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1. Consider the matrix

2 9
T= |1 8
0 3

The range of T, denoted Ran T, is (by definition) the subspace of
@3 consisting of all the vectors Tz, where z € C2. Determine an
orthonormal basis in Ran T'. 4]
Let P be the projector from @3 onto Ran T'. Determine an expression
for the matrix corresponding to P, in terms of the basis computed in

part (a). There is no need to do any numerical computations. (3]
Recall that T* is the conjugate of the transpose of T. Compute the
eigenvalues of T*T. (3]

Compute the norm of T', which is defined as ||T|| = sup)z)<1 \Tz|. 3]
Define the matrix

Py = T(T*T)~T*.

Show that P from part (b) is the same as Py. Hint: first show that
Py satisfies P2 = Py and P; = Py, so that it is a projector. Then show

that Ran Py = Ran T. 4]
Give an example of a continuous-time stable matrix-valued transfer
function G such that G(0) = T and G(cc) = 0. 3]
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2. Consider the discrete-time signal v = (vy) defined by

{-,15 if k is even, k > 2,
v =

0 else.

We denote by ¥ the Z-transform of v.

(a)

()

Indicate which of the following statements is true:

veL?0,00), vel', vel?, vel®, vec. [3]
Find a simple expression for ad;f)(z). 3]
Where is ¢ defined (i.e., the infinite sum which defines ¢ is convergent)?
Is ¥ a rational function? Give a brief reasoning. 4]

Find points on the unit circle where 9(z) does not have a radial limit

from the exterior. Hint: show that if p is a pole of ad;z‘)(z) on the unit
circle, then v(2) tends to infinity as z — p. (3]
Consider the digital filter described by the difference equation

Yk — Yk-1 = up — ug_1,

where u is the input and y is the output. Is this filter time-invariant?
Is this filter stable? Compute the transfer function F' of this filter. [3]
Show that the input-output operator corresponding to the filter from
part (e) is isometric. Hint: compute |F(z)] for |z| = 1. [4]
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3. For 1 < p < oo, we denote by [P the space of all sequences u indexed by
k€ {0,1,2,3,...} for which £¢2 4|ug|P < co. For such sequences u, we use the

notation ||ullp = ( ,‘;°=O|uk|p)%. We denote by [ the space of all bounded
sequences, and let ||u||oo = sup |ug|.

Suppose that g € 1 is the impulse response of a linear time-invariant
discrete-time system X. The transfer function of ¥ is denoted by G. Let
S be the right shift operator on [P, 1 < p < oo (i.e., S acts as a delay by one
step). Suppose that the initial state of ¥ is zero. Let u € I be the input signal
to ¥ and let y be the corresponding output signal.

(a) Compute ||S|(p) = supjjuy,<1 [ISullp- 2]

(b) Show that

o0
y= Y gxStu. [4]
k=0

(c) Show that y € I and

lyllp < llglly - llullp-

Hint: use the results from parts (a) and (b) and the triangle inequality
in the space IP, applied to an infinite sum. [4]
(d) Show that G € H®(£) (€ denotes the exterior of the unit disc) and

Gl < liglla- [3]

(e) An averaging system A works as follows: if the input signal to A is
u € [2, then the output signal is given by

1
Ye = mzuj-

3=0

Show that A is bounded linear operator from I2 to 83, ie., ||Auls <
mi|ullz holds for some m > 0. Hint: Apply the Cauchy-Schwarz in-
equality to estimate |yg|. [4]

(f) Is the operator A from part (e) time-invariant? Is A causal? (There
is no need to explain your reasoning.) Hint: remember that causality
means the following: u; has no influence on yj, for k < j. [3]
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Consider an electric circuit with two terminals which consists of resistors,
capacitors and inductors. We denote by I the current flowing into the circuit
and by U the voltage between the two terminals, with the directions taken
such that I(t)U(t) is the power absorbed at time ¢ (t > 0). We denote by Z(s)
the transfer function from I to U (also called the impedance of the circuit).
The Laplace transforms of I and U are denoted by Tand U.

