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1. Consider the space H =

E3.10, C1.6, ISE3.7

C**? of matrices with four rows and two columns.

We define an inner product on H by < A, B > = trace B*A, where B* is the
complex conjugate of the transpose of B, and we define ||A||%I = <A A>.

(a)
(b)

What is the dimension of H? (1]
If

1 -1

0 7

4 0 0|’

0 O
find a number o and two matrices B and C in H such that {4, B, C}
is an orthonormal set. [4]

Give an example of a subspace V C H with V # H which contains

A, B and C. 2]
Give an example of a subspace W C H with W # {0} which does not
contain any of A, B and C. 2]
If

3 0

0 0

D=1o =51
0 O

compute ||D| g. Compute also the norm ||D|| when D is regarded as
an operator from cC? to €. (Hint: be careful, the norm of D as an
operator is not the same as || D||f.) [4]
We define on €? the functions p,q and 7 by

p(@) = |21+ 22|,  qz) = |Dall,  r(z) = |Dalf?,

where D is the matrix from part (e) and || - || is the usual Euclidean
norm on C*. State, without proof, which of the functions p, ¢ and r is
a norm on ©2? For each function (if any) that is not a norm, explain
briefly why it is not a norm. [4]
Which of the norms that you found in part (f) is derived from an inner
product? If there is such a norm, indicate the corresponding inner
product. 3]



E3.10, Cl1.6, ISE3.7

For 1 < p < oo, we denote by [P the space of all sequences u indexed by
k €{0,1,2,3,...} for which X2 j|ug|P < co. For such sequences u, we use the

T
notation fuflp = (E32 oluk[P)?. We denote by I the space of all bounded
sequences, and let ||u|loo = sup |ug]|.

We define the sequence v by

so that the value 715 is repeated k times.
(a) Estimate ||v||p for p = 1000 (an estimation error of £5% is acceptable).
Briefly explain your reasoning. 2]
(b)  For which values of p do we have v € IP? 3]
(¢c) Let ¥ denote the Z-transform of v. Find the largest domain where the
series defining ©(z) is convergent. Hint: notice that the series for 9(z)

cannot be convergent for z = 1. [3]
(d) Consider the discrete-time linear system with transfer function
1-2"1
G(z) = — .
(2) 24271
Is G rational? Is G stable? Is G strictly proper? Is G a FIR filter?
If y is the step response of G, compute limg_, . Yk- 2]

(e) If the input signal of G from part (d) is the sequence v defined earlier,
and the output signal is denoted by w, show that w € [l. Hint: First
show that the signal whose Z-transform is (1 — z~1)9 is in {!. Then
think about the impulse response of the transfer function ﬁr [4]

(f)y Iface I} and b € 12, is it true that the series Zle arby converges to a
finite sum? If yes, then say why, if no, then give a counterexample. [3]

(g) For a and b as in part (f), show that the sequence a*b (the convolution

of a and b) is in 2. 3]
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3. In this question, S; denotes the right shift operator by 7 on L? [0,00) and *
denotes the convolution product.

(a)

Define the inner product and the norm on the space L?[0, c0). Give an
example of a closed sub-space V C L2[0,0c), other than {0} and the

whole space L2[0, 00). 2]
Give an example of a continuous function ¢ : [0,00) — R such that
lim¢—eo ©(t) = 0 and ¢ & L2[0, c0). (3]
In the sequel, consider f(t) = te™t and g(t) = e, t > 0. Compute
the Laplace transforms F = Lf and G = Lg. 2]
Compute the dimension of span{f, f, £, f} (Here, a dot denotes a
derivative.) Give a very brief explanation for your result. (3]
Compute ||f]l2, < f,g > and ||g||2 and check that the Cauchy-Schwarz
inequality holds for them. [4]

Define h = Si3g, i.e., h is obtained by delaying g by 13 time units.
Compute

H = Lh, lh]|2 and P = L(hxg). 3]
With H as in part (f), compute
IGll2, |Hllz and < F,G>,

where the norms and the scalar product correspond to the Hardy space
H?*(C). [3]
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4. Consider the system described by

1110 (a]+ [4]w

v=00 1|7,

where u is the input signal, z is the state (with two components), y is the
output signal and K is a real constant.

(a)
(b)

For which values of K is the system stable? 2]
Compute the transfer function G of this system. 2]
Determine a value of K for which G becomes a first order transfer
function. 2]
For K = 0, compute ||G||oo- (3]

If u(t) = et — e3¢ and z(0) = 0, compute the Laplace transform of
the output signal, § = Ly, and determine whether § € H2(C4). [3]
Consider the cascade connection of the system with a delay line of
0.7 time units. Thus, if z is the output signal of the delay line, then
2(t) = y(t — 0.7). Compute the transfer function H from u to z.  [2]
For H as in part (f) and K = 1, compute ||H| . 3]
Suppose now that K is a function of t: K(t) = cost. Does the system
with input v and output y have a transfer function? Explain very
briefly your answer. [3]



5.

