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1. Consider the matrix

(a)

(b)

4 =7
T=]1-3 8
0 3

The range of T, denoted Ran T, is (by definition) the subspace of
o’ consisting of all the vectors Tz, where z € ©2. Determine an
orthonormal basis in Ran T. [4]
Let P be the projector from €2 onto Ran T. Determine an expression
for the matrix corresponding to P, in terms of the basis computed in

part (a). There is no need to do any numerical computations. [3]
Recall that T™* is the conjugate of the transpose of 7. Compute the
eigenvalues of T*T. 3]
Compute the norm of T', which is defined as ||T|| = supz<1 [|Tz]|.
(Here, we use the usual Euclidean norm on €2 and on C°.) (3]
Find a nonzero vector z € €2 such that T*z = 0. (3]

Recall that for every set M in an inner product space, M+ denotes
the orthogonal complement of M. @2 is an inner product space with
the standard inner product (z,z) = 21Z1 + z2Z2 + 23%3.

Prove that if T is a matrix in €°*2 and z € @2 is such that T*z = 0,

' then z € (RanT)". 4]
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2. Consider the discrete-time signal v = (vg) defined for k € {0, 1, 2, ...} by

2 i . 4
-"‘10-?}& if k is a prime number,
P =
7;}_—7' else.

(The prime numbers are {2,3,5,7,11,13,17,...}.) We denote by © the Z-
transform of v.
(a) Indicate which of the following statements is true:

vell, vel?0,0), vel?, vel®, vecy. 3]

(b) Define f(z) = dz'ﬁ(z). Show that f is the Z-transform of a sequence

w € [*°. Compute wg, w; and wy. [3]
(c) Find a point on the unit circle where the series defining (z) is not
convergent. 3]
(d) Determine the largest open set in € where 9(z) is defined (i.e., the
series which defines 9(z) is convergent). Give a brief reasoning. [4]

(e) Consider the digital filter described by the difference equation
4Yk — Ye—2 = 3ug — dug_1 + Sug_2,

where u is the input and y is the output. Is this filter time-invariant?
Is this filter stable? Compute the transfer function G of this filter. [3]
(f) Let (g0, 91, 92, --.) be the impulse response of the filter from part (e).
Compute gg, g1 and lim g;. Hint for gg and g1: If G is the transfer
function from part (e), write f(s) = G(1/s) as a Taylor series around
- 2ro and then compute the first two terms of this Taylor series. 4]
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Define the Hardy space H2(C.). (Hint: this space consists of all
the analytic functions defined on €4 which have a certain property.)
Define the usual norm | - |2 on H2(C4+) and describe an inner product
which induces this norm. Is this space complete? [3]
For the functions f(s) = #1— and g(s) = ;}T, determine whether they
belong to H2(C..) and give a short explanation for your answer.  [3]
Define the Hardy space H*°(C+) and its usual norm || -||. Determine
whether the function # defined by 0(s) = i&% belongs to H*°(C.) and
give a short reasoning. 3]
Suppose that f is an analytic function defined on an open set (2 that
contains all s € € with Res > 0, and suppose that f € H®(C4.).
Explain very briefly why and how ||f|lco can be computed from the
restriction of f to the imaginary axis {R. Compute ||f||«, Where € is
the function defined in part (c). (3]
Show that for every n € {0, 1, 2, ...}, the function h, defined by

hn(s) = (3_1)“ V2

s+1 s+1

belongs to H?(C.), and compute its norm ||Ay|[2. Hint: Use the
results from the previous parts of this question. 4]
Show that the set {hn | n =0,1,2, ...} is orthonormal in H?(C).

Hint: When integrating on the imaginary axis, make the change of

variable 11%:{% = e, 4]
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4. A nonlinear load is connected to the utility grid and the voltage on this load is

U(t) = 325sin 1007t

(measured in Volts). The current through the load is

I(t) = 9sin(1007t + 0.1) + 2sin(3007t + 0.3)

(in Amps). These formulas hold for all real ¢.

