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Section A
1.
(a) Explain what is meant by the following terms used to describe a parameter estimator
1) unbiased (ii) minimum variance  (iii)  efficient
[5 marks]
(b) A linear model] is given by
x=HO0+w

where x is an N x1 column vector of data observations, H is a known NXp observation
matrix, with N > p and full column rank, 8 is an unknown pXx1 parameter vector and w

is an N'x1 vector with multivariate normal distribution N(O, 021) .

A

(1) Determine the minimum variance unbiased (MVU) estimator 6, given the

observation X. [10 marks]
A

(i1) Calculate the covariance matrix of . [2 marks]

(c) The observations from a seismic sensor are assumed to satisfy

P
x[nl= Y A; )" +wln] n=0,1,.,N-1
i=1

where w[n] is zero mean white normally distributed noise with variance 2.
(1) Show how these can be put in the form of the linear model in (b). [3 marks]
(i1) Evaluate the MVU estimator of the amplitudes, Aj, whenp=2,1r;=1,15=-1, and

N is even.
[5 marks]
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2.

(a) Define the power spectral density of a wide sense stationary discrete time random
signal and comment upon its properties. [3 marks]

(b) A linear shift-invariant discrete time system with z-domain transfer function

1 -

Nl

H(z) =
1 -

W | =i | =
N!

is excited by zero mean exponentially correlated noise x[n], which has autocorrelation

sequence
Ikl
1
1., (k)= (5) .

Denoting the output of the system by y[n], which is calculated from y[n] = x[n] * h[n],
where * represents discrete time convolution, then

1) Calculate the z-domain power spectrum, P, (z), of y[n]. [3 marks]
(i)  Evaluate the autocorrelation sequence, 1, (k), of y[n]. _ [3 marks]

(i)  Determine the cross-correlation sequence, r, (k), between x[n] and y[n].

[10 marks]
(iv)  Evaluate the z-domain cross-power spectral density, P, (z) . [2 marks]
(c) Design a whitening filter for y[n]. [4 marks]
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Section B

3.

(a) Summarize the difference between the problems of filtering, smoothing and
prediction. [S marks]

(b) The output of a forward prediction error filter at discrete time N is given by
A N
e[N]=x[N]+ x[N]=x[N]+ Y a[k]x[N - k].
k=1

) Formulate , in matrix form, the parameter vector
opt =[aopt [1agp (2], a0y [N]]" which minimizes the mean square error E{e[NT*}.

The discrete time random input signal x[n] is zero mean and wide sense stationary.
[8 marks]

(ii) Evaluate the corresponding minimum mean squared error. [2 marks]

(c) Given that the autocorrelation function of x[n] is

o
k= s (o) VK pe(LD

find the optimal in the minimum mean square error sense parameters and the
corresponding mean square error of the forward prediction error filter for N =1 and 2,
and comment upon the results. [S marks]

(d) Show how the elements of the optimal parameter vector for a forward predictor are
related to those of a backward prediction error filter with output error of the form

A N
ey [N]=x[0]+ x[N]=x[0]+ Y a[k]x[k].
k=1
[5 marks]
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4.

(a) Explain the difference between the term estimate and estimator of an unknown
parameter ©. [3 marks]

(b) Given that the joint probability density function of the measurement vector
x = [x[0],x[1],... ,x[N—l]]T, parameterised by the unknown scalar parameter 6,
i.e. p(x;0), satisfies the regularity condition

E{M} -0 V&
06

and the Cauchy-Schwartz inequality

[[wewhwdx] < [wmedx [weon® xdx

where g(.) and h(.) are arbitrary functions, and w(x) > O for all x,

A

prove that the variance of any unbiased estimator of 9, i.e.0, must satisfy

- 1
v p(x:0)
) 002

[13 marks]

(¢) Determine the Cramer Rao Lower Bound for an unbiased estimator of the phase, o,
within the model x[n] = Acos(2nfon + ¢) + w[n], n =0,1,...,N-1, where w[n] is zero mean
white Gaussian noise with variance 6°. The amplitude A and frequency f, are assumed
to be fixed.

[7 marks]

(d) Comment upon the existence of an efficient estimator of the phase in the model in (c).
[2 marks]
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5.

(a) Describe the difference between the linear and nonlinear least squares problems.
[3 marks]

(b) Find the least squares estimator and the corresponding minimum least squares error
for the parameter A in the signal model

A 0<n<M-1
SIl=1_A M<n<N-1

given the observation x[n] = s[n] + w[n] for n =0,1,...N-1. [10 marks]

(c) Calculate the probability density function of the estimator in (b) if w[n] is zero mean
white Gaussian noise with variance ¢~ . [5 marks]

(d) Formulate a least squares estimator for 6 given the observations

x[n] =exp(6)+w[n] n=0,1,..,N-1
[7 marks]
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