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E3.07/AUI/ISE3.11

Sequence z-transform
o(n) 1
I
u(n) -1
-z
1
a"u(n) | —az!
( ., ) I—(rcosmg )z
S, _ _
i cos@onjuln) ]—(2rcosa)0)z Lyp22

Table 1 : z-transform pairs

o(n) is defined to be the unit impulse function.
u(n) is defined to be the unit step function.

Numbers in square brackets against the right margin of the following pages are a guide to

the marking scheme.
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E3.07/AUI/ISE3.11

Give a summary description of the processing steps of the overlap-add block filtering
method for convolution of a time series x(n) with a system impulse response

h(n) . Be precise in your description and include diagrams where appropriate.

Use the overlap-add block filtering method to calculate the output of a filter with
impulse response

h(n) =11, 0,1]
and input signal

x(ny=[1,2,3,-3,-2,-1,0,-1,-2,-3,-2,-1,0,3,2,1,...].

Use only the first 2 data blocks to calculate the output. Show your method clearly
and include any relevant diagrams.

[Hint: your solution must employ, and be illustrative of, the overlap-add block filter
approach but consider carefully how the internal calculations can be performed most

efficiently for this particular case of h(n) .]

Let X (k) be the DFT of the real discrete-time sequence x(n) of length N.

(@)

Digital Signal Processing

Describe what is meant by the term basis function in the context of the DFT. Write
down the basis functions corresponding to a 4-point DFT and compute the samples
of each basis function.

Show that X (k) can be real under certain conditions on x(n). State these
conditions and give an illustrative example.

If x(n) satisfies x(n) = - x(M + n) with N = 2M |, show that X (2/) = O for
[=0, LK, M- 1.

State any conditions on the magnitude and phase of X (k) that must be satisfied for
x(n) to be real and draw a labelled sketch of the magnitude and phase of a non-
trivial example of such a function X (k).
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E3.07/AUI/ISE3.11

Figure 1 shows multirate processing blocks for decimation and expansion. Derive
expressions for ¥, (¢’“) and Y,.(e’”) interms of X (e/”), M and L. Describe

the effect of each multirate processing block in the frequency domain using one or
two sentences and an illustrative diagram for each.

[6]

x(n) — l M — y,(n) x(n)

it — v

M-fold decimator L-fold expander

Figure 1

(b) Write down an expression for Y(z) interms of X (z) for the discrete-time system of [7]
Figure 2.

X(z Y(z)
< 1 12 | H() {13 pb—s

Figure 2

Part of the magnitude spectrum corresponding to X (z) is shown in Figure 3. Draw
a labelled sketch of the magnitude spectrum corresponding to Y (z) over the range
of frequencies — 27 < w < 677 . Briefly explain the main features of your sketch.

ot

|
B
SRR

Figure 3

c) Draw and label the implementation of the structure of Figure 2 using Type 1

(7]
polyphase decomposition. State any advantages or disadvantages of your
polyphase implementation compared to the structure of Figure 2.
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E3.07/AUI/ISE3.11

Draw a labelled sketch covering the range — 27 < w < 2z of the magnitude
response of a discrete-time ideal highpass filter with a cut-off frequency of 1%1.

Write down an expression for the impulse response of this ideal filter and state why
it is not suitable in practical implementation.

Let H(z) denote the transfer function of a digital filter. Formulate a general
expression in terms of ¢ and b for H(z) having two zeros

zy=a+ jb and zp =a—jb.

Write a modified expression to satisfy the condition that the two zeros lie on the unit

circle and for this case draw labelled sketch-graphs of |H(e~ia))‘ as a function of

-7
parameters a and b for w= A

Hence, deduce and sketch the magnitude response of H(z) when
a=05and b= sin(%)
and compute the output sequence, v(n), of this filter for the input sequence

. (nrx
x(n) =sin| —
(n) (%

j, n=0,12,..,9.
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E3.07/AUI/ISE3.11

State the principal characteristics of iR filters and the advantages and
disadvantages of |IR filters compared to FIR filters.

Describe in detail the bilinear transform method for IIR filter design for a lowpass
filter.

Consider the following transfer function H (s) for a continuous time notch filter for
which the notch frequency is 1 rad/s.

I+s°

H({$)=—.
() I+ s5+5°

Using H (s) and the bilinear transform, determine the coefficients of the

corresponding discrete time IIR notch fiiter with notch frequency 1600 Hz. Assume
that the sampling frequency is 8 kHz.
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E3.07/AUI/ISE3.11

Give the formulae for the two-sided z-transform and the inverse z-transform and
state what is meant by the Region of Convergence of a z-transform.

Explain the relationship between the Region of Convergence and system stability.

Find the inverse z-transform of the function
7z + 20.
X(z)= 14 2+ 206
7+ 52z + 1

and state whether X (z) describes a stable causal system. Explain your answer.