(a)

(b)

Sketch the plot of I for ¢ from zero up to about 50 msec. There is no
need to give details, such as the precise location of zeros or maximum
points, but the two axes should have some values marked. [2]

Compute the RMS value of I, denoted Ipprg. (Recall that I 12% MS =

%—: fOT I(t)2dt, where T is the period of I.) Hint: use orthogonality to

simplify your computation. [4]
Compute the average power absorbed by the load. [4]
Is I a band-limited function (in the sense used in the sampling theo-

rem)? Is I analytic? Explain briefly your answers. 3]
Define ¢ : R — R by

__ sinet
PN =y

where £ > 0. Sketch the graph of ¢ and compute its Fourier transform
(your answer may contain a multiplicative constant of undetermined
value). Is ¢ a band-limited function? 3]
With o as in part (), prove that the function J defined by

J(t) = I(t)p(t)

is baid-limited. Hint: First show that for every v € R, the function
g(t) = €"%¢(t) is band-limited. Then express cos+t and sin~t using
e and e, 4]
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5. Consider the linear system described by the equations
d [z 0 =20 |2 0‘
E[zg] - [20 ~2| |z T a]®

gt <1
y=[0 1] [22} )
where u is the input signal, z is the state (with two components), y is the
output signal and d is a real constant.

(a) For which values of d is the system stable? [4]
(b) Compute the transfer function G of the system for d = 0.1 and compute
|Glloo (its norm in H*°(C4)) with a precision of £5%. [4]

(¢) Let T be the input-output map of the system, from inputs in
L%(—c0,00) to outputs in the same space, with d = 0.1. Compute
|T|| with a precision of +5% and give a short reasoning. (5]
(d) Let BL(10) be the space of band-limited functions with angular fre-
quencies not higher than 10 rad/sec. Explain briefly why it holds that

if u € BL(10) then also Tu € BL(10). [2]
() Compute the norm of T' (defined in part (c)) as an operator from
BL(10) to itself, with a precision of +5%. [5]

[ END |



E1ao|[Ie 77 [ ¢ None of thi

porpes s

okwork and
Ma{kema"lics jo(‘ SLQ“aLS book k a

all exaM["LQS

are hew t{)

QHOL 5\15-‘:8'(7\5 the class.

—

EXam OS Maq ZOO¥

CSOLUTIONS

QUQS{-LOR ﬂ. ‘ (a-) WE hor‘magize 'H'le gcrst

column in T: e, = ol _H_,’] P
e o0z, e bt
V42432 V25 S

le,ll=1. Now we take eff‘([ﬂ”[‘}b'

To wmake sure that <e,e,>=0, we have to take

= (D) /(B - 2o
So that -7 + 2.08 4 | A2
e, = {&[8 —32.03-3]: fs[d.:e} :

For lle,ll=1 we take {&=*/u@.3,_)=+@.m=-+31,

| |
= = 0.2 . o H‘lq.‘t N
rg, — 688... , S fe aﬁ%

0.354848... | Now {_e,”ez} s an
eZ = | 0.493094... . or‘thon,ormae basis in
0.806405..,

i — Ran T, [4]

where. ol =




b) Px =

€y <x,e4> + ¢, {x, e,

(eqe + e85 Jx

So H’ld-t
P = e,e’ + eze;_*L . [3]
c 25 -s52
( ) T* T = [_52 422] ’ the charqcter‘is-

tic Pobnomiae og this malrix L5

det (AI=T*T) = A*= |47 2 + 346,
so that the &igenvqﬂ;.\es o§ T™T are

N = W7 20,225
2o 2

A, = 2.39269... A, = Mh.go73.., [3]
@) | TI = max $4,,2,} = I44.6073... ,
so that I|TI = 12.02528... [3]

(e) We want to {ind z._._F;] such that
Z
T%z = 0, ie., ’

1,-30—24_0
& 3 ] |* |7 |0

___2__ and 24:0,




Thes  cain be solved, because Aetj—éz

=M=£0 The solution ¢ 7 =D

T
22:_-1%) so that e 53 [_g_ __Eu__ i] [3]

(f) WQ wse 'H‘le Slo.n_c:lqri thner Pr‘ociuct

<x,z> = .x@f, + xaiz +x35; ,

Assume +that T'e ([:3"2, Ze (]:3, T*z=O

CWe have Seen an examp& af such a

T ond 2 in the answer to Part (e)),

We, Wanf 1‘30 show ‘Hlat ZE(Ran.T)—L

Anj element mecRanT s aféke fo«\.m

m = Tx 504" Some JCGQ: Then

<mz> = m*z = <*T*z =0,

ﬂu.m, 2 is Or"{:l‘logaﬂﬂﬂ to C"e‘j‘ MERQQT"
L [+)



