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CONTROL ENGINEERING

L Consider a linear, single-input, single-output, continuous-time system described by the
equations
X=| Lo x4 : u = [ 1 « ]
— 1 -2 71 B y= X.
a) Study the reachability and stabilizability properties of the system as a function
of B. [ 4 marks ]
b) Study the observability and detectability properties of the system as a function
of . [ 4 marks |
c) Design, using the separation principle, an output feedback control law such that
all eigenvalues of the closed-loop system are at —2. Discuss for which values
of & and B it is possible to design such a control law. [ 10 marks ]
d) Consider a static output feedback control law
u=Ky.
Assume =0 and o > 0. Determine for which values of K the closed-loop
system is asymptotically stable. [ 2 marks ]
2. Consider an inverted pendulum described by the equation

MI*6 = Mglsin 6 + u,

where 6 describes the angle of the pendulum with respect to a vertical axis directed
upward, M is the mass of the pendulum, / is the length of the pendulum, g is the gravi-
tational acceleration, and u is an external torque. (Obviously M >0,/ > 0 and g > 0!)

a) Write the system in state space form. [ 2 marks ]
b) Assume u is constant and compute all equilibrium points of the system.
[ 4 marks ]
c) Compute the linearized system around the equilibrium point corresponding to
#u=0and 68 =0. [ 4 marks |
d) Show that the equilibrium point in part ¢) is unstable. [ 2 marks ]
e) Assume M =1,/ =1 and g = 10. Design a state feedback control law » = Kx
which asymptotically stabilizes the linearized system determined in part c).
[ 4 marks ]
f) Assume / =1, g= 10 and # = Kx as determined in part e). Determine for which
values of M the closed-loop linearized system is asymptotically stable.
[ 4 marks ]
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3. Consider a linear, single-input, single output, discrete-time system described by the
equations

xt =Ax+4+Bu+Pd p=Cx;

where x € X = R" is the state, u(¢) € R is the control input, y() € R is the output and
d(f) € R is a disturbance. The effect of the disturbance on the output y(z) has to be
cancelled by means of a suitably designed control action.

Assume that the disturbance d(r) is such that

d"=8d.

The problem of cancelling the effect of the disturbance d on the output y can be solved
selecting a control law of the form

u=Kx+1Ld,
where K is such that the system
x* = (4+BK)x
is asymptotically stable, and
L=I-KII,

with IT € R"*! and I € IR solutions of the equations (known as the FBI equations)

Assume

IS =AIT+BI +P 0=CII.
210 0 0
A=10 1. 1 B=1|0 B=ll 1
0 01 1
C‘—:[Ci &) C3J SZ[”,

withC; € R, fori=1,2,3.

a)
b)

d)

Control engineering

Find K such that the matrix 4 + BK has all eigenvaues at zero. [ 4 marks ]

Show that, for the selected matrices, the FBI equations have solutions IT and I
if and only if

G=0
or
G -G #£0.
[ & marks ]
Using the results in parts a) and b) write a control law which solves the consid-
ered disturbance cancellation problem. [ 2 marks ]

The control law determined in part ¢) requires the knowledge of the state x of
the system and of the disturbance d. It is possible to circumvent this problem by
constructing an observer for the system with state x and d and output y. Assume
that C) # 0, C; = (3 = 0, and show that it is possible to design an asymptotic
observer for such a system. (Do not design the observer!) [ 6 marks ]
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4. Consider a nonlinear, continuous-time system described by the equation
X=flx),
with x € X = R". Suppose x = 0 is an equilibrium.

To study global asymptotic stability of the equilibrium x = 0 of the system the following
condition is often used.

Krasowsky condition. The equilibrium x = 0 of the system % = [f(x) is globally asymp-

totically stable if the matrix
) (/)Y
dx dx

has all its eigenvalues with negative real part for all x € R".

Consider the system

X1 —X1
XI=|x | = —IQ-'X%+M3 ;
X3 kxy —x3 — x%
with 4 and & constant.
a) Show that the system has an equilibrium for x = 0 and compute the linearized
model of the system around the equilibrium x = 0. [ 4 marks |
b) Study the stability properties of the linearized system as a function of 2 and k. In
particular show that the linearized system is asymptotically stable if 1 — kk > 0,
it is stable if 1 — kA = 0 and it is unstable if 1 — kk < 0 [ 5 marks ]
c) Using the principle of stability in the first approximation discuss the stability
properties of the zero equilibrium of the nonlinear system as a function of 4 and
k. [ 5 marks ]
d) Using Krasowsky condition for global asymptotic stability show the following.