E3.10, C1.6, ISE3.7

In parts (a) and (c) of this question you are asked to explain a concept and
in (b) and (d) you are asked to state a theorem and to comment on it. You
may state the two theorems in your own words. Try to add comments about
the significance and the applications of the two theorems, but do not exceed
one page per theorem (including the comments).

(a) Explain briefly what is a time-invariant operator on L2[0, 00). 4]
(b)  State the Fourés-Segal theorem (continuous-time version) and make
some comments about its connections with systems theory. [6]
(¢) Define the space BL(wp) of band-limited functions with angular fre-
quencies not higher than wy,. 4]
(d)  State the sampling theorem and, if possible, make some comments
about its significance for the transmission and storage of signals.  [6]
[ END ]
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QMQS{iOYL 2 (A) ”'U'“woo: i-{- _‘2‘__ <+ 3
4000 2‘4000 34000

- v J
~ ﬂ., so that “U“JOOO ~ 1. m very small

SoPh{s’cica{:eal reasoning  Uses ,&m. ol =vll =1,
F—’w P oo
(L) We I’mvﬁ

P _ 4 } 4
vl = —_— — 4 == + ...
“ "I’ 1+ Zr-i+ P T
and this converges Sot' P-i>i’ i.e. 50\" p>2. (The
Convergence follows  for these valuer of p Srom

co

S-LJ& < > 4 < 4+S A d ‘Vac>0)
4x“ k=1 K7 g == '

L
(C) From T%'-"-‘- Lim suplv‘k'k' <1 (ac{:uqﬂj, =_L) we see
that the Tojlor series in 74 G(z):Zﬂ‘kZ’k (s
converae,n": fbf‘ I-'Z-il < R, 5-9-) lz‘>-é— . Since it is
oLviou,SQj not c_onverae,nt Sor z_:i, it }ouow_s thok the
domain of convergence s E'—'{zeCl lz|>1}.

(d) G(» ;_—2;111 is rational , stable, not strcctg proper

and not FIR. ’?Lm. Y, = 6(1):'- 0] (’dus is the DC 9“‘:").

'w(z'):-zf;_j (i—i‘)/‘l\l'(z) + C?(z,), where cf is the com—
Ponent o} the ou.tput coaused bj the lni{iia»q shte. ’5'

'?(z)z(ﬂ_— 5‘)3(.%) then vk'-‘ 'U’k-' vk—-.l.’ and it is casy
to see that '\7€LL: Lit 9 l)e“-t‘ke, LmP.:.Qse response Cof-
I"esf’ono\ihg ts ~ i/(z"'i');. so thal ?6 £°, Then i‘
CERIEESE We have qf,'»z,(fe(_, se that wetl.
£) ael' = ael® and a.b, sé(&akﬁ*— |Lk|">,
(g) Denote S =r29ht 5\’\{5t (olelaj) b_j one s{:e(). Then axh =
ab + a4519 + 02_5219 +.,00 hence Ma*bll_,_s la,]- ||l,[|2+

faal - I1bll, + lag| Ml bl +. = Nall, - WE, . —9



Question 3| @) <5,5> = {505 &

“S“:v<§’g> Here, 5 and 9 areodeterm«ineal wp (%)
ﬁc‘/«wﬂikj almost evefjwhere C{:hej are equgvaﬁe,nc.g classes

o§ }u.nch‘ons) V= {§€f[oloo)’ 5({;):0 Sor te[o,.ﬂ‘},

Another examPLei V={56LZ[°,0°> l ?(7)20}- A Wrong
ex@mPLe would be: V= {}6 Lf[o,w) ’ 5-(8)—-“—0_}, e coune
j(c?) s ol delermined (H: mny vary within an ecy-oivaﬁemc,e
c{ass). <Here)j/\ denotes the La/?(ace lrnns_sorm o} })
(b) = 4/IvE . ) For=gim » 6= o
(d) dim span§55,5.57 =2, bewuse ol the dorrvabives of

8 are L'near c,omlpfnafions 05» e,- ane( fe_t.

2 _(Citpy - Roy= & =4
@) Ity = ¢ tat= @)= 5| =4, th

0 co
5l,=5. <$ig>=f e tat = Tey=
0

3
lgiy=§ ePfdt =L CaschySchwarz: £ < 4. L.
0

(5) HE= €60, Ihl,=Igh=7 P=

0 —e M3s 4,
so that P(G)=-¢e (S+5)z

(9) Accoralir\g to the Pn«e?ﬂ"Wiener theorem (can‘tinu-—
ous—time version) the Laplace transformakon is a

unié'arcf operator, sSo {’M c’(j: preserves horms Anal,

aneerraJ.ucts. Thus "6“2-:"9"2:_:_ ,
= = L
HH"Z—“ﬁ"Z— %, <E6>=<§,9>= _'.316_ .
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Question 4 | @) x=Ax+Be, B

A=[93], det(sT-A)= st hsw3 (IR

= (s+ ’i><5+5>7 so that the e,c%e,n\/aﬁ.ues o{)

A are —4 and -3. The system is shble
regacdless gi K.