Question 2| @ v cs wt 0 ¢ Indeed,

Zh}kl = Z, ’D’kl = z“? ) = oo .
kelN k=2n h=2 2m+ T
nz2
We have wef® . lncl,eea\, Sor k=1,
Ivk('S -ﬁT (no mo Her ESV ‘( (s Pr‘ime. or na't)
and. (%—)e:‘lz. Hence, wre ¢, c (™ Clearty

we Ao not (ﬁave Ve Lz[O' OO), H‘MS (s honsense,

A [2]
(b) W)= U+ v+ vziﬂm

;(z):déia(z) - ""U;' 2-2_2#253_3 ?)‘3 Z'a_‘,_‘...

HEnce.,) 5:6})” m,r‘FwJ\é %z_o(_l)vl.c—_{ J-DI"
k22, while w=w=0. Wehave w=-2,

So that w2_=-r_’%-¥— "..:-4/3. We have Seen

at our answer to pa.r't @) that f’l)!‘("-fé i— or

k21, hence |u | < (1) <4 gor k24,

Since 1) =0, we have [0 ]|<1 for oll k. [3]
€) We have seen in our answer to Parf @)

that > v = S ju|=co. Hence, bhe
k=0 k=0

Series Scr q/}-(z) (s ho't cpnve,gjent }or Zzi.

~ L — [3]




(C{) Since ﬂ)’éfz, T s defined on E(‘fha
exterior of the wait aLLsL) We have Seen (n
owr answer 1o part (c) that there are points
on the unit circle where o is not defined.
Hence, P @nnot be cbeﬁc'ned on the exlercor
&E & Smaﬂ% disk. We know that o Z
't‘ransﬁa'\m (s aw a{gﬂ(neal on the exlerior
efSome aLtSL —”wo the Qaﬁ%wf open sel om
which % is defined s E., [4]

(6) The &Piefer (s o[nvfou_s—ej fime-invarianf,
[ts {:r‘ansfe)s }qnc{.‘fon s

G(Z)='— 3"‘112"4-!-52"2: 32%°- 4z + 5 .

Il £ ha?2— 1

ﬂe, ")oLeS % G are

= ____:.l_
1= 2 » Pa= )

WIM‘J\ are (n the open umb ob.sfr.. Hewce,
thes Ster (s stable . [3]

(5) G(2)= 3°+942-4+921 +9,27 +...
holds jor ol ze C aith '217’1“ (Leca.me
the poe% o‘f G are at ti—) Thuas ,

f(s)=6(—5!—>=go+3ds +37_sz+g353+,,, for all

seC with [s|<2. We have 901‘-5(0):6(00),

hence 20:—-3/11 : Sfm.ieq,r%) §4=’j'(0)="i- [Li]
—5—




Q(AQS{JLO& 3j (3) %2(0:+) Consists c'rf
ool all the analytic S«mctfonsj
eﬂm on C + oo'ureu.c,h have £ Prbpe,ri‘j

i S |[§(+iw)|“dw < co.

oL>0
= Co

The zal;ove expression {s Lj 3’4‘-“{-]_;0”)
IS, . 1§ we dencte by §%) the boundary

VQQLL% o‘g- S— at Po“,nts on the qu.aq:aatj
axes (fhese are Cﬂmrw.tE.A on &m%(oc-:-iw))

a—0
‘H’Len we Can cleB{ne . “;’o
an Lnnec PFDAJ-Lc,t on

x:(c,) b —
(@) b <§9>= JZS 5" (1) g yda.

The norm on ?fz((f+) s induced by this
Lnner Pr*ooluc.t. T\M“.S spa\c.e s c.omf)Eete. [3]

(b) IS, 5(5)::;—}1- ’ H‘te,n S_e g{Z(q:-i-)
\ntl/eed,, Sor each oo2>0,

) |z i
od+icy+1

-~ 00 =

and Hne. Lou.ncl S.El_‘sL (s En:le_r;e.ndent a'f .

W+ 4

r_dw < S cui+.{ dw < o,

lg 8(5)-_-';4:—_{ , then g9 has o r)o'.e at i,
hence ii: 1S not ana%‘tic on (E_,_, J’Le.nce g,

(s not in }62(0:_[.) —6— [3]



(C) 7{”(([;_) consists og» ol ‘the anqﬁ:’tic
}u.nctfons % d.eg«.'necl on C+ gor wlu‘c,h
Sup \ g(s)] < co.

