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Exam og Maj Q_OO%
SOLUTION é
\Question 1 <2) ol = JVTJ_: . ezzoc[f)], 63"{‘;1‘

Note that  is uniquely determined, bub there are
momj o’(,\f\e,r ckotws Sor €, amo\ ey -

(b) We have . . To
T [o]: ey, 1 [1]:(&2.

0 0

-1
San.e T rnust a.l.so loe unLtarJ, ar\a\ since.

{[é],[ﬂ,[é]} is an orthonormal basis in (E?’,
{T‘[é]Ti[Z]TE’]} must alse be an

O("H\or\ornr\o&r Basis n (Eg. _Hme, SimY)LeSt choice
LS 'l:o ta.l(e, T_i [%]-’-‘-33 . _nw.s’

-4 P.z/v-g' ""1/@ O-
T -"'-[54 €, 83:] = |¥V5 2/ O],
0 o 1
so that —2_/@ 4/‘/--5- o
T = |-W8 2/#5 ©
i 0 0 ] | ..._-4._.




(C) IS A (s an e,ige_n\mjzue o} T then S-or Some
e,£9envec_tor xXe Q:3 we have Tx=7\x. Since
T is unitary, we have [[Toll =l (for
O\XQ— X € (E; > T-L\MA, Sor the eiae.nved:or we have
Aol = lloell, so that IAl=1. Hence, ne
e,»‘ge,nvo.@«.e, 05— T is cgn'tatv\eo\. in @

(d.) A ve.o‘tor x=’:z;’} be\,on3$ ‘to M'L ;S ome\

Xz

oan i5 2 | o] :_ :[o] |
0 2 Ol |x, Y
It s easy 1o see that thes s e,a(wi\:aﬁ-&n't to
2 <7C.3 '“n._'j be C\v\—\j number> .

(e> TL‘Q Spacﬂ M‘L‘L | consists o% o.,Q,Q, \/e,dtors

oy where Xy, Xy € C.

OS ’t\f\e gorm P’ = ’52.],

e
H j O o] So that Px retains
ences P = lo4 O s °"L3 the Strns& two com-

0 © O_l ()one,n‘l's o§ x .

= 2C -
x, O

§) P*=P, rankP =2, lIPl=1.



\Ques'tion 2| @) vel*=>weg, = vel”
' U s not in l", be cause Sor all

voalues k such that  sin (0,0ik);o,s (a“A these
% ore sl’l'.ua'lko\ (n PQFCOA\J\CQ.'Q% r?_qu‘ana Lv\te,rvqes,)

A
we \(\ave J 2 % ’ ond (',—‘:> (s nol  in {.

(b) A%

(C) 6£nc.e. ve ZZ, acu:ﬁhﬂg 1o the Pa\.ej-wie_nef

theorem we have >e HZ(E). E\mg Junction in

H2-<z> has ‘oounAQT-‘j \IQQU.?_S aLW\OSt Q—VQTJWL\UQ,
on 'H'\e u.hlt Cif'c—ee, oma\ a\.e, \ooanAg S’u.ncjtion

;s i L, since Az (A en?
= — P
“ 'U'HZ pye SO | (e )| a\c‘).

<\A/Q r‘e,mark 'tk &t ) bj t‘\e Pa‘ﬁj - WI:Q,V\Q,T
theorem, “ U “2. = H ,)/)\, “2 ) >

(d) The w{:er s time- invariont <am¢l Qiﬂen(‘)
ow\A its traw S%e,r gu.nd:iovx s

305z -22% __3z2——0.52.—-2.
F—(Z)"" ‘_‘0'82.:4 - ~%—0.82

_..3_.__




—ﬂr\is F s proper (i.e., it has o }Cni-’te
Q,gm;,t as <X~ <>°> o.na\ L‘ts Po\,es ove
%,=0, 2= 08 .

These FoLes ore in D, so thal F e ctable
(Le., F e HOOCE) )

(e) We §ir$t S‘OUJ- sjta‘ke.me.n'l.s ore ";ruLe,

|ndeed , ace hove <een earfer ot vet?
and F is ctoble , so that Y€ {* Ths
Emp\ies yé/co and this Cmp\ies ’ye lco, B_j
the Po\\ej'er.v\er theorem (o\isueta—— time
vexsion), ye L* Imph‘es gte Hz(t)

IS we aqu:n_e g alse n % Vie ng’{}
(Eoth T and F con be a\ee“neal on B 1’} ano—

Qﬂkc con’LCnoLo.tior\) exoept ol o Sinite. num ber

O§ ()0\~35> u\eh Q, fl«)‘DQ»Q IV\ONQ Po\_es oft ‘tk&
Po\eg o} F (comr)utecL oft par't (cl.)), w‘m‘ok ave
N @. H&V\C—e; /y\,é Hz($> ch\no‘t be ‘true.



