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Complementary Normal Distribution

e X e r
Var

x O(x) X 9K
0 5.00¢-01 27 3.47e-03
0.1 4.60e-01 2.8 2.56e-03
0.2 4.21e-01 2.9 1.87¢-03
0.3 3.82¢-01 3.0 1.35¢-03
0.4 3.45¢-01 3.1 9.68¢-04
0.5 3.09¢-01 3.2 6.87¢-04
0.6 2.74e-01 33 4.83e-04
0.7 2.42e-01 3.4 3.37e-04
0.8 2.12e-01 3.5 2.33¢-04
0.9 1.84¢-01 3.6 1.59-04
1.0 1.59%-01 3.7 1.08e-04
13 1.36¢-01 3.8 7.24¢-05
12 1.15¢-01 3.9 | 4.81e-05
1.3 9.68e-02 4.0 ' 3.17¢-05
13 8.08e-02 4.5 3.40e-06
1.5 6.68c-02 5.0 2.87e-07
1.6 5.48e-02 55 1.90¢-08
1.7 4.46¢-02 6.0 9.87e-10
1.8 3.59e-02 6.5 4.02¢-11
1.9 2.87e-02 7.0 1.28¢-12
2.0 2.28e-02 7.5 3.19-14
21 1.79¢-02 8.0 6.22e-16
22 1.39¢-02 8.5 9.48¢-19
2.3 1.07e-02 9.0 1.13¢-19
24 8.20e-03 9.5 1.05¢-21
25 6.21e-03 10.0 7.62¢-24
2.6 4.66e-03
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1. a. At a party, N men throw their hats in the center of a room. The hats are mixed up, and each
man takes turn to randomly select one and then returns it to the center. Assume that all hats
are different. Find the expected number of men that select their own hats.

[5]

b. Consider X independent, scalar random variables X 1> X 2y X K > cach of which is

3 s ; : -Ax
exponentially distributed with parameter A . That is, J X (x)=Ae ifx=0, and 0
otherwise. Let ¥ be the minimum of 7, X5, ..., and X g . Find the probability density

function (pdf) fy(») for .
[8]

¢. Given two independent nonnegative random variables X and Y, we define a new variable
Z =X +Y . Let the Laplace transforms of the probability density functions (pdf’s) for X, ¥

* * *
and Z be denoted by X (s), ¥ (s) and Z (s), respectively. Show that

Z($)=X (97 (s). [12]
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2. a. A positive integer valued random variable X has a geometric distribution. That is, for n=1,
2,3, ...

p,=PX=n=pa-p)" !

where 0< p <1. Determine the probability generation function (i.e., the z-transform) for X

Hence, or otherwise, obtain the mean and variance of X,
[10]

b. Show that the geometric distribution given in part a is equivalent to the conditional-
probability property defined below, using the following approach:

1. Prove that if the random variable X has the geometric distribution, then X has the
following conditional probability property:

PIX>m+n|X >m]=P[X >n|

for any two positive integers m and .

[3]

ii. Prove that if a positive integer valued random value X satisfies
PlX >m+n|X >m]=PX >n]

for any two positive integers 7 and n, then X must have the geometric distribution.  [10]

(Hint: Express the conditional probability in terms of @, = P[X > k] )
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3. a. If random variables X'and Y arc identically distributed, not necessarily independent, show
that
cov(X +Y,X-Y)=0, [6]

b. Now consider random variables X, ¥ and Z. The conditional covariance of X and ¥, given
Z, 1s defined by

cov(X,Y | Z) = E[(X - E[X | Z](Y - E[Y | Z]) | Z].

i. Show that
cov(X,Y | Z)=E[XY |Z]-E[X | Z)E[Y | Z]. [5]

il. Show that
cov(X,Y)=E[cov(X,Y | Z)] +cov(E[X | Z],E[Y | Z]) . [9]

(Hint: Take the expectation of both sides of the result in part i.)