(a)
(b)

Give an example of a circuit for which Z is not stable. Give a short

argument why Z cannot have poles in C+. [4]
In the sequel we assume that Z is stable and has only simple poles
(i.e., poles of order 1). Suppose that I(t) = e*?, where w € R is fixed.
(This current is not real, of course, but mathematically it is possible to
consider it). Show that we have

U@t) = Z(iw)I{t) + e(t),

where lim¢_, o, e(t) = 0. Hint: decompose U into partial fractions and

show that only the fraction that has a pole at iw matters, all the others
add up to é. (5]
Show that if I(t) = cos(wt), then

U(t) = Uy cos(wt + @) + er(t),

where Uy = |Z(iw)|, ¢ = arg Z(iw) and lim¢_, o er(t) = 0. Hint: take
real parts in the result of part (b). [4]
For I as in part (c) and e,(t) = 0 (this is true for large t) compute the
average power absorbed by the circuit. Hint: take the average over one
period of I. (3]
Show that ¢ from part (c) must be in the interval [-%, Z]. Explain
why Re Z(iw) > 0 for all w € R. Hint: use the result from part (d).

[4]
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5. Consider the following functions defined for s € C.:

2 —~0.4s
_ s —s+100 1 _ € 7
gl(s)—82+8+100’ 92(3)—8+2, 93()_32-{'60’ 94()_’6 3
Res s—3 3s 1
= = = = =g 3
g5(s) = ——» 96(s) = T3> g1(s) = g7 98(8) =573,
(s) = 2s -4
I = 2 s 100°
(a) Which of the functions listed above is in H 2(C4)? (3]
(b) Which of the functions listed above is in H>°(C..)? For those that you
find, estimate their norm in H®(C.4), with a precision of £5%. (3]
(c) Which of the functions you found in part (b), when regarded as a
transfer function, determines an isometric operator from input signals
in L?[0, c0) to output signals in L2[0, 00)? (3]
(d) Compute the inverse Laplace transforms of gz, g3 and ge. (3]
(e) Show that for every p € H 2(C) the following formula holds:
(p,92) = #(2).

Here, the inner product is taken in H 2(C). Hint: Use the inverse
Laplace transforms of ¢ and g2 and the Paley-Wiener theorem. 3]
Assume that u € L?OC[O, 00) is periodic with period 7 > 0. State the
Fourier series expansion of u in terms of complex exponentials and give

the formula for the computation of the Fourier coefficients. 3]

Compute the Laplace transform 4 for u as in part (f), in terms of the

Fourier coefficients of u. Compute the poles of . 2]
[ END ]
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Quesstion A (3) We V\wmaQize the

g(rst coleemn og T : 1= OC[Z] , wﬂw.

So that |€4“=i. NO‘W' we fafae

—
—

o=k

€, = /&([%] +X[§j> - To make sure

that <64)92_> =0, Wwe hove to take

__ 2%
¥ == >/< >"" 5 )
9—52/5 FH
so that €, = 8——26/5]2 28} Fo
2 /5[ 3 [51 ; r

lesll=1, we fake {):= i/m.H)2+(2.8)z+ 3%,
/5 _ 0.250632..., So that SAM,Q(Zj [_0.32288._]

62'—“- 0.645%%...
Now {84)82_3 (S on orﬂno-—

0.694839..-
t’\orr\fmﬁ bast (n RanT

__4,____.



<b> Px’—‘ e, < x,e, >+ € <:C)ez>

<e4 € 8282.>x >

50 that P=€e4+ee}’f.

A V\OLW\QV‘lCauQ, oom(wktzon <\V’QN(C\’\ (S

nol rea(mre,o\> %\,35
0.30‘1255 0.49443... —0.22340Y4... |

P: 0439 ...  0.60F021..  OM16803...

~0,223404... OMH6808.-. O.'1¥2¥23..,J

———

&) ., |5 26
TP =2 1y )2

det (AI-T*T)= N = 1594 + 94,

So that the ei«ae)v\\fqﬂuen o{ T*T

12 7

?\,\":0,555'709... ) A2,:: A58.4065...

(OD H THZI mo X {;\4)113 = )58.40665...
so that [Tl =12.5859...
,._2_____..