If 2+ k=0 then the equilibrium x = 0 of the nonlinear system is globally
asymptotically stable. Hence argue that x = 0 is the only equilibrium of the

system. [ 6 marks ]
3 Consider a linear, single-input, single-output, discrete-time system described by the
equations
x(k+1) = Ax(k) + Bu(k) y(k) = Cx(k),

where x € X = R" is the state, u(k) € R is the input and y(k) € R is the output.

Suppose that the initial state is x(0) = 0. The matrices 4, B and C are unknown and also
the dimension # of the state space is unknown.

The unknown , 4, B and C can be determined by performing the following experiment.

Set
1 iftk=0,
u(k) = {

0 ifk>1,
and let y(0), y(1), ¥(2), ---, be the corresponding output sequence. The Hankel matrix
associated with this output sequence is defined as

(1) »(2) ¥(3)
¥(2) y(3) y(4)
H=15(3) y4a) u5)
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The dimension of the state space is equal to the rank of H, i.e.
n =rankH.

The matrices 4, B and C can be selected with the following form

1 0
0 0 1 0 B
B,
A : B=| C=[10 0 0 |
0 0 0 1 B,
—0h -0 -0 - —Of
a) Let H, be the matrix composed of the first » rows and the first 7 + 1 columns of
H. This matrix has rank ». Show that
c
CA . .
M= _ [B 4B ... 4"'B 4"B]. (5.1)
O
[ 4 marks |
b) Show that the observability matrix
C
CA
CA;ﬂ—-l
coincides with the identity matrix. [ 2 marks |
c) Using equation (5.1) show that
y(1)
2
5 y(_ )
y(n)
[ 4 marks |
d) Assume n = 2. Using equation (5.1) show that the coefficients o and @ are
the solutions of a linear system of equations. [ 6 marks |

e) Assume that y(1) = 0, y(2) = 1 and y(k) = O for all k¥ > 3. Construct the Han-
kel matrix associated with this output sequence and compute its rank. Hence
compute matrices 4, B and C such that equation (5.1) holds. [ 4 marks ]
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6. Consider a linear, single-input, single-output, continuous-time system described by the

equation
. o 0 1 X 0
x--Ax-JrBu_liO 0:'[&]—1—[1}&.

with initial state x(0), and the problem of determining a state feedback control law which
stabilizes the system and minimises the cost

J(xg,u) = /:(x’Qx—l—Rzuz(t))dr
with
0=CC,
c=[C 0],

C) >0 and R > 0. The sought after control law can be determined by means of the
following steps.

a) Verify that the system with output y = Cx is reachable and observable. [ 4 marks ]
b) Consider the Hamiltonian matrix
B !
Y - _B
H= R?
-0 4.
Show that the characteristic polynomial of H is p(s) = s* + %1; and compute the
eigenvalues of H as a function of C} and R. [ 8 marks ]
c) Let u = Kx = Kjx; + Kax>. Find K and K> such that the eigenvalues of the re-

sulting closed-loop system coincide with the eigenvalues of # having negative
real part. Such a feedback control law solves the considered problem.
[ 4 marks |

d) Finally, the optimal cost associated with the initial state x(0) is
¥ (0)Px(0),
where P is a symmetric matrix such that

B'P

Assume x(0) = [0,x2(0)]’ and determine the optimal cost associated to this ini-
tial state. [ 4 marks ]
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Control engineering exam paper - Model answers — ¢ ¢/

Question 1

a) The reachability matrix is

i =i
R:[,@ 1—2,3}’

and det(R) = 1 — 3. Hence the system is reachable for all 8 # 1. For 3 = 1, consider
the reachability pencil

[“"I"A|B]=[sj11 SEQH]’

and note that it loses rank for s = —2. Hence, the unreachable mode is s = —2, and
the system is stabilizable.

b) The observability matrix is
1 a
o= [ a—1 -2« ] '

and det(O) = —a — a*. Hence the system is observable for all a # 0 and a # —1. For
« = (), consider the observability pencil

s+1 0
{LI(;_AJ: -1 s+2 |,
1 0

and note that it loses rank for s = —2. Hence, the unobservable mode is s = —2, and
the system is detectable. For a = —1, the observability pencil is

g s+ 1 0
[——'SICA:I= -1 s+2
1 -1

7

and note that it loses rank for s = —1. Hence, the unobservable mode is s = —1, and
the system is detectable.

