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Consider the space Z = C3*? of matrices with three rows and two columns.
We define an inner product on Z by < A, B > = trace AB*, where B* is the
complex conjugate of the transpose of B, and we define [|A||Z = < 4, A >.
(a) What is the dimension of Z7
(b)y If

A=q

o o=
O O

find a number o and two matrices B and C in Z such that {4, B, C}
is an orthonormal set. ,

(c) Give an example of a subspace V' C Z with V' # Z which contains
A, B and C.

(d) Give an example of a subspace W C Z with W # {0} which does not
contain any of A, B and C.

(e) If

3 0
D= |0 4],
0 0

compute ||D|z. Compute also the norm ||D|| when D is regarded as
an operator from €2 to @2 (be careful, this is not the same as || D] z).

(f) We define on @2 the functions p,¢ and r by
p(z) = |Azll, ql=) =|Dall, r(z) = ||Dz|?,

where A and D are those specified above and ||-|| is the usual Euclidean
norm on C3. State, without proof, which of the functions p, g and 7 is
a norm on ©2? For each function (if any) which is not a norm, explain
briefly why it is not a norm. :

(g) Which of the norms that you found in part (f) is derived from an inner
product? If there is such a norm, indicate the corresponding inner
product.



2. Recall that cg is the space of sequences convergent to zero, and c is the space
of convergent sequences (indices run from 1 to o0).

(a)
(b)
(c)
(d)
(e)
(f)

(g)
(h)

Give an example of a sequence g € [1.

Give an example of a sequence u € [2 such that u ¢ (1.
Give an example of a sequence v € ¢g such that v ¢ I2.
Give an example of a sequence w € ¢ such that w € cy.
Give an example of a sequence y € [*° such that y € c.
The Z transform of a sequence (d1,ds,ds...) is defined by

(Zd)(2) = > dpz™"
k=1

Compute the Z transform of one of the sequences ¢, u,v,w,y above.
Indicate a domain (the largest domain that you can determine) where
the series defining your Z transform is convergent.

For the sequences w and y above, compute their norm in [*°.

If o € I* and b € [2, is it true that the series . poq agbg converges to
a finite sum? If yes, then say why, if no, then give a counterexample.



3. In this question, S, denotes the right shift operator by 7 on L2[0,00) and
denotes the convolution product.

(a) Explain, in your words, what is the space L2[0,00). Do not forget
to define the inner product and the norm. It is advisable to start by
introducing the space L?[a,b] for a finite interval [a,b]. Do not write
more than one page of explanation!

(b)  In the sequel, consider f(t) = te™? and g{t) = e=3t, ¢ > 0. Compute
the Laplace transforms F = Lf and G = Lg.

(c) Compute ||fll2, < f,g > and ||g|]2 and check that the Cauchy-Schwarz
inequality holds for them.

(d) Define h = Sig, i.e., h is obtained by delaying g by 5 time units.
Compute

H=~Ch, |hls and P=c(h+g).

(e) Compute
G2, |H|l2 and <F,G>,

where the norms and the scalar products correspond to the Hardy
space H?(C4) and F, G, H are as defined above.



4. Consider the system described by

i) = 15 Sl [

y=[1 K] [ml]

T2

where u is the input signal, z is the state (with two components), y is the
output signal and K is a real constant.

(a)
(b)
()

(d)
(e)

For which values of K is the system stable?

Compute the transfer function G of this system.

Determine a value of K for which G becomes a first order transfer
function.

For K = 0, compute ||G||oo.

If u(t) = e~% — e~3 and z(0) = 0, compute the Laplace transform of
the output signal, Ly. ‘
Consider the cascade connection of the system with a delay line of
0.5 time units. Thus, if z is the output signal of the delay line, then
2(t) = y(t — 0.5). Compute the transfer function H from u to z.

For K = 0.5, compute ||Hl|c.

Suppose now that K is a function of ¢: K(t) = cost. Does the system
with input u and output y have a transfer function? Explain very
briefly your answer.



5.

In parts (a) and (c) of this question you are asked to explain a concept and
in (b) and (d) you are asked to state a theorem and to comment on it. You
may state the two theorems in your own words. Try to add comments about
the significance and the applications of the two theorems, but do not exceed
one page per theorem (including the comments).
(a) Explain briefly what is meant by a time-invariant operator on L2{0, co).
(b)  State the Fourés-Segal theorem (continuous-time version) and, if pos-
sible, make some comments about its connections with systems theory.
(¢) Define the space BL(wp) of band-limited functions with angular fre-
quencies not higher than wy,.
(d) State the sampling theorem and, if possible, make some comments
about its significance for the transmission and storage of signals.

[ END |
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