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[E4.10, C2.1, SC4]

Information for Candidates
The Kalman Filter
Consider signal and observation processes {zx} and {yx}, respectively, that satisfy:

Tk = Azk_1+era
ye = Czp+uv, k=12...

Here, {ex} and {vx} are zero mean Gaussian processes with covariances
cov{er} = Q¥ and cov{wy} = Q@ forallk.
The initial state zg is a Gaussian random variable with specified mean and covariance:
Elzg) =29 and cov{ze}= Fp.
Assume that

Zg, {ex} and {vx} are independent random variables and Q® is invertible.

The conditional mean £x and conditional variance Py of xi given yi, ..., Yk are related
to the conditional mean £x_; and conditional variance Py of zx—1 given y1,...,¥k-1,
via the intermediate variable Pyx_1, by the following equations:

Pir—1 = AP AT +Q©
Pi = Pyrc1 = Pep-1CT(CPys-1CT + Q)" 1CPyx—,

K(k) Pik-1CT (CPye—1CT + Q).
Zr = AZgp-1+ K(k)(yx — CAZe-1).
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[E4.10, C2.1, SC4]

1. (a) Possible failures in a communication link joining points a and b are represented by
the state (‘open’ or ‘closed’) of switches Si,...,Ss in Figure 1(a). Assume that the
switches fail (are open) independently and

P[S;isclosed] = p fori=1,2,...,5

for some constant p, 0 < p < 1. What is the probability that the path between a and
b will be closed?

Hint: Consider separately the cases ‘Ss is closed’ and S3 is open, i.e. use the formula

P[E] = P[E|S|P[Ss] + PIE|S|P[Ss)

where E = {‘there is a closed path from a to b’} and, fori = 1,...,5, S; = {*S; is closed’

(b) A discrete random signal S, that takes values S =1 or S = 2, is transmitted at point
A in Fig. 1(b). The signal is received at point B, after passage through a channel that
is modelled as an amplifier with gain K. The amplifier fails randomly:

K = 2 if amplifier is functioning
71 1 if amplifier fails (no amplification).

Assume that amplifier failure is independent of the value of the signal and

PS=1]=a, P[S=2=(1-qa)
PK=2=0, PK=1=(1-f)

for some constants o, 0 < a<1l,and 5,0< B < 1.

The received signal at B is R = 2. What is the probability that the amplifier has

[10]

}.

failed? [10]
Hint: Calculate P[R = 2|K = 1] and P[R = 2|K = 2] and use Bayes Rule.
Sy Sy Transmitted Received
/ V4 signal S Signal R
a { b A B
o—1 W § 3 l—o0 0 — amplifier | ——)
S S
2 5
(a) (b)

Figure 1
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2. (a) A random variable T'(w) has the exponential probability density

de~* fort>0
fr(®) = { 0, fort <0.

Here A (> 0) is a parameter.

Calculate the characteristic function of T'(w). Hence determine the mean mz and the
variance o2 of T'(w). 8]

2. (b) The lifetime T'(w) of an electronic device is modelled as a random variable with expo-
nential distribution. For fixed § > 0 and ¢ > S calculate the conditional probability

PT(w) <t|T(w) > S].
Hence calculate the conditional density of T'(w), given the event ‘T'(w) > §°. [4]
Show that the conditional mean and variance of T(w) given ‘T'(w) > §’ (i.e. the
expected life time and its variance, given the the device has not failed before time S)

are
2 2
mrir>s =S+mr and oprs>g =07,

where mr and o3 are the unconditional mean and variance of T(w), calculated in (a).

[6]
Comment on the suitability of modelling the lifetime of a device using the exponential
distribution, in the light of your calculation. 2]

Hint: When evaluating integrals of the form

I= /S ” o)t

use a change of variables ‘¢’ =¢ — §’, i.e. express the integral
o0
I = / o(t! + S)dt'.
0

Note also that you have formulae for the moments f0°° tk fr(t)dt, k = 1,2, from part

(a).
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A noisy measurement Y (w) is made of the position X (w) of an object along a line. Assuine that
the measurement noise is additive, i.e.

