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DIGITAL SIGNAL PROCESSING

o L a) Briefly describe the operation of the M-fold decimator and the L-fold expander
shown in Figure 1.1 and give analytical expressions for yp(n) and yg(n) in
terms of x(n). -

x(n) VM — @ ) —t L — ()

M-fold decimator L-fold expander

Figure 1.1

[6]
b) The filter

H(z) = ')% h(k)z™*
k=0

is to be employed in a 2-fold decimation scheme using type 1 polyphase filters
obtained from H(z). The symmetry condition h(k) = A(N — k) is satisfied.

i) Write down the polyphase components of H(z) and derive their sym-
metry conditions for both N even and N odd.

it) Design one simple example for the case N =4 and one simple example
for the case N = 5 that illustrate your solution,

[9]

c) Now consider upsampling. Draw the signal flow graph of a 2-fold upsampling
system employing type 1 polyphase filters. State why it may be desirable to
employ the Noble Identities in this context and draw a further signal flow graph
illustrating their use. [5]
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2. Consider a complex discrete-time signal x(n) from which two new signals are derived ¥

as
1 ‘
x1() = 5 (x(n) +2°(=n)
1 ‘
x(n) = 5 (x(n) —x*(=n))
where x*(n) denotes the complex conjugate of x(n).
a) When x(n) is periodic with one period having sample values [1, 2, 3, —1], find
x1(n) and x2(n). Hence state any symmetry properties of x;(n) and x;(n).
(5]
b) Show that if the Fourier transform of x(n) is X (e/?) then the Fourier transform
of x*(—n) is X*(e/®).
[5]
c) Find the Fourier transform of x; (n) in terms of the Fourier transform of x(n).

[5]

d) The 6-point sequence given by
VUC):[].,Z, __3: _31 2) I]s k=0: [l "'15

has inverse discrete Fourier transform

Determine whether v(n) is real or complex and give the reasoning to support
YOur answer. [5]
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3 a) Define the following underlined terms.
i) A system is stable.
ii) A system is non-causal.
iii) A system is minimum phase.
[3]
b) Given the signal representation in the z-domain
X(@) =2 +3+5+5——, o] >4
2+5z+4"
find the corresponding signal representation in the time domain. [6]
c) Consider a linear time-invariant system described by the z-domain system func-
P A :
Hy - o DE @+
(2+2245)(z2—4z+13)°
Plot and appropriately label the roots of H(z). [6]
d) Determine any regions of convergence of H(z) and state whether the inverse z-

transform associated with each region of convergence is left-sided, right-sided
or two-sided. Comment on the stability of H(z). [5]
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4, Consider a multirate system comprising an analysis filter bank followed by a synthesis
filter bank. The analysis filter bank contains filters H,(z) and the synthesis filter bank
contains filters Gy(z) fork=0,1,...,L—1.

a)
b)

<)

Sketch and fully label the block diagram of this system in its basic form. [4]

State and explain the advantages of polyphase implementation of filter banks.
Draw a block diagram of the multirate system of a) implemented in polyphase
form. (4]

The filter H(z) can be implemented in Type 1 polyphase form as
L-1
H2)= Y z7'Eu(zY), k=0,1,...,.L—1
. =0

Find the relationship between the coefficients of the filter Ey,(z) and the coeffi-
cients of the filter Hy(z). [3]

‘Show that the expression for Hi(z) can be written in matrix form as

h(z) = E(z")e(2)

and give the definitions of h(z), E(z) and e(z), where E(z) is called the polyphase
component matrix of the analysis filter bank. [5]

Consider the matrix R(z) which is the polyphase component matrix of the syn-
thesis filter bank. Define what is meant by perfect reconstruction in this context
and deduce the condition on R(z) for perfect reconstruction.

