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Special Instructions for Invigilators: None

Information for candidates:

Notation

BSC Binary Symmetric Channel
NNUB Nearest Neighbour Union Bound Probability of Error
PAM Pulse Amplitude Modulation

QAM Quadrature Amplitude Modulation
QPSK Quadrature Phase Shift Keying
MMSE Minimum Mean Square Error
DFE Decision Feedback Equaliser
ZFE Zero Forcing Equaliser

AWGN Additive White Gaussian Noise
MFB Matched Filter Bound

Useful eguations

i 32 for la| <1

k=0

If g(t) and G(f) are Fourier transform pairs such that

9(t) = 6(f)=F(9(t))

where
G(f)=F{g _[g exp(-j2ft)dt and
g(t)=7 _[G exp(j2z ft)df

then the following Fourier transform relationships might be useful

K _j2x 1
p(kT)———p"tz(—a) @P(e ¥ ﬂ)=m for T =1

J;smc(f]@ T rect(T f)
g(t):rect(%] o G(f)=Tsne(fT)

a(t)-5() = 6()- |
QXY = 0.5 etpc (X))
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ery‘c(x)

0.1 8.88x10"
0.2 7.77%10"
0.3 6.71x10"
0.4 5.72x10"
0.5 4.80x10"
0.6 3.96x10"
0.7 3.22x10"
0.8 2.58x10"
0.9 2.03x10"

1 1.57x10"
1.1 1.20x10™
1.2 8.97x107
1.3 6.60x107
1.4 4.77x107
1.5 3.39x107
1.6 2.37x107
1.7 1.62x107
1.8 1.09x107
1.9 7.21x107
2 4.68x10°
2.1 2.98x107
22 1.86x10°
23 1.14x107
2.4 6.89x10%
25 4.07x10*
2.6 2.36x10*
2.7 1.34x10%
2.8 7.50%x10°
2.9 4.11x107°
3 2.21x10°
3.1 1.16x10°
32 6.03x10°
33 3.06x10°
3.4 1.52x10°
35 7.43x107
3.6 3.56x107
3.7 1.67x107
3.8 7.70x10°%
3.9 3.48x10*
4 1.54x10°®
4.1 6.70x10°
4.2 2.86x10°
4.3 1.19x10°

E4.04/SC6/ISE4.9 page 2 of 10



1.

Consider the following signals

a)

b)

c)

2 2zt &
—— 0S| — +— for 0<t<T
xo(t)z JT (T BJ

0 otherwise

icos(ﬁ+5—’?} for 0<t<T

X, (t) =47 T 6
0 otherwise
2 2rt 3x
—COS| —+ — for 0<t<T
X, (1‘) =T ( T 2 ]
0 otherwise

Find two orthonormal basis functions for this signal set and show that they

are orthonormal.

Find the data signal 'corresponding to the signals above for the basis

functions you found in (a).

Find the following inner products
) (% (£).% (1))
i) (X (). x (1))
i)y (X, (t),%, (t)).
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Consider the following signal constellation that is to be used over an AWGN

channel having a noise variance ¢ =0.05.

® ——=+3

@ - )

| |
| | |
-3 -1 +3
] ] ——= -1

Figure 1 Constellation for 8 points

—-3 @

Assuming that the signal points are to be used with equal probability,

a) Find the total energy, ¢,, and the average energy, &,, per dimension for

this constellation.

b)  Find the average number of bits, b , per dimension the minimum distance,

d

min *

and the average number of neighbours, N,, for this constellation.

c) Find the union bound for the probability of error, P,, when a maximum

likelihood (ML) detector is employed at the receiver.
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Either a square or a cross-QAM constellation can be used when transmitting

information over an AWGN channel having a SNR=30.2dB and symbol rate

1/T =10° per second.

a) Select one of the two QAM constellations and specify a corresponding

integer number, b, of bits per symbol for a modem which will have the

highest data rate such that the probability of error, P, <107°.

b)  Compute the data rate for part a.
c) Repeatpart (a) when P, <2x107,

d) Compute the data rate for part c.
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4)

Consider a communication system having an average constellation energy, &, ,
per dimension, and a given pulse response p(t). Assume that one symbol drawn

from the constellation is transmitted at a time over an AWGN channel, and that

the matched filter bound, SNR,,; , is given by

AL
SNRyes =—

N ‘02

L N, . ; ;
where ”,o”2 is the pulse energy and 7” is the noise variance.

