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.

Fiewre 1 shows the block diagram of an idealized aircraft pitch control system, with
viriable forward path gain K. angle, velocity and acceleration feedback. Show that, as far
i1 stability properties are concerned, the systems is equivalent to that with block diagram
aiven in Figure 1(b), in which

Gls) = ~.

5
(01} What is the transfer function H(s)?

(h) Sketeh the extended Nyquist diagram of G(s)H (s). Determine the intercept with

the real axis.
(¢} Describe how the stability of the closed loop system changes, as K increases in the
range
0 < K<oo.
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Figure 1(b)



> Consider the mass spring system of Figure 2. Two unit masses are attached, at one end,

to rigid supports via springs, each with unit spring constant. They are attached to cach
other by a dashpot, with unit gain, i.e. the tension 1" across the dashpot is related to the
rolative velocity o of the masses away from each other, according to

I'he ontpnt gy is provided by a strain gange on the dashpot that measures teusion:
y = 1.
() Derive a state space model of the (control free) system with output y, of the form

i = Ax

y = L,

taking as state variables a and g the displacements of the left and right masses.
and taking as state variables 1 and 24 the velocities of the left and right masses.

respectively.
ih) Shiow that the system is not obscrvable.

() Fiud a non-zero value of the initial state vector
» o ANT
2(0) = (z1,...,24)
which is non-observable’, in the sense that, if y(¢) is the corresponding output. then

y(t)y =  forallt>0.

Note: i the last part of the question, you should use physical reasoning, concerning the
nature of oscillations such that T(t) = 0, for all t > 0; no detailed calculations are

requred.
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3. Fignre 3 illustrates the block diagram of a ship stabilizer system, incorporating velocity

feedback and phase lag compensation. Here

. 1L+Ts 1
Dis)= K x ——— H(s)=(1+1T and §) = —————.
(s) = K x T (s)=(1+1p) and G(s) NEEOGSE

' The positive constants K, [y, Ty and T are design parameters with Ty > 7 )

) Show that Laplace transform of the error signal ¢ = r — ¢ (the difference between
the reference input 7 and the output ¢) is related to the Laplace transform of the
reforence signal v according to the following formula:

1 . sD(s)G(s
o(s) = < + Tp % - 5)GLs) >"(5‘)-
1+ D(s)G(s)H(s) L4 D(s)G(s)H(s)

ence, or otherwise, show that the steady state error for a unit ramp input r(t) is

i (r(6) — e8) = (2 +70)

t—00

Note that the error signal is not s (sce Figure 3) because the system does not hawve

unily fecdback.

C'hoose values of K. 17, Ty and T to achieve the following specifications:

i 1)
(i) The phase margin is 60°.
(ii) The gain cross over frequency is w = 1rad sec .
(i) The steady state error for a unit ramp input is 0.6 rad sec™ .
1t part. (b) vou should use the following procedure:
Step 1 Asswning that T%, %1 << w, choose T to achieve the phase margin and
handwidth specifications (i) and (ii). £
Step 2 Choose K to satisty the steady state error spocigati()n (vit).

Step 5 Assuaning TLI = (.1 w, choose 17 and 1%.
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Figure 3
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Fhe angular displacement @ of a satellite is related to the torque T applied to the control
actuator according to:

d*0/dt* = T .
I'he actnator torque is related to a control signal v by a first order lag:
I+ dT/dt = u.
() Derive astate space model, governing these variables, in which the state components

ares

=0, wy=d/dt and wz=1T.
(hy) Design a position + velocity feedback control
w o= —ky 0 — kydf/dt, (1)

1o locate two closed loop poles at

5 = —14+j and —1—j.

o1 \Where is the third closed loop pole located?

(1) Brieflv discuss whether we are justified in interpreting the two poles (1) as “dominant’

poles.



0.

The displacement of a mechanical systeimn satisfies the cquation
dPy/dt* = u,
i which w(/) is the applied force. A proportional + derivative control law
= —kyy — kady/dt

i< recuired. that minimizes the cost function

/ ((yyz (t) + u* (7‘)) dt

Jo

Hor fixed initial values of y and dy/dt). Here «v is a given constant.
() Redefine the design problem as an optimal control problem

Minimize [5° <;1;T(t)Q;‘1:(t) + ’11,2(75)) dt
(Q) subject to dx/dt = Az + bu
2(0) = g

(for fixed xg). by selecting appropriate values of the matrices

A(2x2), Q(2x2) and b(2x1).

(hy Henee lnd the optimal gain

K= [k k).

() Derive the closed loop differential equation satified by y(t) for general cv. 2]

(1) Deseribe how the damping factor ¢ and the undamped natural frequency w;, of the
ontput y{t) vary as o — oo, for closed loop operation. 4]

You can nse the fact that the solution to (@) is given by
w=—bl'P X,
where 7% a solution of the Algebraic Riccati Equation (ARE):

ATP+ PA+Q—PbblP = 0.
P=°rPT and P>0.

A\

(e For problem (OC), we can arrange that the condition “P > 0" is satisfied by choosing
positive square roots’, when solving the equations arising from (ARE).

(e A second order system with: damping factor zeta and undamped natural frequency w,,
hs fransfer function with. denoranator

§ 4 2wns +w?.



G, Consider the noulinear ‘relay with hysteresis’ device with input/output characteristic
indicated in Figure 6(a), in which e (> 0) and V (> 0) are positive constants. The
dingram shows the square wave output n(t) (of amplitude V), for a sinusoidal input
(1) = Asin(wt). when A > e. Notice that the output n(t) does not switch from +V to
Vil e(t) < —¢ and does not switch from —V to +V until e(t) > +e.

(i) Show that the (complex) describing function of the device is

N(A4) = fr‘:l exp{—jsin(e/A)}.

(i) Sketch the locus of _}\“1

oy for A in the range ¢ < A < o .

fhint: TFor fixed A and a sinusoidal input e(t) = Asin(wt), interpret the output as the
cntput from a pure relay in series with a time delay (that depends on A).
Gh. Fienre 6(h) shows the block diagram of a velocity control system, incorporating, in the
forward patl. a device with trausfer function L

T2 and an amplifier (NL) that has failed.

Due to this failure. the amplifier behaves like a relay with hysteresis, as in part (a), in
which

c =05 rads’

aard Vo is an unknown parameter.

A liit evele is observed with amplitude A = 1rad s7' (at the output).

i1 What is the frequence of the limit cycle oscillation?

(1) Assess the stability of the limit cycle.

~
e N ]
-V —
Figure 6(a)
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Figure 6(b)
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