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1. (a) Consider the network of Figure 1 involving 4 switches, labelled S1, Sy, S3 and Sy.
Assume that events

4; = {*S;isclosed’}, i=1,...,4
are independent and, furthermore, that
P[f/li] = P,

for some constant p, 0 < p < 1. Determine the probability that there is a closed
path connecting the signal source at (a) and the signal destination at (b). [12]

() A signal comes from one and only one of 3 possible sources, labelled s, s, and s3.
The receiver indicates that either the signal source is s; or s, or s3. For 2 = 1.2 and
3 write
4; = {‘the signal source is s;'}
B; = {‘the receiver indicates that the signal source is si'}.

Assume that

P[A;) =09, P[d,] =0.05 and P[As] = 0.05.

Assume further that, for i.j = 1,2 and 3, we have

0.8 ifj =1
PB4} = {0.1 ifj1.

The receiver indicates that the signal source is s;. Determine the probability that
the signal source really is s;. 8]

(@) (b)

Figure 1
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2 A signal X' (w) has uniform distribution

fole) = 05 f0<z<2
TXW =90 otherwise.

A digitized, noise-free measurement Y (w) is made of X (w), namely:

Son . J 00 X(w) <
}(”)—{1 if 1< V(w) <2

Determine the conditional probability distibution function Fyy (z|y) of X (w) given
V(w) =y, y =0,1. Show that it has a density fx)y(z|y). [10]

Hence determine the least squares estimate X (y) of X (w) given Y(w) =y, y = 0, 1.
Evaluate the mean square error 4]

Jmin = EllX - XO)IQ] -

Is X(y) a linear estimator? 2]

Hint: When evaluating the mean square error, use the relationship
1
Elg(v, V)] = 3 [ (e ) fr(aly = )dzP[Y (w) = il
1=0

for any function g(z,y).
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(a)

Let T (w) and Ts(w) be independent random variables that both have the probability

density function
L fo<t<T
e T ! - - : 1
f(t) { 0 otherwise , ' (1)

for some constant T > 0. Derive the probability density function of ¥ (w), where
Vi{e) = Ti(w) + To(w).
[10]

A device is powered by a battery (labelled A) and a back-up battery (labelled B):
when battery A is expended, battery B is switched in to replace it.

The use/charging history of the batteries are unknown, and so the periods of time
Ti(w) and Ty(w) for which batteries A and B, respectively, can supply power are
modelled as random variables. Furthermore the switch for the back-up battery may
fail. Define the event

F = {‘the switch for battery B fails when battery A is expended'}
and assume

(i): Ty(w) and Ty(w) both have the probability density function f(t) defined in (1),
for the same value of the design constant 7' > 0.

(ii): The random variables Ty (w) and Ty(w) and the event F are independent,
(iii): P[F] = 0.1 .

Denote by Z{(w) the total operating time of the device. Derive the probability
density function fz(z) of Z(w). It is required that 4]

P[‘the device is powered for at least 10 hours’] > 0.95.

What is the least value of the constant T to achieve this specification? [6]

E4.10/C2.1/SC4 Page 4 of 7



4. (a) Take a random variable D{w). Show that the function
V(d) = E[|D-dl]
is minimized at d = E[D]. 12]

(h) A surveillance system aims to estimate the midpoint of a randomly located vehicle
from noisv measurements of the location of the front and back of the vehicle. Write

F(x) = location of front of vehicle,
B(w) = location of back of vehicle,
V' (w) = measurement of location of front of vehicle,
Z{w) = measurement of location of back of vehicle.

Assume that, for some positive constants a? and o? and L > 0 and some number 7.
1

—1 < r<+1,
cov(F.Y) = cov(B.Z) =a* and cov(F,Z)=cov(B,Y) =0,
var( ar(Z) = 0% and cov(Y,Z) =ro’,

B :;J[Z =0 and E[F]=E[Y]=L.

Using part (a), or otherwise, show that the linear least squares estimate X(w) of
the midpoint,

X(w) = z[F(w)+ Bw)],

(SR ]

given Y (w) and Z(w), is

where a*. b* and ¢* are chosen to be

o . 1 .
Zm and ¢ =(§—a)xL.

a* ="
[16]
Now suppose that a? and ¢ are design constants, but r is a sensor design parameter
which can be varied in the range —1 < r < 1. Without doing any calculations.
suggest the value of design parameter r for which the mean square estimation error
of the above linear estimator is mimimized. (2]
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5. (a)

Consider the stationary m-vector process {z;} generated by the equations
Tri1 = Az + bey. .

Here, A is a given n x n matrix and b is a given n-vector. {ex} is a sequence of zero
mean. uncorrelated random variables, each with variance o?. Write

R.(0) = Elzpri],
Show that R,.(0) satisfies the matrix equation

R.(0) = AR (0)AT + o*bb" .

B

Two coupled stationary scalar processes {yx} and {v,} are generated by the equa-
t10118

Yrer = 0.0y + vy

Vg1 = 0.2’01; + €L
in which {e;} is a sequence of uncorrelated, zero mean random variables. each with
variance 0%, The coupling coefficient & > 0 is an unknown positive constant.
It is known that :

21 _ 2

Ely] = 2E[v].

Using the results of part (a). or otherwise, determine c. [12]
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6. (a) Define the spectral density ®,(w) of a stationary, second order, zero mean, scalar
stochastic process {xy}. 2]
Now suppose that the stationary, second order, zero mean, scalar stochastic process
{y} is related to {z;} according to the difference equation '

Yk = QoTk + A1 Tk-1 -

Here, ag and a; are constants. Show that the spectral density @, (w) of {yx} is given
Iy

®y(w) = F(e)F(e7*)Pz(w) .
Here. F(z) = ag +a;z~". 6]

(h) A signal {v;} is modelled as the output of a linear system with unknown rational
transfer function D(z) driven by a sequence of zero mean, uncorrelated, unit variance
random variables {e;}. See Figure 6. It is not possible to measure {vg} directly.
\leasurements are available however of a process {y} that is v; contaminated by
an “echo’

Yr = Uk + QUk—d ;

where a is a given positive number (the relative magnitude of the echo) and d is a
positive integer (the echo delay). The spectral density of {yx} is known to be

I+ 4 cos(2w)

2

Dy(w) = (j + cos(w))

Determine the values of the constants a and d. model for the
process {v;} consistent with this spectral density. [12]
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Figure 6
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