—

Question :)) \ <a> T\r\e perioc\ is | =20msec

(Qo(‘FQSPoV\Ai«f\% to 50HZ—>. There s o Sunda-
mentol com ‘)ovxe,v\t oS S’rea(.u;vxcj S0Hz oand
O\W\p\i‘tu& AO, a third harwmowic (AS'O Hz_) oS—
o\w\(;\,{l:ucle 2., ond o Se.ve.nt\n lv\aurmovu:c (350Hz>
ai amp\i’t\ﬂ-é@- 0.4 . Tlus 5e,ve,w{:k hacmowic (s
so sw»a,Ql thal it can be neahcjte_p\ in the
[,Lot. The theee umpov\e_v\ts of 1 are syn -
c,\!w*om'aerl tn Jd\e SensSe H\o[t ‘H\e,j cross Zect
Coltomeously ot tm- T Skebchig

0 4000 TT

'tL\e guV\A.OWVLQ.V\tO\Q, COW\Y\OV\-E.V\t) ‘tk,e_ t\v\i.ré» kO\T W\OMC)
MA QAAA:V\} 't\'\Q,W\) we o\oto.in Opproximo[tg% -

(I [Amps]

40 4
,//v\‘:o /\/\?O /\/ .
0 20 wo  t
\/\/ \/\/ v

(b) On L.Z[O)T] we de_%\‘ne the inner ProAuct
T
<Sig>= A smamat, ad we pit 1517

0]

— <§)}> Then I;MS =1 ”Z Denote

— : - = “4
ek(t) = sin k 100@ (t to): to 1000 TC
(k=1,3,7). —5—



From ’“\e Lomr)u'ta‘litons Aone n ‘Hr\e ‘H\eor:j o}
Fburfe,r series Wwe \u\ow ‘t\r\qt

or H\o 90“&»01 QV\A.

€5 23) 27 are
le, 5= Nes|i™= Nlex = 4/2.
He,\(\c.e " I “z’—"— “ AOe, + 2e_,> + 04eq nz =

= (:{Oz+ 2_2+(O.i)z->‘ ‘é‘_ = 52.005,
so that I, =V52,oo§ ~ +.24 CAMPQ?

C — — ortho-
(> P""<U,I> —‘<U, /lOe4> <;%nah1é; >

= 3250 <sintoOnt, sin(foowt +0.4)>
= 3250 % s 04 & 1647 (Waits).

(d) I s band- limited ¢a the sense tat its
‘F;)u_n:cr {Zrausgorm })I Vam'ske_s S—or
w> FoOw. However, I is not n
|%(=00,00), hence it is not cont ained
in any of the gpaces BL(wb) which.
ar){)e,ar in {’ke sampuna 'H\e,or‘e,m.

(6) Yes, olovioqs?j.

(f) j} we choose to—': =1 (Se_e Par‘t (a)),

{ooo T
Hmen IO ¢S C,ou‘tinuous. However, Io C,cmr\o't

he band-Yimited, because it s not ana.%kc,
Ina[e.e,d, aéHr\er Io or ts cle,rivative (s no't
COV\tEV\uouS at t07 jor any CII\OL’CQ 05' tO'

6




@(Aesjcion 4 @) wve HZ<¢ > the others

ore nol. ‘nalg,eo\) IQ(L&))I I?(cw)\ il go ol
we[R Sw(cw)\’-ulw -‘S ,%(Lw)\ dw = 00, The

remou.n(,n.g Sfu.ncttons l\, amcl "LP ha\ve unsth(e r)ol.es
oblacned for
& wen=(c), el =% (557

9 c Hm((ﬂ_i_)‘) “ 9”00 — i (See par‘t (3)),
pe HRT,), Bql,= 1 Cor pot o,

"L and 'q/ are hot in Hoo<(ﬂ+>’ be couse og
‘u\e{,r uns{ab(,e r)oLes.

<C) 6 and 9 determine isometric 'W\puct”‘
Outpu’c oPerod:ors lhc\eecl ) i; 9 (s) = 9(5) a(s)
then §rom lQ(Lw)I A (gor all weR) i
goLLoWS that glg(cw)) dw = S lu(u»>\ “du.

