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1. Consider the unity feedback control system of Figure 1, In which the plant trans-
fer function is

(s—1)°

s(s+1)?°

Sketch the extended Nyquist diagram for G(s), showing the intercepts of the

Nyquist diagram with the negative real axis and with the positive imaginary

axis.

G(s) =

(Hint: to evaluate the intercepts, use the fact that, because of the symmetric
location of the poles and zeros of G(s); LG(jw) can be simply expressed in terms
of tan"*w at relevant frequencies. )

Deduce that the closed loop system is unstable without compensation; 1.e., when
D(s) =1.

By indicating how the Nyquist diagram is modified, show that the system can
be stabilized by a phase lag compensator

sfa+1

Dls) = s/b+1’

0<b<a,

(with unity DC gain) for suitable choices of the désign parameters a and b. (You
do not have to choose values for a and b.)

Show from the Nyquist diagram for G(s) that the system cannot be stabilized
by a phase advance compensator

(with unity DC gain), for any choice of the design parameters a and b.

(Hint: in the last part, use the earlier calculated intercept of the positive imagi-
nary azis by the Nyquist diagram for G(s).)

1(s) : c(s)
D(s) » G(s)

A\

Figure 1



2. Figure 2 shows a control system to improve the transient response of an under-
damped large space structure, subject to a disturbance d(s). The plant transfer

function is
0.1

s(s2+02s+1)

The compensator is a double phase advance compensator, with transfer function

G(s) =

K(sfa+1)?

ble) = iz

in the design parameters K, a and b satisfy K > 0, 0 < a < b. Show that

LG(s) = —270° + tan~ 1(0.2w/(w? — 1)) forw>1
) —90° — tan~1(0.2w/(1 —w?)) forw<1.

Choose values of the design parameters K, a and b to meet the specifications:

(i) (disturbance attenuation) When r = 0 and the disturbance is a unit step,
the steady-state output c{t = co) satisfies

le(t = o0)] < 0.5.
(i) (bandwidth) the gain cross-over frequency w* is w* = 2 rads™>.
(iii) (phase margin) The compensated system has phase margin 45°.
You should use the following design procedure:

Step 1. Choose K, a and b to meet specifications (ii) and (iii) and also to ensure
wmax = w*. Here wmax is the frequency for which the phase advance of
the compensator G(s) is maximized.

( [ > gtép 2. Check that speciﬁcation\fag\is met. %o
’ AAA—

You can quote the faéts that the mazimum phase advance of
(jw/a+1)/(jw/b+1) (0<a< b)

is 90° — 2 x tan—1+/a/b, and occurs at frequency w = Vv ab.

d(s)

+ c(s)

D(s) o

Figure 2



3. Figure 3 shows a control system in which a force u is applied to a trolley, on

which is mounted an inverted pendulum. The trolley and pendulum have masses
M and m respectively. The pendulum rod, which is assumed weightless, has
length L. g denotes the gravitational constant.

Assume that the rod angle from the vertical 8 radians remains small, so that
g ~sind=(y—z)/L and T= mgcosf =2 mg-
(—T denotes the tension of the rod.) Take as state vector T = (CL')_,LL'Q,ZE3,:E4)T
o1 =y/g, T2 =9/9, T3 =0, 2y =0

Show that the system 1s governed by a state space model of the form

T3 010 O z 0

.| _ |0 01 01| = 4 0 u

3| |0 00 1 T3 0

T4 0 0 di 0 T4 do
and evaluate the constants d; and ds.
Determine coefficients k1, ---, ks in the state feedback law

w = —kyy — kot — k3 — kab
to ensure that the closed loop system has the characteristic polynomial 1294 . S
Te(8) = s+ ass® + 8% + s Qo , A
RN . pnsunced  al
for specified coefficients (/&y, ... jas)- (0.24 o~
(Hint: Note that the state spa expressed in terms of the scaled control ofhes
dou, is in control canomical form.) .
Conty ‘ "‘V{‘“""

Akb\pvv\(&fd at”

10,5’0 o WA

O(C%:(v J f""’)ﬁ‘c’

“J}(' 67{&.&‘«\&6—-(-

Figure 3



4. Consider the control-free single output, state space model

T = Ax

y = _CT.’L'.