€ R =T(r* 1y T  T*1)' T*=P
T I

PP= T**(T*TV"* T . Since T*T
(S se?f—— add'oént) i{:s (nverse s qﬂso se€f~
sdjocat, and we oblin  BT= P Hene,
I:Z 5 o pro(jec@. I)C -'Z,“—:Pax fm
some 2€C’, ie, ze Ran B,  then
= T<T*T>—1T*5 ::Ty , YE (l:z,

So Hrm'l: }26 Ran,T, EVer gé([
can  be o“w‘neol as a‘)ove, Eeca.u.se
Ran T ¥ = (l:z and <T*'T')—l (s inverkble.
Hence, Ran P = Ran T .

6) One poSSf ble exam r)(e (S
GEy= 4 T

s+ 4



Q\Aeﬁ{@on ZJ (9) Ve Zz=>2f€co

= ve ™.

(b) fz/}(z)=z ._zli 2 hence

AN )

m={
d A -2n-4 -4 i A ¢
Lh@=-2 2T =2 ) (%)
n=1 t=0
ot
22 -4 24— 2%)

(C’> —”\e Sum Jeﬁam‘ng ‘I/} (s a f)owe,r series
in the variable 2—2', Aence the L\r?est

open domain where ot Converges CannglfS

of those zeC Sor which |Z*I<R,

1 _ | \7
where = = Lom sup (Z;) We 9ei
L g (om
"% Me%%&):ea:i, R'—"'i
Thus the {)ower series Converges €3C
IZ‘ZI <1, e,c},uivqﬂ&ni@) (2 1=>1, ie, ze & .
A  second argumenf wlhach jie&ls the
Same FeSuﬁ' (s the )(ouowivtj: 'lfelz) hence
bj the Po,l,eﬂ— Weener theorem 'L/)\—g HZ(E),
n ()arficuear, '1/}\' s Agﬁ(nep[ on E Thes
argwment deer not tell us Jf the series
___L1____-



Converges on any Xarger dgomoin (bul

we [Lnow gfom H’Le Jcér‘s't ar%ument ‘H\at

H\A‘s is noi' H‘E cqse), We can de com-
A
/')ose ;{d’_z, v (n ‘L‘o parffoﬂ }v‘qcﬁz‘ons ’

d 2 / a b c

— Vv = — = 4 2

dz (=) z(1- 2*) z 21 " 2+l
<we have a = 1, (;sc,::—ZL , but these

Vafues are naf imr)ori'anf), Hence
Q/j\’(z): QVL[ Za<2’4>b(2+4)c] + K ,

So ‘H’\Ovt ’1/)\' (s V\o'& FOL'IECOV\J . (W@
remack that K=0 and T+ has an
anaﬂj"—t‘c wm‘tt‘nuafion in to i} e)kcept

for  the real segment [1,17.)

(d) For Z:-iﬁ) ’1/} has  ho rcw{daﬁ
Qwvmi_ at 2, since it fen@ls to inﬂ[n[@
accoraung to the jcormufa Sor -
derived above.

<€> —ﬂle W (S time- [rl\/ar[ant and
slnbhe) ond its I—fansfa Ofancl—:‘on (s

o 4-3xt 4 =23
F(Z)-— 3__5_1 — 3.2’___%_4‘.

,._5'-—-—




(S) Tat(e. Z ©on 'H\e una{: cfr-c,Qe),
< = Coscf-t-i.sincf, CfélR.

Then .
IF(Z)]Z: A+ ,2 3'

~ 4. (o ¢ = 3) +(szncj>)7"
’ (C-Gﬁcf-—é~>2-+(56ncf>z

p—

| (Cos cf)z__é Cosp + 9 + (sin CD?_
9 (cosg) =L mg + L + (sing)

:_l_' AO""@COSCP _ _*_3_1
9 lo _ e 9 -+
9 9 %

Let T Le Hwe mput—-outr)q't or)e,ra,'torZCorreS-
Pono\,uta tO F _nqe,n_ Sor any Uue t