¢) To design an output feedback control law with the separation principle and with the
given requirement on the eigenvalues we have to find matrices K = [K1 Kj] and L =
[Ly L] such that the cigenvalues of A+ BK and A + LC are all equal to —2.
Note that

1+ K, Ko

A+BE = 1+ 8K, -2+ 8K, |

Its characteristic polynomial is
$* + (3 — Ky — fK3)s + (—BKy — 2K, + 2 — K)
and this should be equal to (s + 2)%. As a result we have to solve the equations

3_K1_6R’2:4 _IBR’Q—2K]+2—KQ_—_4‘



d)

yielding
K =-1 Ky =0,

This implies that the state feedback problem is solvable for any 3. In fact, it is solvable
for 3 # 1, by reachability of the system, and for 3 = 1 because the unreachable mode
coincides with one of the desired closed-loop eigenvalues.

Note now that

-1+ Ll (ILl

RELERE e By |

Its characteristic polynomial is
$*+ (3 — Ly — Lya)s + (~Laa— 2Ly + 2 — Lya)
and this should be equal to (s + 2)2. As a result we have to solve the equations
3-IL1—-Lya=4 —Loa —2L1 42— Liax = 4,
yielding 3

1+a

This implies that the output injection problem is solvable for any a # —1. In fact, it is
solvable for & # —1 and a # 0, by observability of the system, and for a = 0 because
the unobservable mode coincides with one of the desired closed-loop eigenvalues. For
a = —1 it is not solvable because the unobservable mode is s = —1.

Finally, the output feedback control law is described by

Li=Ly=~

§=(A+BK+LC)¢t — Ly u= KE.

If a static output feedback control law is used then the closed-loop system is described
by

— R Ko

1+ 8K Kpa-2.

If B = 0 the characteristic polynomial of A + BKC is

&=(A+BKC)z =

§*+ (83— K)s+ (2 - 2K — aK).

To have asymptotic stability all coefficients of this polynomial have to be positive (by
Routh test), hence

K =38

o2

2+a
Note that the first inequality implies the second (by positivity of «), and the admissible
values of K include K = 0.



Question 2

a)

b)

To write the system in state space form define the state variables z1 = 0 and x5 = 0.
As a result we have the equations
i T I g sinz + -—l u
T =3 o K e b 4 5
P S R V7

The equilibrium points of the system are the solutions of the equations & = @5 = (.
This implies z2 = 0 and
1
0=gsinz — 1.
gsinZi+tn
Therefore if
lu| < gMl

we have infinitely many equilibria, i.e. all solutions of the equation

sinr; = ———u.
11 I g M
Note that, from a physical point of view, only two of these solutions are distinct, i.e.
describe different positions of the pendulum.
If

lu| > gM1

the system does not have any equilibrium.

(The above result has a very simple physical interpretation. If the input torque u is
constant and smaller, in absolute value, than the torque generated by the gravity then
the pendulum can be in equilibrium, otherwise the pendulum will rotate indefinitely.)

The linearized system around the equilibrium point 21 = 0, 29 = 0, u = 0 is

5x=A5$+B§u={U 1}51—% 0 }51,,.
Mz

0

The characteristic polynomial of the matrix A of the linearized system is
2 9
§° ==,
7

which has the roots

slz—\/%<0 32:\/%}0‘

Therefore, by the principle of stability in the first approximation, the equilibrium is
unstable.

Setting M =1,1=1, g =10 and K = [K; K>] yields

0 1
A+BK_[10+K1 KQ:’-

By Routh test, this matrix has all cigenvalues with negative real part if Ky < 0 and
10 + Ky < 0. We can, for example, select K; = —11 and Ky = —1.



f) If M varies we have

A+BK=|:1011 11}:
O-3 -

and this matrix has all eigenvalues with negative real part if

11
10— — <
M 2
or equivalently if
11
M < =,
<10

(It is interesting to note that
e the selection of K3 < 0 does not affect the values of M for which we have asymp-
totic stability;
e a reduction in M does not yield an unstable closed-loop system;

® to cope with large values of M it is necessary to sclect a large (in absolute value)
and negative K.)



Question 3

a) Note that (set K = [K; K> Kj3])

2 1 0
A+BK=| 0 1 1
K, Ky K3+1

and
det{sf — (A + BK)) = 83 + {—Kg - 4)82 + (3K3 — Ko + 5)‘: -+ (2K2 - K| —-2—- 2K;)
This polynomial should be equal to s, hence

K, =-8 Ko=-T7 K3 =—-4.
b) Note that

I, 201, + 11,

Iy | =NIS=AIl+BT+P=| Iy +1I3+1

II3 I3 +T +1

and
0 =CITI = C{II, + Colls + C5l15.

From the first equation we obtain
I, = —1II; Iy = —1 '=-1,
which, replaced in the second equation, yields
0= (C1—CI; —Cs.