The matched filter bound, MFB, denotes the square of the argument of the Q-
function that arises in the equivalent AWGN analysis of M-ary modulation

schemes. Given that , b, is the average number of bits per dimension, show that

the MFB is given by

a)  MFB=SNR,. and P, > Q({SNR, ) for binary PAM.

3 1 3 SNR
b)  MFB=——SNR,., and P, 22(1-5]0[ W—_T‘BJ for M-ary PAM.

¢)  MFB=SNR,, and P, >Q(,/SNR,, ) for QPSK.

3 1 3 SNR
d MFB =——SNR,;z and P, 22| 1-— —— M8 | for M-ary QAM.
) M1 MFB e [ m ]Q{ M -1 J ry
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6)

Suppose the Fourier transform of the pulse response of a strictly bandlimited

channel using binary PAM is

VT (1+0.9¢*T) @< %

P(w)=

0 ‘co[>£
T

~|n

and that the pulse energy, [p][z, for the channel is j[p”z = jP(m)[Z do=1.81.

.
2;1'_

|7 t—

The function characterizing the Inter-Symbol-Interference (IS]) is

-1
0.9D +1.81+0.9D= 1 (1+O.9D)(1+O.QD‘1).
1.81 1.81

Given that the matched filter signal-to-noise ratio bound, SNR,.; , is 10 dB :

Q(D)-

a) Find the feedforward filter transfer function, W (D), for the zero forcing
decision feedback equaliser (ZF-DFE).
b)  Find the feedback filter section transfer function, B(D), for the ZF-DFE.

c) Find the transfer function, W (D), for the minimum-mean-square-error,
MMSE-DFE.
d)  Find the coefficients B(D) for the MMSE-DFE.

e)  Find the mean-square-error values, o2 .= and o2, .- for the ZF-DFE

and MMSE-DFE respectively.
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7)

Assume that the channel gain for a four-channel multi-tone modulation scheme is
given by

H

i (n-1
1+0.9-exp[i~(-%--)-j-r-} for n=1,---4
0 otherwise

giving a system having a total of N =8 dimensions. The first sub-channel uses
one-dimensional PAM and each of the remaining three sub-channels uses a two -
dimensional QAM signal. Assume that the sub-channels are loaded such that the
average number of bits per dimension, as a function of the signal-to-noise ratio, is

given by

b = 1Iog2 (1+ Sl ]

"2 2.65
I
Given that the energy per dimension, ¢, , is £, =% for n=1---#, and the noise
variance is o =0.181:
a) Find the channel gain and hence the channel-SNR for each sub-channel.
b)  Find the SNR for each sub channel.
c)  Find the number of bits per dimension and hence

d)  Find the average number of bits per dimension (hint: 7 out of 8 dimensions

are used).
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8)

An N =8 dimensional multi-tone modulation signal is transmitted over a channel
having a gain of

n

i (n—1
1+0.5-exp[£ﬂ(ﬁ4£J for n=1,---4

0 otherwise

for each multi-tone sub-channel n. The first sub-channel uses one-dimensional
PAM and each of the remaining three sub-channels uses a two-dimensional QAM
signal. The Levin-Campello algorithm is used to maximise the total number of
transmitted bits per symbol. For each sub-channel n, the energy function, ¢,, is
given by

I (25
g, (bn)=k><g—(2 -1),

n

where k=1 for PAM and k=2 for QAM. The term g, is the channel-SNR and
b, is the average number of bits per dimension in the sub-channel n. Given that
the gap value is I'=8.8 dB, the channel noise variance, ¢, is 0.125 and the
average energy, £,, per dimension is 1, and also that the granularity, 8, of the
bit loading algorithm is 1:

a)  Produce a table of incremental energies e(n).

b) Use the Efficientizing (EF) algorithm to make the total number of bits
equal to 8.

c)  Use the E-tightening algorithm to find the largest total number of bits.

d)  Ifthe total number of transmitted bits, calculated in part (c), is reduced by 2
bits, use the B-tightening algorithm to maximize the margin. What is the
maximum margin?
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