I Tul, = IF-31,
-(%§ che'°f>\ 2 gy

( ) c‘cg) = U, = 0wl

(we kowe use)‘ {W&C& ‘H\e ?aLej—W;ener {keoreyn)’
—_— 6 —_—




Quesjtion, 3 (3> We have I\Sullp=llullr,

Sor ol Asp<co, s that S|, =1 (this
1S ‘H\e or)e,ra,tor norm grom ZP to PL(:sle)

b) We have
()\/\) ghz(g*u)'n:ng“n—k

k=0

oo that the stabed formula holds.
( We have _ < k
C) “’y”{,* ”ggks u“r

S a9 N P
rian é w
CneMtj k=0 gk F

_ < ke
=2 19, ) 119"y lleh,

H: is msj ’ko see ’H\at ” Sk ”(r)=i
(bj H\e Same mr%umeh't as (n {)arf (3)), So

that 0o
31, <( 5 10) 1elp

—HM'S s exact% ’d\e recru,ire_al es{‘ima‘te )
D) For 2e & (oo fon 121=1) we bace
G(2)] = 3 k< S 2k <

|G (2)] ‘ggkz |<l§,9ki | | < ligl,.

<

— . e—



It follows that
IGI_ = suwp |G=)] < lgll, -

2e &
(8) We  have k |
‘3“‘"‘}% Y
i-
S 3 k Zﬁ:

k+1 ) = 2\~
g <<-l::62.> <9§ ,ua) > P So 'H'la,t

/
lykls ﬁ ”u”?_.
_ ) 3
6Chce Hr\e SQWV\CQ (V_k__.——%z (S n i)
L{: 50“,0\!\!5 H’lat y €‘ 1‘3 anaL

Ly, éj](ﬁ)”g lull, .

m

We remark ‘H\a, tn é—q_\ct, A (s a Eouno‘ea'

oloero.for o.Lso }(om { to Zz, Eut ’Hfus (S

more o\tg}twef to [rove (See Ruolin, p-75>.
(§) It s clear that A s causal. It s

V\O‘t time,anarian't - ‘tO see 'H'\,{S) C,OW\r)qr&

Au and ASu, W}\ere u=(4,0)0,0,,,,>.




Question 4 o ?
Ul 7

O—

(8) \S ’Uxe Cércuit (s o Cc\,paci{ov) ’“\en
Z,(s)’:——‘—- 5 which s proper but not shble,

Cs
‘} the cirewl (5 on 5"0(“5“:91) then Z(s):LS,

WL\A‘o‘n (s no't {)rope‘f) kence not a 5{.‘«15(2,
sfer S,und:con. lf 7. weudd have ()oles

C, , then the voltage roduced loj
ah Cné{:(a,@ state («me I=0 weadd 9(‘0\1\/
w%‘\ou.t ‘)owncL . —ﬂ‘bis is ,;mr;ossilole) Since

{Mre ore no Sources in the qrcu,ct,

A more n‘gorous (Lu.t W) arau.men't
(s that 55 there weuld be o pa@@ tn (E+)
then (Lj COV“(’"'\uifj) there wedd skl
Le a Pe& th G:+ (5: we covmecTeJ a
in ,,me&,é to the cireul.
The veﬁﬁaae on Uu‘s Fesislz}l (szK ne
Curfcnt j:'fow\ H\e exzérc'or> wezClﬂOl grow
fwi\w\out éounc{) hence ﬂ\g circujé would
be on Cnﬁt‘m'l"e enefgj Sowrce (dA‘SSdpafeJ
on  the rest‘siat)) which s /,sticd%

CmPOSsiéb . . 9

tran

un



([9) Z (s S'tal;lé) l\qs 5[M(>_£€ PaLes,

I(t) = e[“)t — f(S) = Sjico . Dewmpose
N
r
A . . . _ k
Z into 5(MJ')L€ }(ucttons : Z(S)—kz=4: 5— Py

where Py € C , neC, The voltage due
to H\z (Zn.‘,{:fqﬁ Sfofe Lms H\e &orm
J ;‘j s ymy=3 we
%(S) - k=1 St?k o ° _k=4 : ’
so that fim U (#)=0. We have

t—-»OO

N A A
U=2Z& 16 + U,
N A
::<Z M > Si(_w + Uo (5)

k=1 T [*
'(;n‘to 5(M()L€ }r‘adeions,

DeCoMPosLn9
4 Z(w) <~ .
UG = e 20 e+ U,
5—Cw oy ST[k g
wkere ’H’ie Coeﬂ,iu‘enis é\(s)

%’b"‘ﬂN ore nof wOrfh

computing. Ta ken ]H\g (N verse Lar)(ace
peting. Taking L.

