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Section A

The power spectral density, P, (ejz’Zf ), of a real, zero mean, wide sense stationary

discrete time random signal, x[n], is related to its autocorrelation sequence, 1, (7), by

P, () =F[r, (r)] fe(-0.5,0.5]
where F[.] denotes the discrete Fourier transform.

(a) Verify and discuss the following properties of the power spectral density of x[n]

@ P(e™) = P (e™)

() P (e?™) =P, (e7*)

(i) P.(z) =P.(1/z")

where (.)* denotes complex conjugate, and z is the complex variable in the z-transform.

(b) If y[n] is the output of a linear system with input x[n], transfer function H(eﬂ’Zf ), and
. ) .
P, ()= ‘H(elz’Zf )' P, (e/2™), show that
P, (*™)>0,Vf.

(c) Calculate and sketch the autocorrelation sequences that correspond to the following
expressions

() P (e )=4+2c0824f

, 2
i P (= £
1) x( ) 5+ 3cos2af
2
(iii) P, (2)= —422 +10z—4
32 +10z+3
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2.

(a) List the conditions for a real discrete time random signal, x[n], to be wide sense
stationary.

(b) The mean ergodic theorem states that a necessary and sufficient condition for x[n] to
be ergodic in the mean is that its autocovariance sequence, ¢, (7), must satisfy

Ly
lim — » c,(7)=0.
N-o N =

Hence, or otherwise, determine whether the following discrete time random signals are
wide sense stationary and mean ergodic

(1) x[n] = &€, where ¢ is a random variable which has probability density pe (&) .

(i1) x[n] = Acos(27znfo + ¢) where A and £, are constants and ¢ is a uniformly distributed

random variable between - and 7.

(ii1) x[n] is a Bernoulli discrete time random signal with Pr{x[n] =1} =p and
Pr{x[n] =-1} = 1-p.
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Section B
3.
(a) Discuss the term BLUE estimator and the information that is required for its

formulation given a real observation data set {x[0], x[1], ..., x[N-1]} whose joint
probability density function is dependent upon an unknown p x1 parameter vector &.

Suppose that the observation dataset satisfies the vector model
x=Hf+w

where x is an N x1 vector of data observations, H is a known N xp observation matrix,
with N > p and full column rank, and w is an Nx1 vector of zero mean noise terms.

(b) Verify that the BLUE estimator is given by

A

g = (HTC—IH)—I HTC ! x
in which C is the observation vector covariance matrix and (.)T denotes vector transpose.

(¢) By considering the affine transformation

a=Bf+b

where B is a known pxp invertible matrix and b is a known px1 vector, prove that the
BLUE estimator commutes over linear transformations of .

Page 4 of 6



4.

(2) Show in block diagram form how an adaptive filter can be employed to enhance the
operation of a speech recognition system within an in-car hands-free mobile phone.

(b) Derive the least mean square (LMS) adaptive algorithm from the method of steepest
descent which is based upon the minimization of the mean squared error

1=E2[n]}

where e[n] = d[n] - _vy_T[n]g[n] , d[n] is the desired response, w[n] is the px1 parameter
vector of the adaptive filter and x[n] is the input vector of the adaptive filter
[x[n],X[n—l],...,x[n——p+1]]T.

(c) Calculate the theoretical minimum mean square error of the filter in (b) and explain
whether the LMS algorithm can attain this performance.

(d) The robust mixed norm (RMN) adaptive algorithm minimizes the instantaneous cost
function

J = Ae*[n]+ (1- A)le[n]
where A €[0,1] is a scalar mixing parameter.

(1) Show the parameter update equation for the RMN algorithm.

(i) Discuss the advantages and disadvantages of the RMN algorithm as compared to the
LMS algorithm. )

(iii) Suggest a scheme for on-line selection of 1.
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5.
(a) Discuss the difference between a block-based and a sequential estimator.

(b) State the orthogonality principle of least squares estimation given the real vector
signal model s[n}=H# for the Nx1 vector of data observations, where H 1s a known

Nxp observation matrix, with N > p and full column rank, and ¢ is a px1 parameter
vector.

(c) Using the orthogonality principle, or otherwise, calculate the block-based least squares
estimator for 4.

(d) Show that the minimum least squares error of the estimator in (c) can be written as
Ts=x" (I-HETH)H )x

(e) Convert the block-based estimator for & into a sequential least squares estimator.
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