SE G:+

_nie_ al’.)ove expr‘ess:‘on ES, l)_fj Oleginition_,
gl . If B(sy= 5-1

E——-—- 9 ";he,n. C.Liﬂ.r% 8
S5+ 4
(s canafjtic, on (]:_|_ o.ncl C.Dn'l:inu.ous on the
closed rﬁght L\aef-pb\ne cles Q:+. The L‘mit
05- O at oo is i) so that 6 s bounded
on C,. Thas, e Z(CT,). [3]

(d) lg 5 is bounded on d:'l' Canal anaﬂﬂfic.)
then Lj the maximum moduduns Hf\?.orem,

the Supremum c;P, lg(s)l (wlmen se q:_l_)
ecyuafo the Supremum aj \S*CLw)l Oler"e, 5*
15 as in the owswer to Ioa.r-‘t(a)). I§ &
(s anqﬂjfic on  an open set Con'l‘,‘oinina the
closed right half-plove,, then 5—* is simpﬂﬂ
the cestriction oi 5— to (R, thce) cn

this case,

151, = sup |5 ().
we
For example , this is {rue [or B(5)= :;i

th p[.ace s, Since ) = | cw - 1) - Vwzs -
ei) ]9(03)] lew+4|  Vwzid i,
we obfain that -}
ol =1.

2 I3




(€ 15k (5= CLV E, then g

S+ +1

every se(E we have

VZ
bLol<ls= s i

We have seen in pact (b) that —L is
in %(Q:) hence /q,e?f((]: ) We hesva

Mu~~humm__5w |

2 léw+ 1]

Here, wWe l‘w«Ve usea\ ‘Hmi' ,-‘Ef’—:?ﬂ:i ’ Henc,e
2_a( 4 X

I 4, “2 TC_SOO Co;:i = = a.rctg wj = 1. [‘l]

(5) We on% hove to show that hyoh >=0
Jor mEm. We have (Ser n=# m)

hyohp) = ."2%7:'5% (Lw-:l ”(_-cw-ij”‘ de

55 lw+4 fw+4 @wH)(_,;wH)
(= "]
_____iS Cw—d)%"m’ dew
‘I'C_oo (w+1 w2+ 41 .

We ma ke H’le c.hanae. 0} Vatnc»l)te A_“"’ =e-fcf,

so thot 9 varies j'-rom -t to . Feiw

Ifdls easy to see that @.“w) dw = _“uc)o hence
w _ dy ; 17. m g
ol L <a,,,am>—-,g-§(e? <

-

_ (-j,')'n:' S_,r eup(n-m)d? -0, _g— (47




Que5{_i0ﬂ, L‘\ (a) —”’l.e. rl?_ri.ocl 03 I (and

o 9fU) is QE/JOOn: = -E.;'{'b sec = 20 msec,

The gu.u\al.o\mentag C.om[wnen't, C"S‘ 50H2> has amP{ifuJe
9, and there is afse a third harmeonic Co} 450Hz>
ana.t h"S amp[i‘l;u-ﬁle 2. Bo‘“\ Campaneanfs Cross
Zero 5{M¢€faneou59 at o — 4/|OOO?U " Sk&tﬁhmg
these two C_omr)ane,nlis OS 1 and aa[Jzng them, we
oblin ﬁpprax.ima'te@ the gou.owr‘.ng (ot :

§ I [Amps] P [2]

0} = = == m e e

/10 |
[m 5e::.]

S\ S\ [
\/ 10 . 30 . -
\/\/Eo \/\/‘HO :

—40..__ el | e T el e S e S e S S

(l')) On L_Z[OIT] (where. T=’-2O msem) we aleﬁ(‘ne_
T

H\e tnner beAAc.t <5’3> = :]_{_SO f(f)é?‘_t;c:’t)

and we Pu.'t ﬂf”zz <5,§>- Then IRMs:

= [Ill. Denote (for k=1,3)

eu(t) = sin koo (t-t5), =L

000 T

Then ey e3) =0 and le,[*=fe )= L .
Hence  [[11=|9e,42¢, |

._.9-——-



1I0%= 11 9e,1* + 2< 9e, , 2¢5> + I 2¢, )
= 84 lley)I*+ 2-9-2< e, 8> +1 lleg®

- R 5 — =
= 8- 4 + 4 1 =hos5+2=42.5

so that I, =Th2.5 ~ 6.519... (Amps) [Iy]