(b) G()=[o 1](I-AY B =

Ks + 1

s* + 515%3
€) For K=1, G()= =t
535 . Another possibility - :—é—.
@ | As] = F SRR
() (Lu)s)= 5{—4-—;;4:7, - 52+%15+3 ’

0= GoLuw)s = (KsrD2
L= 606 = 55T

(%) E(S): e—o'?s Ks +1 36H2(([+)f
s*+hs+3

1 ™maximum

@ IHIL = N6l = |s5] =4+ (&5

(H) Ig K(t)?—cos?f, then the sgstem (Lts
LrLPth—ouJCPut oPeroLJEor> (S noJC Jcime—in\/a.—

r‘Lo.nJC) ‘r\ence CJC }\as Nno ‘[:r‘ansfer %unc‘l‘ion.

—— -



nggj[iom 5 (&) We o\enojﬂe bj St U\e overa‘}:or o}
rl,o)‘nt S\m‘%’( \oj T on [_ZEO,OC’)_ (deLaj ‘Dj T fime Aunifs)
/' bounded operator T from L*[o00) to L[0,00)
LS cauea[ 'tCme—invarian't_ f§ TS,L—“—S.CT )Corau >0,
<b)r:l_\neorem (Fourés—ﬁega_,?;l Lel T be a bounded
Linear or)erator &\KOW\ |*[0,00) to L [0,00). T is
Time— lhvarCant L%/ H\ere eMsJES 6 € Hoo<([:+)
5uch ‘Hna“t T — i,—iG ‘f (i:‘ LaPLace tr)
Ig this is the case, then [T]= “6”00

Consider a Linear sHsfem described bj

).((‘(j) = Ax(—t) + Bu(.t) U= inpq't s(gnc\g,

= state
2(‘6) - C X (’t) +D'“G¢) ;: osu'tr)u't Sl‘gnae

where AB,C,D are constant maltrices and A
s stable, Ce. its eigenvalues are in C_. If x(o)

=0, then g—*—Tu) where T s the tnput- output
OperaJtor og the Sjst@n. This is a Eour;daa{ o;l;l
JL'Lme—C(AVOWZQ”JC of’emjcor grom f[oloo) to E[Op‘”)
It is og the Sform indicated cn the H‘leorem,
with G(s) = C(sI-/\)"iB +D. Such a sﬁsJFam
(5 (,aweol a }Cnijte—c{imensionaﬂ LTI 555Em)anal
or this  situation, T=¥'GL is easy to prove
oh‘recjtezj grom ‘Hne ecybwfh‘onsp Wi{flﬂout usin; the

Fbuf@:ﬁ’5€30d2 'theore,m, f‘“or more. COVY]{)L‘-CQ{:CA SJS‘

tems (5%6)1 as those in v&ew‘ng Propagqffng WQveS))
a direct Foof becomes wore C{E%«“wet, Even )Corfi-
n(,‘(’e—'olzmengionaﬁ SgsEms) it is not QQSJ to [)rove,
directly that | T]=]G],, - _5—



(¢) BL(w,) is the subspace of 1% (~0a ,00) c:onsisJing
og. {hoge &;nciions wkose Fourle,r {romgga«,m s
Ln B[—waﬁwbj <£n oﬂ'\er WOFAS) (AGBL(CJb) }}
<'}/u><lw)=0 50" l“)|>wb>- Such gunc%(ons w
are Lngzmzfe()/j Olf%r&r&nhalol,e (acjucae@j) ana@fic)
(d) / Theorem (Whittaker ~Kotebnikov - Shannon ).
If ueBL(w,) and TG(O,‘%Z] , then for ol

teR _
wt)y= > u(kz) 2 9(t-ke)
ke Z C'Jb<‘f—k'c)

-

'n’\,{e s\wws ‘H\ajﬁ EJC we 5amPLe 'Hl\e ngvml
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7 s the Samp(xng lpe,rioaL) then w can be
C,omop(,efc% reconstrucled from these 5am/)(es.

PC (S eoasier ’1:0 sjcore, awo’h/ei \Lmnsmif
Safn()Les @fa Sc‘gno\ﬁ anm er w{r\ol,e Sﬁghal-

Ih racl’ic”ce) 5t'gnq€s ore not exac{ej
Eano\@émﬁjced, g‘qgf "aflmost’ band OeoniTeol . This means
that wu=v+e, where VEBL(wb) and e (s a
Sma/@ error (o{eviajcc‘OIVl). ALSO) the Samrﬁ& u(k-:)
cannct  be taken %94 I ke Z, Oh()j for a gzn&
((puf r)ossié@ very Qarge) Sel 79 Lnﬁi?ers. ﬂen) The
gormuta mf,@ Lla@{ a/)proxima{e@) fcr VaLw/) Gf t

which are not close to the end the Lime inter—
\/O\Q (n which Sampeﬂes were taken. e condikeon zsg—

means thot the 5°M(I)L5“3 )Crec}wawcét L,C > 2 times the
hcghesf freguency componenfs of “u. —6 — END




