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1. (a) The ring network of Figure 1.1, consisting of eight links, provides two possible
paths between terminals A and B. Assume that the links fail independently, each
with probability 1 — ¢, 0 < ¢ < 1. What is the probability that a packet will be
successfully transmitted from A to B 7

(Note that terminal A transmits the packet in both directions. B receives the packet

if all links transmit in either path.) [10]
(b) A signal X (w) comes from one of two sources A or B. (See Figure 1.2.) Assume

that:

if A is the source, the signal is normally distributed with mean mx = -1 and

variance 02 = 1.

if B is the source, the signal is normally distributed with mean mx +1 and

variance 02 = 1.

A signal is received at R only if the switch that links it to its source is closed. One
and only one switch is closed at transmission and

Y Plswitch-a-is closed’) =—2-x-P{‘switch-bis-elosed’) .
/O /O PL7sers?el. A& elred?’] = Z X PC Zeboited Ele'tésd,_]
(i) Calculate the probability of the event {w : X (w) > —1}. [5]

(i) It is observed that X (w) > —1. What is the most likely source of the signal,
A or B? (The following table includes some relevant values of the distribution
function F(y) = P[Y < y], for a normally distributed random variable Y (w)
with zero mean and unit variance.) [5]

Normal Distribution N(0,1)

T -2 -1 0 +1 +2
F(z) | 0.02276 | 0.15866 | 0.5 0.84134 | 0.97724
B A /
. "
A
Figure 1.1 Figure 1.2

E4.10/C2.1/SC4 Page 2 of 7



2 For a certain communication channel, the received signal Y (w) is the transmitted
signal X (w) corrupted by additive noise

Y(w)=X(w)+ Nw).

Assume that the noise is a zero mean normally distributed random variable with
variance o> — |

Z —
fn(n) = (27r02)71€xp (—n2/202) . / (O - B E)
Assume also that X (w) and N(w) are independent.
Determine the conditional probability density of Y given X (w) =z

frix(ylz) -

Now suppose X (w) is uniformly distributed on [—e, +¢] (for some o > 0).
Derive a formula for the conditional probability density of X given Y(w) =y

f X|Y($ly) .
[10]
Hence derive a formula for the (nonlinear) least squares estimate of X given Y (w) =
Y
EX|Y(w) =y].
Show that, as o — oo,
EX[Y(w)=y|—>y.
[4]
Comment briefly on this last relationship. [2]
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3. (a) The generalized coordinates of a manoeuvring vehicle are represented by the n-
vector random variable X (w). Motion of the vehicle is affected by the manoeuvre

‘mode’ R(w).

R(w) is a discrete random variable, taking values 1,2,...,n. Let
wj=P[R=j], j=1,2,...,n.

For j =1,2,...,n write

Fj(z) = PX <z |R=j]

(‘the conditional probability distribution function of X (w) given R(w) = j’), and
denote by m; and P; the mean and covariance matrix of Fj;(z), respectively.

Derive a formula for the probability distribution of X (w), in terms of the Fj(z)’s
and w;’s. [2]

Show that the mean m and covariance matrix P of X (w) are
m=3 wym; and P=3 w (P + (zj — m)(z; —m)T) .
J J 10
(b) Henceforth assume that X (w) is a scalar random variable and
n=2 m; =-1, my=+1, P1=P2=O, wy=wy=1/2.
Calculate the mean ‘range’ of the vebicle:
BlIX|]. (3.1)
[4]

(c) Sometimes, to simplify calculations, probability distributions are approximated by
normal distributions having the same mean and covariance. Examine the effects of
this approximation in calculating the mean range. Specifically:

determine the percentage error in the calculation of the mean range, when the
normal probability density with (scalar) mean m and variance P,

f(z) = (2nP) *exp {~(z — m)*/2P},

is used in place of Fx to evaluate the expectation in (3.1). [4]
In part (c), you can use the fact that

/w(x/az)el? (—$2/202) dt =1 foro®>>0.
0
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4. (a) A zero-mean scalar random variable y(w) is correlated with a zero mean n-vector
random variable x(w). Show that the random variable %(w) given by

*(w)=yw)a, &=(El’]) " Elx],
is the linear least squares estimate of x(w) given y(w), in the sense that & minimizes

J@)=E [(x —ya)T(x— ya)] i

[6]

Derive the following formula for the estimation error covariance matrix

cov{x — } = Bpxx] — (Ely?)~ Elyx] E[yx"] .
[4]
(b) Consider now the one stage state space system, with scalar output:
x1(w) = Axg(w) + e(w)
n(w) = cfx;(w) +v(w).

Here, A is a constant n X n matrix and c is a constant n-vector. The m-vector

random variables xg, e and the scalar random variable v are all uncorrelated.

Furthermore,

Efxo] = Ele] = 0, Els] =0, Blxoxo”] = P, Elee”] = Q, Ep?| = w.
Using part (a), or otherwise, show that the linear least squares estimate of x; given
U is
X = yik
where
k=5 (ARAT+Q)c and s=(cT(APAT +Q)c+w) .

[6]

Show, furthermore, that the covariance matrix of x(w) — %(w) is

P, = (AP AT + Q) (I — s7'cc (AR AT +Q)) -

[4]
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5. (a) Consider the scalar Auto-Regressive Moving Average (ARMA) process {y;}, gener-

(b)

ated by the difference equation

Yk + 9Yr-2 = ex + heg_1,

in which {e;} is a sequence of uncorrelated, zero mean random variables with vari-
ance 0. g, |g| < 1, and h are constants.

Show that the covariance function R,(k), for k =0, is

1+ h?
1-—g2a2

Ry(0) =

Determine also Ry,(1) and R,(2).

Now consider the controlled Auto-Regressive process {yx}

Yr—AaYg-1 = €+ Ug—2, (5.1)

in which e is as before and a is a constant, with |a| < 1. The control uy, which
depends on present and past values of {yx}, is chosen to improve the statistical
properties of the process {yx}. Notice that there is a two sample period delay in
control implementation.

For this system, a ‘minimum variance’ controller has the structure:
ug + aup—y = Ky, (5:2)

in which K is a design parameter.

Derive the ARMA model for the process {yx} which results when the minimum
variance controller (5.2) is inserted into (}!51) What conditions must K satisfy for
this ARMA model to be stable?

Determine the value of K, satisfying the stability condition, which minimizes the
output covariance:

Ely].
Show that, for this choice of K, {yx} is a Moving Average process.
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6. Define the spectral density ®(w) of a stationary, second order, zero mean, scalar
stochastic process {y;}. What conditions must ®(w) satisfy if {yx} is to be the
output of an Auto-Regressive Moving Average model

AEYm=BE e ? (6.1)

4]
Here A and B are polynomials in the delay operator z! and {e;} is a sequence of
zero mean, unit variance, uncorrelated scalar random variabl&sf € ULl §TO P YA sX (l S'

Consider now the covariance function
R(k) = cle—,\llkl +026—)\2|k| k=...,—1,0,+1,...,

in which ¢;, ¢, A and Ay are positive constants. Show that the corresponding
spectral density function ®(w) is

P(w) = 22: ol —e )

2 T e e ) (1~ e vet)

8]

Now set

a1 =4/3, A\ = log,(2), c; =9/8, and ); = log,(3),
For these values of the constants, determine an ARMA model (6.1) whose output
{yx} has the covariance function R(k). 8]

Note: in this question w denotes a frequency, not & point in the sample space.
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