[4]
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5. Consider the digital filter

' 1+2z7!
H(z) =05(1 - ) —————
(2)=05(1- @)~
with || < 1.
a) Show that the magnitude squared frequency response can be written as
2
IH(ejm)|2 _ (1—a)*(1+cosw)
2(1+a?-2acos )
(6]
b) Find the derivative of |H(e/®)|* with respect to @ and hence show that |H (e/®)|
is a monotonically decreasing function of @ for 0 < @ < 7. [6]
c) Draw a labelled sketch of the magnitude of the frequency response H (e/®) and
- mark on your sketch the -3 dB cut-off frequency @.. [5]
d) Determine an expression for & in terms of @,. [3]
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A causal digital filter with input x(n) has output y(n) such that

y(n) =x(n)+x(n—2)+y(n—1) - 0.5y(n—2)

where n is the discrete time index.

a)

b)

c)

Find the poles and zeros associated with this filter and sketch a plot of them on

the z-plane. = [6]
Determine an expression for the impulse response of the filter and show that the
impulse response is real valued. - [8]

Draw a labelled signal flow diagram for this system

1) in Direct Form I, [3]

i) using the minimum number of memory elements. 3
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DIGITAL SIGNAL PROCESSING
SOLUTIONS 2 o)

1. a) A brief textual explanation is expected in addition to the equations:

yp(n) = x(Mn)

x(n/L}) mn=kL, kinteger
e (n/L) _ g
0 otherwise.

b) The filter H(z) is symmetric giving it a linear phase response.
The type 1 polyphase decompositions are given by
H(z) = Eo(2%)+2'E1(2D)

N/2

Eo(z) = Z h(2n)z™"

n=0
N/2

Ei(z)=) h(2n+1)z"
n=0

For an even order example with order 4
H(z) =1+2z""+4z72+ 273+ 774
Eg=1+47"'+477
Ey=2+277"
which gives Ey(z) and E; (z) to be symmetric.
For an odd order example
H(2)=1+22"1+327243273 427744273
Ep=1+3z"142772
E;=2+37"+1

which gives E(z) and E1(z) as an order-reversed pair.

[6]

[9]

c) The upsampler is shown in 3 forms in Figure 1.1, starting with the direct imple-
mentation, then the polyphase filter and finally the Noble identities are applied
to make the filters functions of z not z2. This improves computational efficiency

by a factor of 2.
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b)

c)

d)

x(n)=[1 2 3 -1]
xi(n)=[1 05 3 0.5]
x(m)=[0 15 0 -15]

x1 is even symmetric and x; is odd symmetric.
Consider
F{x(n)} =X =Y x(n)e /"

n=—oo
Write
x(n)e ™" = (x, + jx;)(cosn® — jsinno)
= x,c0s8(n®) +x;sin(nw) + j(x;cos(nw) —x, sin(nw))

Now see that the effect of conjugating x(n) on the LHS is to replace ® with —@
on the RHS:

x*(n)e™ " = (x, — jx;)(cosn® — jsinnw)
= x,c08(—nw) +x;sin(—nw) — j(x;cos(—nw) — x, sin(—nw))

since cos(—nw) = cos(nw) and sin(—nw) = —sin(nw). So the former ex-
pression is the complex conjugate of the latter with @ replaced by —@, and
therefore

x*(n) <= X*(e71?)

Hence, by replacing n by —n, the former and latter expressions become identi-
cal except for the conjugation so that

x*(—n) <= X*(/?)

# (wi} =% {3 60 +5° ()}
=5 (X(*)+X7(e))

(X (e7®) + jXi(e/®) + X () — jXi(€'®))
= Xr(‘—’jm)

D2 =2 -

where X,(e/?) represents the real part of X (¢/®) and X;(e/®) represents the
imaginary part.
We require

X (k) = X (—kmoan)

to obtain a real x(n) which is not satisfied there. Hence IDFT is complex.
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3. a) Bookwork

b)
X(z) =zz+3z+5+—~2—
2+5z+4
=7 +3z+5+ 23 23
z+1 z+4
x(n) =8(n+2)+36(n+1)+56(n) + %(—1)”_114(?1- 1) —%(—4)”'1:;(:1— 1)
c)