Viw) = X(w) + Nw).

Assume also that the noise N(w) and the signal X (w) are independent, that X (w) is uniformly
distributed on [—a, al:

0 otherwise

fx(e) = { (1/2)a for —a <z <a

for some parameter ¢ > 0, and that N(w) is normally distributed, with zero mean and unit variance:

Derive expressions for the conditional density of X (w) given Y(w), fy )y (z]y).

Hence derive expressions for the (nonlinear) least squares estimate X (y) of X (w) given Y (w) = .
(I these expressions, you do not have to evaluate the integrals involved).

Show that. as a — 00,

);r(;l/) — ;ML

where. for fixed y, @ 77 maximizes the ‘likelihood function’

= fyx(y )

Hint: Obtain a formula for the joint probability density fxy («, y) by using the formula fxy (2, y) =

1y N () fe ().
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4. The position X(w) of an object in one dimensional space needs to be estimated from
noisy measurements. For this purpose, K cheap, identical sensors are to be used.

Assume that the i*® sensor measurement Yi(w) is related to X(w) according to
Yi(w) = X(w)+ Ny(w) fori=1,2,...,K,

for random variables N;(w), ... Nx(w). Assume further that X (w), Ni(w),..., Nk(w)
are zero mean, independent random variables and

var{X} = 0% eand var{M}=...=var{Ng}=0%.
Determine
(i): the linear least squares estimate X of X given Y1, ...,Y, [12]
(ii): the mean square estimation error of X . (6]

Now assume that 0%, = 1 m? and 0% = 0.5 m®. Suppose that we require
EIX - X[? < 0.1m?.

Determine the minimum number of sensors K required to achieve this specification. 2]

Hint: Determine the linear least squares estimate X from first principles, not by using
the general formula for multi-dimensional linear least squares estimation. Use the fact
that, by symmetry, all the weights in the linear least squares estimator are the same.
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5. (a) Consider a stationary scalar output process {yx} and vector state process {zx} gov-
erned by the equations
Tey1 = Azi + beg (1)
Ye = CT:L'k .
Here, A is a given n x n matrix and b and c are given n-vectors. {ex} is a sequence of

zero mean, uncorrelated random variables, each with unit variance. Develop formulae
for the covariance matrix of zx and the variance of yy:

R;(0) = Efzxzl] and R,(0) = E[y].

(8]
(b) Now suppose the matrices in (5.1) are as follows:
_ | -k -« 1 T _
A—[l O]andb—[o}andc_[IO].
Here, « is a system constant. k is a design parameter (the gain in some inner feedback
loop) that is to be chosen to reduce the variance of {yx}.
(i): For fixed a and k, obtain a formula for the variance of y. 8]
(ii): Assume o = 0.25. Determine the value of k that minimizes E[y?]. n

You should assume that all the values of a and k considered are such that (1) is a
stable dynamical system.
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6. The position of a stationary object along a line is modelled as the scalar Gaussian
random variable zo. Measurements yx of the position are taken at times k = 1,2,...
It is assumed that
Yk = Zo+ Uk

where {v;} is a sequence of zero mean, independent Gaussian random variables, each
with variance 0'8. Assume also that zg has zero mean and variance P.

Let £ and P, be the conditional mean and variance of o, given y1,...,y, for k =
1,2,... Use the Kalman filter equations to derive the following recursive equations for
P—l

k

Py = o2+ B (2)
and
Ere1 = (1= 052 Peg1)x + 05 2 PeyaYer1 -
(16]
By using (2), or otherwise, show that
P,—0 ask—o0.
Hint: Introduce the ‘state equation’ zx4; = Azy + Bey with A =1 and B = 0. [4]
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