represented in matrix form as

R : _| Fe
2p 0
where a, = [ap(D), ay(2),..., a, (p)]T 1s the parameter vector of a p-th order forward linear

predictor and E, is the corresponding prediction error power.

(a) Develop the Levinson-Durbin recursion for the solution of the extended normal
equations and show explicitly the reflection coefficients necessary for the realisation of a
forward linear prediction error filter in a lattice structure.

(b) A discrete time random signal, x[n], has autocorrelation sequence

6, (9)=(02)"

(1) Calculate the reflection coefficients of a second order forward linear prediction error
filter and sketch the corresponding lattice realisation.

(1) Show how the reflection coefficients change if uncorrelated zero mean white noise
with variance o* = 0.1 is added to x[n]. Comment upon the general effect of noise added
to a discrete time random signal upon its corresponding reflection coefficients.

(c)

(1) Suggest and justify a procedure based upon reflection coefficients which can be used
to test the extendibility of a finite length sequence

15 (0), 1y (1), 1 (2), ..., 1 (P)
into a valid infinite support autocorrelation sequence.
(11) Evaluate the constraints upon o and f so that the sequence
LO)=1, ()=a, ,2)=p
1s extendible.

(111) When the sequence in (i1) is extendible, provide two different valid extensions.
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3.

(a) Show in block diagram form how a sub-band adaptive filter can be used in a hands-
free mobile phone for acoustic echo control and discuss the effect double talk has on the
operation of the adaptive filter.

The coefficient update equation for the normalised least mean square (NLMS) algorithm
1s

fen]x(n]

win+1]= w[n] + A2
&+ [x[n]]

where e[n] = d[n] — ET[n] x[n], and d[n], w[n] and x[n] are respectively the desired
response, coefficient vector and input vector at the n-th sample.

(b) Verify that the update equation w[n+1]=w[n]+ ’[n]x[n] based upon the a
posteriori error, ep[n]=d[n]—yT[n+l]§[n] , 1s equivalent to the NLMS algorithm.
Comment upon the relationship between B, € and p.

(c) Derive the coefficient update equation for the affine projection (AP) algorithm which
1s a generalisation of NLMS based upon forcing the following L a posteriori errors to be
zZero

eP[n] d[n] w ' [n+1]x[n]

e’[n-1]|_|dln-11| | w'ln+1xin-1]|_,

eP[n-L]| |din-L]| {wT[n+1]x[n-L]

(d) Compare the computational complexity of the AP and the recursive least squares
algorithms and state the condition for which the two algorithms are identical.
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4.

(a) Explain the challenges in estimation of the power spectral density from a
measurement of a discrete time random signal.

(b) An industrial spectrum analyser is based upon a continuous update of the estimate of
the power spectral density of a discrete time random signal of the form

2

fetgsl

N
Z [n]exp(—j27fn) ,

P (H= aPl 1(f)+(1

where x;[n] = x[n + iN] is the i-th block of N data samples. The initialization of the

A

update equation is P;(f) =0, V{.

(1) Discuss in detail the philosophy which underlies this approach to spectrum estimation
and comment upon the basis on which the parameter o should be chosen.

(11) With the assumption that the blocks of x[n] are from uncorrelated Gaussian discrete

A

time random signals, and that 0 < a < 1, calculate the mean and variance of Pi(f), given
that the variance of the periodogram estimator is given approximately by

Var{};PER (f)} ~ sz (f)

(c) Suggest a model-based approach that could be used for on-line spectral estimation.
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