1il. Set X=Y in part ii and obtain a formula for var(X) in terms of conditional expectations. [5]
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4. a. Suppose that orders X}, X3, ..., X atarestaurant are independent, identically
distributed (iid) random variables with mean # = $8 and standard deviation o = $2. Let

H S‘ - n#
Ly __n
Sn =1 X ; and Z 5 . Using the Central Limit Theorem for Zn and the
gi=i] oVn

complementary normal distribution given at the beginning of this examination paper,

1. Estimate the probability that the first 100 customers (orders) spend a total of more than
$840. [5]

ii. Estimate the probability that the first 100 customers spend a total between $780 and
$820. (6]

b. Two random variables X and Y are said to have a bivariate normal distribution if their joint
prabability density function (pdf) is given by

2
| | U (g Y (v YL G-y
fx,y)= expy - + = -2p

270 0|1 - pz 2(1 ",02) Tx X%

i.  Show that the marginal pdf°s for both X and ¥ are normal density functions with
respective parameters Ky, 9y, Hy and Ty . [6]

1. Show that the conditional pdf for X, given that Y=y, is the normal pdf with parameters

e}
X 2 2

JuX"'pO_Y (y_lu}r) and O'X(l—p ) [6]

ili.  Show that X and ¥ are independent when £ =0 . [2]
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5. Speech Predictor: Let X}, X, , X5 . beasequence of samples of a speech voltage

waveform. Suppose that {X;} represents a stationary, second order, stochastic process where

2 2 '
E[Xy1=0 and E[X;"]=0" >0 forall k=1,2,3,.. The samples X} _, and X} _jare

used to predict X, with the least mean square error. That is, for & = 3,4,5,...

Xp=aXy, | +bX _, *)

is the least squares predictor of X x Where a and b are constants.

a. Find a and 4 in terms of the variance o and covariances of {X}}. [11]

b. Given the stationary property of the process, the covariances of X} depend on the

“distance” between the time indices, but not on the specific index values. Assume that for all
iandj

2
COV(X..X )=p . .
e

2
where P >0 and Py =1. (For example, COV(X;, X,  5)=p, 0y".) Findaand b in
terms of #| and P;. (4]

¢. In a practical implementation, it turns out that due to insufficient processing time, only an
inaccurate, noisy measurement X J —1 can be obtained for predicting X}, according to (*).
Foreach k=2, 3, ..., jfk —1 1is given by
Xp 1= X1 N
where (N} is an independent sequence of zero mean, uncorrelated random variables with

variance 9 . On the other hand, sufficient processing time is available to obtain an

accurate value of X _, for purposes of prediction in (*). Find the optimal a and b in terms

2 2. .
of P1,Py, o and Op inthe presence of the measurement noise.

(Hint: Include the effects of the measurement noise in the results in part a.) [10]
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6. a. Consider a two-state continuous-time Markov chain that spends an exponential time with
rate A4 in state 0 before going to state 1, where it spends an exponential time with rate 4

before returning to state 0. Let 7(() and 7;(f) be the state probability at time ¢ for state 0

and 1, respectively.

i. Give the differential-difference equations for #((?) and 7#(?). (5]
dm (1)
(Hint: — 45 9,7 j(r )+ 2 E ; W™ 1+ where qkj is the state transition rate from state k

“tojfor k# j,and —9; is the state transition rate at which the process departs from state j
when it is in that state.)

ii. Let 7((0) =1. Solve these equations for 7(#) and 7;(?). [7]

b. Let 1’ X PR be independent, identical distributed random variables such that
P[Xz' =)= er , J 2 0. We say that a record occurs at time 7
ian > max(XI,...,Xn 1 ), where XO = =%, and if a record does occur at time 7 , let

X " be called the record value. Let Ri denote the ith record value.

1. Argue that {Rf » 121} is a Markov chain. [3]

ii. Compute its transition probabilities. [10]
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