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1. State Nyquist’s Theorem relating the Nyquist diagram of the forward path trans-
fer function of a unity feedback control system to the number of ‘unstable’ open
loop and closed loop poles of the system.

Consider the closed loop control system of Figure 1(a), in which

1

G(s) = GoTE

Here, k is an adjustable parameter (the ‘velocity feedback gain’). Investigate the
effects on system stability of increasing k, using Nyquist’s Theorem.

You should use the following method.

(i) Show that the closed loop poles of the system of Figure 1(a) coincide with
the closed loop poles of the unity feedback system of Figure 1(5), in which
sG(s)

¢ = 14+G(s)

(i) Sketch the Nyquist Diagram of G(s). (You are required to calculate the
intercepts with the real axis.)

(iii) By interpreting the Nyquist diagram of G(s), describe how the closed loop
stability properties of the system of Figure 1(a) are affected, as k increases
over the range 0 < k < co.

'—>O———> G(S)

L————— 1+ks

Figure I(a)

Y

A

—O——  kG(s) >

Figure 1(b)
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2. Figure 2 illustrates a cart of mass M, attached to a rigid support by a spring
(spring constant K). The cart carries a mechanical accelerometer, comprising a
mass m, spring (spring constant k) and a damper (damper constant Kg) .

The absolute displacement of the cart is z. The displacement of the accelerometer
relative to the cart is y.

Show that z and y are governed by the equations
5 K K
Pz/d® = ~(57)2 )y + 2yt

1 1 1 K
2 2 __ _ il il kel
d*y/dt* = k(m ) ( -+ M)dy/dt+(M)z

Derive (control free) state space equations,
dz/dt = Az and y = 'z, (1)

for the system, with state vector z = (z,dz/dt, y d?//dt) and scalar output y. U@ %'__-g)
Show that (1) is not observable, if K = 0. Why? v

y '
T; k T; . 7‘2 KL{ 712
AN Il —<—
K
M
g O/ N

S

Figure 2
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3. Sketch the amplitude and phase frequency response of a phase lag compensator

Dlag(s) and of a phase advance compensator D, z,.(s):

1+ s/w1

1+ s/wo
14 s/wg

, Wy < ws.
,1+s/w3 2 3

Dlag(s) = , wo<wy, and D4 (s) =

Explain why there is a practical design limitation on the size of w3 /ws.

Consider the control system of Figure 8, in which

2

Design a lag lead compensator
D(s) = Dlag(S)Dadv(s)

(with Dy, (s),D s) as above), to achieve the following specifications for the
lag adv
compensated system.

(a) we = 0.9 rads™*,
(b) ¢ = 60°,
(c) wsfws S}&, 10

where w, is the gain crossover frequency, i.e. the frequency w, such that
|D(jwe)G(jwe)] = 1,

and ¢ is the phase margin.
To carry out your design, you should use the following steps.

Step 1. Design phase advance compensation D adv(s) such that w. = wmaz and
LD 44y (Gwe)G(jw.) gives a phase margin of 60°. Check (c).

Step 2. Choose the phase lag compensation D lag (s) such that

|D lag(jwc)D ad'u(jwc)G(ij)l =1.

You can quote the facts that the mazimum phase advance of D g, (jw) is 90° —

2 x tan"t\/ws/ws, and occurs at w = \/waws.

N

—»Q—_——> D(S) G(S) >

| Figure 3
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4(a). Consider the unity feedback system of Figure 4, in which

k

Gls) = s+a’

Here, a > 0 is a modeling constant and &k > 0 is a variable gain.

Determine the open loop gain cross-over frequency w, of G(jw), i.e. the frequency
we such that |G{jw.)] = 1.

Determine also the rise time ¢, of the closed loop system, defined by
y(t:) = 0.99 x y(t = 00),

where y(t) is the unit step response of the closed loop system, initially at rest.
Show that, for all k, w, and t, are related according to

2 _ log(100) [1095(100) _ 24 '

c tr

T

Deduce that, for ¢, small,
wety, = constant.

(‘gain cross-over frequency is inversely proportional to rise time’) What is the
value of the constant?

4(b). Consider again the unity feedback system of Figure 4, for general G(s). Assume—

A=

Fix a number N > 0. Suppose @ is a frequency for which the closed loop phase
frequency response satisfies

| G(jv) :

— = tan (N).

1+ G(j@) (™)

Show that G(j@) lies on an ‘N’ circle in the complex plane, namely the set of
points with coordinates (X,Y) which satisfy the equation

() ) - )

o G(s)

Y

O5*

Figure 4
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5(a).

Consider the dynamic system of Figure 5 (a), relating the input u to the output
¥, in which the transfer function is

1

G“)=(5+m@-1ﬁ2

Derive a state space model with states z; = y, z; = dy/dt, z3 = d>y/dt?,
x4 = d3y/dtd.
Choose the parameters ki, ks and ks in the proportional + velocity + acceleration

controller
U = —kl.’El - kgl‘g — kg.’L‘g

to arrange that the closed loop characteristic polynomial is of the form

(s + (1 47))%(s + (1 — 5))°

«

for some o > 0, i.e. all closed loop eigenvalues have damping factor 1/+/2 and
are equidistant from the origin.

. Consider now the control system of Figure 5(b) to stabilize the orientation 6

of a rocket in the plane. The control system provides proportional + velocity
+ acceleration control, except that the accelerometer hardware includes a first
order lag.

Use the results of part (a) to choose k, k, and kg, such that all the closed loop
eigenvalues have damping factor 1/v/2 and are equidistant from the origin.

u V

Gis) ————

Figure 5(a)

Figure 5(b)
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6. Derive the describing function N (A4) of the amplifier with gain K and off-set at

the origin a, whose characteristic is shown in Figure 6(a).
Hint: decompose the nonlinearity % the sum of a pure gain and an ideal relay.
as

Such a device is present in the forward path of the control system of Figure 6(b),
in which 48

Estimate the frequency of limit cycle oscillations, predicted by describing func-
tion analysis.

It is known that K = 1. It is observed that the amplitude of limit cycle oscilla-
tions of the output y(¢) is 0.01 units. Determine the magnitude of the amplifier
offset a.

Assess whether the limit cycle is stable.

u
a }/////
. €
Slope K \/f -a

Figure 6(a)

— | N4) 1 Gis) g

Figure 6(b)
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