(C) P =<U,I> = <U, 9e,,> (Lecause U is
OrH\ogonnﬂ to E‘g)

= 325-9 sin Joo wt, sin (lo0 Tt +0.4) »

1

2925 - - cos 0.4 & J455,21... (Watts)
L4]
(OL) I is not in BL(&J) Sof‘ any w>0,
Eemse it is not in LZ(— co,oo), It is
clearly analytic (we coutd take teC). [3]
(e) (F(t): sin et /?Ji\
gt 7'4:::;\_/“: 0 X

- -K T 2 Tt
= & 3

£
. k 5‘-‘"‘ I‘J‘&E, ere =
(?/CF)(M)‘{O else . (Lth thi . %>
Hence Pe BL (). [3]
5) B 9:0=""00), thn (Fg ) (iw)=
— {ko for lw-7¥lse, so thatl QXEBL(]?I"'&).

else 3

We coan Wri.fe _I as a ﬂinear Com[)fno.}-z'on %
eaat, é—ia't, eaazt : e—-swto where ¥= 00T, [z,]
_40__.



Ques“:i.on. 5 (3.) De,no'l‘,ina H’\e 2x2 ma'tri.x L_'j
A, the character‘is'tic Pobnomfaﬁ og' A Ls
P(s) = det (sI-A)'—"" s* +d*s + Loo.

A is shkble S the Coegf,{c.ae.nﬁs of p are Posi'l:tve.
Thus, the 535Jtem is stable ¢ d+o0. [HJ

(b) We have -4 A s+d? -2¢
i (SI“A) = F(_;) [ 20 p ] P
whence _ i
6(r=[o 11GI-AY' 5] = [20 <] 5552
sol 0.1s

P s?+0.01s + 400

-”Ie. Boole 'o(ot o} G (5hoWn LELDW> l‘e\leqﬂo 'H"-qt

%,G(iw)l IG‘ has o pe.a‘( al w=20, jl_:‘J
| obtain the peo-lr. value , we sub-
stitute s=20i into G(s), whith

9"""95 ; =._2_l'.-=4 "
G(ZOL) EY 0

/zo\

ﬂw/.\, "6”00': A0 (EXQctEj.)- [LIJ

(©) We have Tu=F"GF, for all uelfow,).
(Ihal.e.ed, §or we ]f[op::) thes fol-f.ows JCmm the Fourés
~Segal theorem, for uel®[x,00) it follows by
shifhing 4 fozthe rc'?H: by -« (assqm&.rg oL <0),
and §'or ueL(—oon) we Can aprlr‘ox.ima.te w 1:3_
Suncl-ions n L’-[u‘oo) ’lm.w\. o< amal ]n(’ UE'U L\rae >
Since F is um‘{:m:j, .t gouows that ITI s
the norm t?f 'L"‘LE‘- m{’,kplzmbon opefqtor Lj G on
....M_._



B(bﬂ?) It is easy to see that the norm
OJ[ ‘HMS Mueﬁp(ia:}ion opemi‘or (s SuBg IG(LM)J

= IGI_ = 10. Ths, ITN=10 (exactlyy.  [5]

(a’.) From Tu=3-:1631u we see thal (¥

(?u)(iw)L‘O for lw|>10, then olso (?Tu)(iw)
=0 5{)(‘ |w| >10. Moreover i; uEch—ooJmD,
then Fue L(GR) (by Paleg - Wiener) and,
since G is bounded on (R, it ﬁaﬁ%u)a Hat
a&& ?Tu = 6'3:& = LZ(EIR). Hence,
Tue BL(AO). [2:]

(e> For “ e (O; 40); ’G(“‘-‘)I (S on (ncreas—
ing E““Ctioﬂ CSee the Bode PLDt al our
onswer  to {"""t (L)) —”'\u.s, the moximal
90\-501, on  the relevant gre?,u&nc(j range (s
otained of w=10, We have

- e L — (: —
GUOL)_— -4o0 + 0.4¢ +400 300 +0.410

|Gl0)| 2 5= = 0.003333... .

Thas, the norm of T resltrocted to BL(10)
s a2 0.00333..., much less than its

horm on LZ(—oo,OO). ES]