This equation, in the unknown II;, has a solution II; if C3 = 0, yielding IT; = 0, or if
Ci1 — Cs # 0, yielding IT; = ﬁ(}@

¢) The required control law is
u=Kz+Ld=Ka+(-Kl)d=[ -8 —7 —4 |+ (-5 +m)d,
where Il is as computed above.

d) The extended system, with state d and z, and Cy = C3 = 0 is described by the equations

1 00
@] |lo210][d
zt |7 |1 01 1 T

1 0 0 1

y=[0 ¢ 0 0}[”

The observability matrix of this system is

0 ¢ 0 0

0 2¢¢ ¢ 0
C: 4C, 3¢, ¢ |°
5C, 8C) 7C; 4C

which has rank four for all C; # 0. Hence, the system is observable and it is possible
to reconstruct the states z and d from measurements of y (and u).

O:



Question 4

a) Replacing 21 = 22 = x3 = 0 in the differential equations vields 1 = #9 = &3 = 0. Hence
z = 0 is an equilibrium. The linearized system around this equilibrium is described by

-1 0 0
0= 0 -1 Oy
0 -1

b) The characteristic polynomial of the linearized system is
(s +1)(s* + 25 + (1 — kh)).

Hence, by Routh test, if 1 — kh > 0 the system is asymptotically stable, if 1 — kh < 0
the system is unstable, if 1 — hk = 0 the system is stable (not asymptotically).

c) The zero equilibrium of the nonlinear system is locally asymptotically stable if 1 —kh >
0, and unstable if 1 — kh < 0. If 1 — hk = 0 the principle of stability in the first
approximation does not allow to draw any conclusion on the stability properties of such
equilibrium.

d) Note that

—1 0 0
01(;(;1:): 0 —1-323 &
* 0 k ~1- 322
hence
—2 0 0

0 —2—-623 h+k
0 h+k —2-6232

e (42

If h + k = 0 the matrix

oz oz

is diagonal and has all eigenvalues negative. Therefore, by Krasowsky condition, the
zero equilibrium of the nonlinear system is globally asymptotically stable. This implies
that, for any initial condition z(0), we have lim;_,, z(t) = 0, hence the system cannot
have any other equilibrium point.

0f(x) i (C')f(fb'))’



Question 5

a) Note that

y(1)=CB  y(2)=CAB ... y(i)=CA" B
hence
CB CAB .-- CA"B
CAB CA’B ... CA"t'B
CA™'B CA"B ... CA™-1p
and this coincides with
C
© |[B 4B ... aB].
CA.“‘l

b) By a direct computation we have
CA=[0100---0, CA*=[0010 ---0],
which proves the claim.
c) Since the observability matrix is the identity, equation (5.1) is
H,=[B 4B ... 4"B |-

Therefore, B is equal to the first column of Hy, ie

d) Note that (recall that n = 2)

l) 2 ?(3)
Hy; = {3%2) 58 ;(4) J = |- B AB AQB}

where
By 9 —opB1 — a1 By
AB = AB = _
[: —apB; — a1 B; :’ ]: —agBsy — Ckl(—OdUBl — a1 By) }

Therefore,

Bi=y(1) By =y(2),

—agy(l) — e1y(2) = y(3)
and

—ay(2) — e1(~aoB1 — a1 By) = —agy(2) — au (y(3)) = y(4).

Therefore, to determine ap and a; we have to solve the last two linear equations.
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¢) The Hankel matrix associated to the given output sequence is

0

oo

1
10
H=1¢9 o

R =

which has rank equal to two.
Exploiting the results of the previous points we have

B}_:U Bgzl

and the equations
ay(2) =0  —ay(2) =0,

yielding ey = a; = 0. Therefore,

I s



Question 6

a) The system is in reachability canonical form, hence it is reachable. The observability

matrix is
o-a[y 1]
hence the system is observable.
b) The Hamiltonian matrix is
0 1 ’ 0 {)1
== | -
0 0|-1 0

To determine the characteristic polynomial p(s) of H compute the determinant of sI—H
using the ’ expammn by minors method’ starting from the first row. This yields p(s) =

s(s%) + 1(—%) Note now that

8, C C C c
s ol Lo g2 1 1 2 ol R |
p(s)=s + = (5 +v2 RS+R) (.s V2 R'S+R)

The cigenvalues of H are the roots of p(s), namely

f3e59)

¢) K and K5 have to be such that the characteristic polynomial of

0 1
A+BK_[K1 Kz]’

namely
g Kos — K,

equals

sg-i—\/ﬁ %S—f—%.

As a result,

C C
K, = El V2,2
d) Let
P Pp
P:
[ Py Py

and note that



Finally,
i B'P 1
K =[K; Kp] = = ——R—2[P12 Py,
hence

Gy
P =2 EIRZ’

and the optimal cost is 22(0)2v/2,/ %_-32.
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