H(Z) — (1—0—5)(24'2)(224‘1/9}
(242z+5)(z2 —4z+13)

has zerosatz=1/2, -2, =+j/3

andpolesatz=—1+;2, 2+ ;3
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Real Part
Figure 3.1

d) The moduli of the pole pairs are 2.24 and 3.61. Hence the possible ROCs are

i) lz| < 2.24
ii) 2.24 < |z] < 3.61
iii) |z| > 3.61

For 1, the ROC is interior to all poles, hence inverse z-transform is left-sided.
For 3, the ROC is exterior to all poles, hence inverse z-transform is right-sided
For 2, the ROC is bounded by the two complex pole-pairs, hence inverse z-
transform is two-sided.

For stability, the ROC must included the unit circle, hence only 1 is stable.
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a)
Figure 4.1
b) Polyphase filter banks benefit from efficiency in that all filter computations can
be performed at the lowest sampling rate in the system.
c) For the kth filter, the coefficients of Ey(z) are a subset of the coefficients of
H(z) obtained by subsampling such that
€] = kkp p= IL
d)
h(z) = E(Z")e(z)
h(z) = [Ho(2) Hi(2) --- H1(2)]"
e(z)=1 T z_(L_l)]T
Ew(z)  Em(z) ... Eor-1(z)
Ep(z) Eulz ... Ei-(z
Bg=| B0 O Bl
Er 10(z) Ep-11(z) ... Er-12-1(2)
e)
R(z)E(z) =1
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b)

c)

d)

For frequency response, z is replaced with /? and for the modulus squared we
compute HH*. The modulus of the numerator is easily seen from geometry on
the z-plane by considering the unit circle. The denominator terms need to be
multiplied out.

By using the quotient rule

dH(E?)P  —(1-a)*(1+2a+0?)sinw
do 2(1+ o2 —20.cos )?
The numerator is always negative since the sin runs only from 0 < ® < 7. The
denominator is always positive since it is a square. Hence the derivative is never
positive.

The sketch is expected to show a maximum at |[H(e/%)| = 1 and a minimum at
|H(e/™)| = 0. A small number (two or three) of intermediate points will help
to indicate the general shape. Marks will not be lost for lack of accuracy in the
sketch providing the general trend is clear.

We require |[H (e/?)|? = 1/2 which leads to
(1—a)*(1+cosw) =1+ o —20.cos @

so that
20
1+0?2

This has two possible solutions from which we pick the stable solution

cos @, =

1 —sin@,
cos®,
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6. a) The system function can be written

Y(z) 14272
X(z) 1-z7140.5z72
This has zeros at z = <+ and poles at z = 0.5 & j0.5

08 : g T

06

Imaginary Part
o
T
1

-0.4
-0.6
-08 i
-1 h 3 O | ety |
-I1 -DI,S (; O,i5 ‘;
Real Part
b)
1+z72
H(z) = —m8M8 ——
@=1—7 10572
14272 ;
= ) wherep = 0.5+ j0.5
-140.5z72
spp z  +0.5z

(1=pz1)(1-p*z7)

The inverse z-transform of 1 is §(n). The inverse z-transform of the fraction is
found by partial fraction expansion.

-1 -2 ®
z7'+0.5z A A
= + where p=—0.5+4j0.5and A =0.5— ;.
1+z71405z72 z-p z-p* P : -

leading to

h(n) = 8(n) +Ap"u(n— 1)+ A* (p"Y'u(n — 1)

To show that his is real-valued, note that §(n) is real by definition and show
that the 2nd and 3rd terms on the RHS are real by writing

A=|A|e’® and p= |p| P
so that
Ap"u(n—1)+A"(p*)'u(n—1) = Al |p|" (ej(“+ﬁ) +e'j(a+‘3)) u(n—1)
=204 lpP" cos(@+ B) u(n—1)
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c) The signal flow graphs are drawn as

t
/o 5
X (a) o o S
Pl i
E Y
; + i 0

1.-_—_“-—..‘.}'__.__.__“?_. i o ‘f,
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