{Zranssam%onp U(‘(Z)’—‘- Z(iw> ecca + e(t).

AlL Hie [)aZes o; é\ are (n G:__ , hence e(t)

—> 0 os 1 — co. ———-40-—-—-



(C> Taldng reon ParJCS in the requt r)rvveal
cn (lo)) and oLenoang e-(t)= Re e(t), we
o\o,ou‘n 'ﬁw&t C} I(t):— Cos Cdt) "H'\.Q,VL

U(t) = Re (Z(cw) et ) + ec®).
Denolﬂng Uo: ,Z(Cw>\) ()D: arg Z(iw),
we ka\/e Z(i&)) 6[wt - Uo e;’(wt'{-‘f)), SO
that Re (Z(zw)e‘“’t> = U, o (wtt¢),

(d) Tke_ awe;o.ge, (,owe,r cveL one r;e,rioa‘- (s

P.= L cost) Ueom(wt+g) dt . Since

ove —'E
0

!

21

<

T = ww ’ /W
_ on 2 At
e = o S cos (wt) (o2 9
0 2w /w
~ 9l § o ot) sin@h) singdt.

0

Tl\e second én'&egr‘ag, is zerd, and we ou-ain.
P

ove

1

=7 U, o ¢ -

(6) Since H’»e cérc,u.i,b cowtou‘.as No ehe_rgj
Sources, We Wmst have Ewe = O, hence
Cos Cf =0, hence cre[—;_t,%_.]_ Since

Re Z(iw)= U cosq, :t follows that
Re Z (iw)=0. Tlr\ifs is frue for M weR.



Q\Aes'thn 5 (2) 92_ and 89 are (n HZ
(F:fr 9g 5 the Prokl.e/vw is thal the iateqral
S [ge(cw) Izdw Aiverges gor 'Q-Mge o )

- 00

(b) 94,92,341,9¢ ad g4 are in »H“(C,r).

lgall, =1, ng | = 192(0)] ='!2'_"> gy =1,

la, Hw:—i, Ilgslwaﬁ Ig(lo.:)] ~ Y. 1¢ =~ 2.039

<'to see H’\afk H\e peak °§: gg LS arownd
s= A0¢, sketch the Bode Maghi‘tu.éte P(pt oS 33),

() For a fmns};r Sunckion 1, determine

on CSome.tric anu‘t—-outpu.t o()efa.)cof, L'(',

must have the propecty

(9(“0)1:4. for all welR
(see also part (§) of Question 2).
This r)f‘ope,rtj s shared Lj 349945 9¢

(Ol'> N t) = -2t sin 3 =—@""‘
(L g, )= L(sinVeot )(s) a5

hence (;5"93>(t>= %& sin V2o (1-04)] 5

96 (s)=1— S hence (ofJgG}(t) :30(-{;) - e—gi:

s+3 7

_.42___



(€> W& oteno{ie 5’: ;i—lcf) ) /F\_;—_ ot—lg?_) <o
that %(1‘;): -2t Then

<C?)gz> :<§)/€1> e S 5(_1:) e‘ltdt
0
A
= f(2) = 9(2).
(}) § ue LZQUC loco) s ()e,rtoo\ic rot o
()ereoJ T, then on each Fer‘iocl iJC (s
an L—Z }%nch’on, lf\ence il Can Le W‘H‘C«A

L_Z[o ]
0s A F;urc‘ex series . We wse on [

H\e orH\onor‘maﬁ bag(‘s
ik ZEt
{ek) e () = —v——%— e T, keZ}

(no‘):e “H\a‘t 2_—;—( (S 'H\e }uno\amen{o\ﬁ SMQWMJ
N (‘a.o) /$ec>. —ﬂ\e F;urier ex‘)amsion @(f

w (s u:Z CLe » where ck::<u)ek>

ke Z
T -1 2
— J S "Lk _'?_—"t
= =\ ul®e dt .
V_?E 0

(?> A{)pgjing the Lar;lace {'ramsge’\ma,tr‘om tO H\e

F;u.r‘ier‘ Series og u, we %JC

1

A C

Oisy=> S —=F | Thus, the
( heZ VT S“Lk? ];es)o; a e

those numbers ik 2nc /= (keZ> §or which ckséo_