Describe the structure of a state observer with gain g, which provides an estimate
#(t) of the state z(t), given y(s), s < t. Derive the differential equation governing
the estimation error e(t) = z(t) — £(2).

The linear system of Figure 4, relating the scalar input d and the scalar output
y, has transfer function ‘

G(s) = 1/s%.
Develop a state space model, in which the state variables are z; =y and =2 = y.

Now regard d as a constant unknown disturbance of magnitude D, which we wish

to estimate: .
dit) =D t=>0.

Develop a third order state space model, in which the state variables are 1 = vy,
9 = 4 and z3 = d(1)-

(Note that z3 satisfies £3 =0 and z3(0) = D.)

Using the third order model, design an observer providing an estimate d(t) of D,
given y(s), s < ¢, such that the estimation error

|D — d(t)]

decays exponentially with a time constant of 0.5 seconds.

(Hint: arrange that all observer eigenvalues are located at —2+0j. Take d(t) to
be the third component of an estimate (%) of the state of the third order model. )

d(s) y(s)

G(s)

Figure 4



5 A state feedback controller is required so that the state 1 of the single in-
put/single output control system ‘

z; = a1z21 +bhiu
tracks a decaying reference signal z(t):
z(t) = ge™™.

Here ay, b1, £ and A(> 0) are constants.

This is achieved by finding a feedback solution to the optimal control problem:

7

Minimize f5°[|z1(t) — z{(t)]? + aju(t)2]dt
subject to #1 = a1zy + bu(t), z1(0) =,
in which 7 and « are given positive constants. -

Show that the above problem can be expressed as a standard optimal control
problem, in which the state variables are x1 and zg = 2t

P) Minimize fgx’[:vT(t)Qx(t) + afu(t)|?])dt
subject to z = Az + bu(t), =(0) = (n,&).

What are A, b and the symmetric matrix Q7

(Hints: note that z(t) satisfies z = —Az and z(0) = £. To determine the entries
q1, q12 and goo in the symmetric matriz Q, match

H4
|$1—$2I2=[$1 $2][¢111 mz][ 1]-)
q12 g2 T2

By quoting the solution to the standard problem, and by solving the 2x 2 Riceati
equation for the p;; and pio entries of the solution P, show that the tracking
problem has the feedback solution '

u(t) = —a—lbl(pul']_(t) +p12§e”’\t),
where py; and p12 are solutions of the equations

2a1p11 + 1 —a tph b = 0,
pe = 1/{a1 — a“lpub@f N
M

The solution to (P) is :
u(t) = —a T Pz(t),

where P is the positive, symmetric matriz satisfying

N

ATP+PA+Q—a ' PbbTP = 0.



6. A sensing device (NL) has a cubic characteristic g(q):

ola) = .
By quoting the trigonometric identity |
sin®(wt) = {(1/4)[3sin(wt) — sin(3wt)]),
or otherwise, determine the describing function of the device.
(NL) is present in the feedback loop of the contro] system of Figure 6.

(a) Assume r(t) = 0 and
1

Gls) = s(s+1)3"

Show that describing function analysis predicts a limit cycle. Determine
the frequency of limit cycle oscillations and the amplitude of the output

signal ¢(t). Assess whether the limit cycle is stable or unstable.

(b) Now assume that
G(s) = 1/s.

When a sinusoidal signal r(t) = R sin{wt) is applied at the input, the output
is approximately sinusoidal, with amplitude 4. Show that, according to

describing function analysis, 4 is related to R and w according to

(9/16)A4° +w?42 = g2

Hint: carry out a linegr’ steady state frequency response analysis, in which,

N(A) replaces the gain of the nonlinearity.

1(s)

Figure 6

~-7- [END]
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