B.j the Pal’ej— chner 'H\eore m (Conttnuous
time \Jersion> it gou,ows that Hy\lzz l(u[[z

FO\" q.' {:ke reaSoV\E,vxé s L\»& sowme ,

(d) ? h are ana(jfoc on (E . The others

have a ()0\.9, in (C
2t

) L (v) (= e7, o



~1
x (6) (t) = Sa (t) — 10 e—St (§0= unit PuéS&)
:CI(C}) (11:) = So(t""l) <‘HICS is a clezajepl unit /Ml.SC)
LM = sin(t-1) for t> 1, 0 else
54
Lo = et pet (ot

beLowQP
(5) _ _ 0.5 0.5
} 2//<5)__52—11 B -2 T srz
- -
Y. | Vs

’y/_e/—lz@l_) and 17U+€H2(Q:+>,

<%>U=S Y (iw) V(iw) dw = 27 <7-[/9 v>

- 00

= 2T <7//_,U'> + ,2m<']711+)'v‘>

<We UsSe 'H\Q nner PFOAAct OS L—Z<"-[R>).
Since H\e bou.n&arj S;uvxc,{iions OS' }unc\«‘ons

W H2<(E_> ond H2<0:+> are or’Hﬂo%OVI\O&a
‘u\e S/LFS’C 'term s Zevrd . —”\u/;,

g = ,21E<1//+,Q)'> == 7T <‘U‘,'U’>=7(Uqf"2’

\/\/e have seen (n part (e) that U:éf(a),
where a(t) = -2t (a € I_Z[O)oo) ) Bj the Pal.\’ij—
Wiener theorem , flvll=lall = _AZ— , So that
j- = .

4 —g—



QUQS{iOV\. SJ (3) Deho{iﬂg Jc\r\e 2x2 matrix

l)j A7 the c,\r\o\rac,te.ris't(c Pob novv\zae 0} A (s
P(s) = det (sI“A) = s2+ {525 + 90000 .

A s s'lla\ote (S’% H\e Coe&&ic(en‘ts OS' A are Posihve,
TL\MA, the SjSteW\ s stable \SS {5#0

(b) We  have (I-AY' = L [5+Fz "3°°J ;

]9(5) 300 S
WkenceG 1To ‘@ 300
(s)=Jo —p](sI-A) [F‘] = [o _MF@[ 5]
—_ 25 — —0.0ls '
P& s+ 0.04s + 90,000

’5 we examine l 6((40)\ §or w>0 (gor w<0
it is the Saw\e), we see that it tends 1o zere
gor w— 0 or w —> 00, ond it has a [;e_q,k 50('

w=300 (‘H\_{s Cahn !oe_ seen alsa _bj dr‘aWina,

the Bode ampl»ituﬂle /)Lo't o} 6) To oblain
the pwk vodue, we subshitute w=300, which

3ie€cls 6(3005) =-41. Thus, ”6”00—‘3-_’1_ (I)reciseej>.
(c) We have Tu = ’};JG F w , ue L_z(—oo,oo), where
7 Ls 'U\e Fourfer ‘l’.Y‘anS}-or‘mal-t'on. T (s 'f.ime-—ivwar.

ond causal. Causality means that if ue Lz[twoo)
;or Sowe ‘toe[R> then 0250 Tué L.z[to,OO) (u’.e.)

(Tu)(ﬂ-’-'-o §°" £<to>. sze—ihVQrionce means thal
}or‘ O\V\j tOé(R’ St T S_t = T , W‘nere
0

0
Sto is the rzght ski}i _L_j t, on Lf(_yo,oo).



Stnce 5'(: s una{:arj amol i{: moPS LZ[O,OO)

onte LZ[t o), the formula on the boHom of
the previous (mge imph‘es that the norm OfT
on  any o)( the spaces [*[t,,00) is the same.
Acc,oro\ing to the Fourés—seaog H'\e,orém, own
[*[o,00), the aorm 0f T s G (which, in
our Spea}cc case, s i>. Talc.ing Limits  as
t,— oo, we obluin that [ T|I=llG/_=1.

(d) From Tu:-‘};iG ?u we see that i)(
(Fa)(iw) =0 for |w]> 100, then also (F T (o)
=0 50‘» |l >100. Moreover, iS ue Lz(-w,oo>,
ern al.so Tue Lf(—w,w), Since G (s Louncleal,
on the imaginary oaxis iR,

(6) For we(o,Aoo), (G(uw)l (S an increg-
6{n9 }unction. —ﬂ/wu;, the W\aximqﬁ gﬂim on

'“\e, r‘eeﬂ—Vant fre,c},«wnf:j romcc)e ) aH,oxne,a‘. at
w = 4100. We l\ave

G (100i) = - . so that

~ 10,000 + (+ 30,000

—

= 425 - 10 5 with

) G (400"'), ~ 80,000

a precision @j) + 0.00% . Thus, the norm af T
res{rzcteal 'LO B L(400> (s ~ 4.25- 40—5 (muclﬂ
fcss 'U\om i’:s norm on Lz(—oo,oo) )

__40.._




