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1. What is the relationship between the Nyquist diagram of the forward path transfer func-

tion of a unity feedback control system and the number of ‘unstable’ open and closed poles
of the system?

Consider the unity feedback control system under proportional control, illustrated in Fig-
ure 1. The plant transfer function is '

_ 100(s+1)
MR DR

The system parameter a is a positive constant. K (> 0) is the controller gain.

Find the least value @ of a such that the Nyquist diagram of G(s) intercepts the negative
real axis.

Sketch the Nyquist diagram of G(s) in the two cases

=]

(i) a >
(i) e <

'Ql

Predict from the Nyquist diagrams how closed loop stability is affected by increasing the
gain K

0 < K < o,
in each of the two cases (i) and (ii).
R(s) C(s)
Figure 1
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2. Two unit masses are attached to rigid supports, and to each other, by springs as indicated

in Figure 2. Each spring has unit spring constant. Denote the displacements (from the
left) of the masses, relative to their steady state positions, by z; and z».

The mechanism is controlled pneumatically: an equal and opposite force f is applied to
both masses by means of a variable air jet, as indicated in the diagram.

Derive differential equations for z; and z;. Hence derive a state space model, with input
u = f and state components z; = z1, T2 = 21, T3 = 22 and T4 = 2.

Show that the system is not controllable.

By deriving a differential equation satisfied by y(t) = z1(t) + 22(t), or otherwise, explain,
qualitatively, why the system is uncontrollable. Show furthermore that whatever feedback
control law

u = —kiz

is implemented, the response of the closed loop system will have an undamped oscillatory
component. What is its frequency?

\
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Figure 2
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3 (a). Figure 3 shows the model of a spacecraft attitude control system, that takes account of

a disturbance torque Ty and also the presence of a sensor lag (modelled as a first order
transfer function). A PID compensator,

1
D(s) = K1+ —)(1+T,
() = K(1+ 7)1 +Tps),
with design parameters the positive constants K, Tt and Tp, is to be used in the forward

path. Write the spacecraft and sensor transfer function as

1.8

G(S) = m.

Show that, provided the PID compensator is stabilizing, the control system has zero steady
state output lim;_,, (), when the the disturbance torque Ty is a step and the reference
signal 0_.¢ is zero.

Choose values of the compensator parameters to achieve the following specifications:

(i): The phase margin of D(s)G(s) is 65°.

(ii): the value of Tp is the smallest possible for which the above phase margin specification
can be achieved.

You are required to follow the following design procedure:
(a): For fixed Tp, Tp > 0.5, derive formulae for the maximum phase ¢max of

(1+ Tpjw)
(jw)?(jw +2)
over w values in the range 0 < w < oo, and also for the frequency wma, at which the
maximum phase occurs. (See below.)

(b). Choose Tp to have the minimum possible value such that ¢mes; = —180° + 65°
and choose the gain cross-over frequency w, of D(s)G(s) to be we = wWmax. Set
(1/Ty) = 0.05(1/Tp). (This ensures that /(1 + 1/(Trjw,) = 0°.) Determine K.

In (a), you can use the information: for given constants T > 0, 1 > a > 0, the phase
frequency response of M(s) = E% has mazimum phase

90° — 2tan"! (V@)
and this is achieved at the frequency 1/(T+/a) rs~*.

Ty (dismrbance)
0 + Compensatar R Spacecraft 'y
- D) 0.9rs2
Sensor
2/(s+2)

E3.09/ISE3.9 Page 4 of 7

[10]



4 (a).

(b).

Consider a unity feedback system with plant transfer function
2
w.
G) = —2—.
(5) s(s + 2¢wn)
Here, wy, > 0 and { > 0 are constants.

Show that the phase margin is

¢ = tan™' [ % } :
V1+4¢% - 2(?
A standard formula, relating ¢ and ¢ is
¢ = ¢/100,
where ¢ is measured in degrees. To what extent is this justified? [2]
A first order system has state space model
z(t) = az(t) + bu(t),

in which a and b are constants.

A control strategy is required to track an exponential reference signal
r(t) = e P,
in which B is a positive constant. This is to be achieved by choosing a control strategy to
minimize
* 2
[ [ - roF + )] @, o)
0
in which « is a positive constant.
By regarding r(t) as an extra state variable,
#(t) = —Br(t)
r0) =1

and by considering optimal controls for the optimization problem

Minimize f;° [xT(t)cch(t) + ou? (t)] dt

subject to (2)
x(t) = Ax(t) +bu(t)
Z(O) = Zo,

for suitably chosen matrices A, b, ¢T etc., derive equations for the time varying feedback
control law
u(t) = —kiz(t) — kze—ﬁt .

which minimizes the cost (1) [12]
You can use the fact that, for the matrices 4, b, cT etc., satisfying suitable conditions,

the solution to (2) is
u=—blP x,

where P is a symmetric, positive definite solution of the Matrix Riccati equation:
ATP + PA+ccT —a 'PbbTP = 0.
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5 (a). A dynamic system, illustrated in Figure 5.1, has forward path transfer function

(b).

What is the standard controllable state space representation

{ i(t) = Az(t) + bu(t) 3)
y(t) = F'z(t)

of this system?

Design a dynamic output feedback control system for (3), choosing the control gain to
give two closed loop poles with damping factor { = 1 and undamped natural frequency
wn, = 2, and choosing the observer gain to give two real closed loop poles at s = —4+0j3.

A thermal control system, with plant modelled as a first order lag, is illustrated in Figure
5.2. To achieve zero steady state error for step inputs r(¢) and to increase the speed of
response, a forward path compensator of the form

D(s) = “E(s),

incorporating integral control action, is required. By using the results of part (a), or
otherwise, choose the transfer function E(s) in the compensator to arrange that two
closed loop poles have damping factor ¢ = 1 and undamped natural frequency wy, = 2 and
two closed loop poles are located at s = —4 + 0j.

Hint: consider the transfer function relating the output y(s) to the control signal u(s) in
part (a).

u(s) Gs) ¥(s)
Figure 5.1
1
1(s) + - D) - . ;c(s)
Figure 5.2
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6. Figure 6.1 shows the characteristic of a ‘relay with dead-space’ nonlinearity. Show that
the describing function is

N(4) = % |~ (a/A)? forA>a.

Here, a and b are positive constants. 7]

Consider now a velocity feedback control system with forward path transfer function
G(s)/s, where

Suppose that the speed sensor fails, and, instead of providing a signal which is proportional
to output velocity, provides a signal which is (approximately) the output of a ideal relay

with dead-space. Figure 6.2 illustrates the control system after a failure of the speed
sensor.

A limit cycle is observed. Determine its frequency. [10]

Suppose @ = 0. (In this case N(A) is a decreasing function). Briefly discuss whether you
expect the limit cycle to be stable. 3]

Hint: For a control system with forward path transfer function %G(s), and feedback path
transfer function 1+ 7,5 ‘velocity feedback’, assess whether increasing 7, is stabilizing or
de-stabilizing.

Asin( @ t)

—eO = G(s) \s -
+b —— - -

-a
A e
+a 1 $ ]
J— -b

Figure 6.1 Figure 6.2
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