Figure 4 shows the block diagram for a discrete time system for which the
z-transforms of the input signal and output signal are X (z) and Y (z) respectively.

Y(z)

Work out the transfer function H(z) = for this system and state its main

characteristics.

Figure 4
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1. Determine the FFT size, N , the data block size, N,, and the impulse response
block size, N, suchthat N is an integer power of 2 and greater than
N, +N,—1.

2. Zero-pad the data block with N, —1 zeros and zero-pad the impulse response

block with NV, —1 zeros.

3. Compute and store the FFT of the zero-padded impulse response.

4, For each data block, calculate the IFFT of the product of the FFT of the zero-
padded impulse response with the FFT of the zero-padded data block.

5. Determine the final output from the IFFTs overlapped by N, —1 samples and

forming the sum in the overlapping regions.

b)
Let x(n) be divided up into data blocks of length N1=6 so that N = N1 + N2 -1 = 8. Now we

have the zero padded impulse response as
hn]=[1,0,1,0,0,0,0, 0]
The first 2 data blocks (including zero padding) are:
x1=1{1,23,-3,-2,-1,0,0] and x2 =10, -1, -2, -3, -2, -1, 0, 0]
The convolutions of h*x1 and h*x2 are now performed as the IFFT of the product of their
FFTs. This result is easier to obtain in the time domain than through the FFT for this
particular example because of the simple nature of h, as follows:
yl=h*x1=[1,2,4,-1,1,-4, -2, -1]
y2 = h*x2 =0, -1, -2, -4, -4, -4, -2, -1]
These outputs are then overlapped as follows:
1,2,4,-1,1,-4,-2, -1
0,-1,-2,-4,-4, -4, -2, 1
to give
y=[1,2,4,-1,1,-4,-2,-2, -2, -4, -4, -4, -2, -1]
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2.
(a)

The basis functions are an orthogonal set of functions from which x(n) can be can be built
as a linear combination.

For N=4, the basis functions are f,(n) = ¢ /2Pk1/N = o= irknl2 4 = (1,23

k=0:11111]
k=1:{1 - =1 j]
k=2:{1 -1 1 -1]
k=3:1 ) -1 ]
(b)

x(n) must have even symmetry such that x(n)=x(N —n).
Example: x(n)=[111000117];

(©)
[ V- .
- jLipin
X(ky= —§ x(nye '™ /
N -
=10
M- . [ Mo —
o o\ - j2pn ° ~jwp - japl
= —q x(nk Moy = a x(pke M i
N N
n=0 p=0
using p = n + M. Since x(n) = - x(p) this sums to zero when e /?"'=|.

(d)
For x(n) to be real, |X(k)‘ must be even symmetric and £X (k) must be odd-symmetric.

A simple sketch graph demonstrating that the student has understood even and odd
symmetric functions of k is sufficient. The sketch must be labelled appropriately.
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(a)

C/(u) _ Z X( lo=-2mk)IM )

YD is a stretched version of X on the frequency axis. M-1 copies of the stretched version of
X are created and each shifted by successive multiples of 2pi and superimposed (added).
The resultant spectrum is then divided by M.

Yo'y =X (™)
YE is a compressed version of X on the frequency axis. L-1 images of X are created in YE
between w=0 and 2pi.

(b)

I < 22 3 _
Y(z)==> X(FW*H("'WH) W=e 2

=0 k=0

Main features are stretched original spectrum with 2 images each shifted by 27 .

jxee)
3 3 27 A 67
4 4
c)
X(2) )
— A2 V3 Ey(2)
\ 4 Z~l
V3 Ei(z)
y.-! Y(2)
V3 Ey(2)

Advantage of polyphase is that filtering is done at lower sampling rate (2 fs / 3) than in
Figure 2 (2 1s)
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} | [4))

|_7% _% 1%1 7% !

-2 27

The impulse response of the ideal filter can be found using the inverse DTFT. A simple
approach is to determine the impulse response for a lowpass filter of the same bandwidth
and then modulate this impulse response by ¢/’ giving

31" sin(3pnT / 4)

/ =
T R

x(_ ])II

It is not possible to implement this filter in a real-time system because:
(i) its impulse response is of infinite duration
(i) its impulse response is non-causal.

(b)
Hiz)= 32 —2az+a?‘ +h?

For zeros on the unit circle: a’+bh? =1 , H(»)= 22 —-2az+1

The magnitude response will have a single null corresponding to the zeros on the unit circle
at frequency p/ 3.

-20

magnitude response dB

-30] i |

-40

- | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
normalized freq
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The output sequence is found by convolution with the impulse respone h(n)=[1 -1 1].

n x(n) y(n)
0 0 0

1 0.866 0.866
2 0.866 0

3 0 0

4 -0.866 0

5 -0.866 0

etfc.
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+ z-transform of the impulse response contains both zeros and poles

recursive structure (output depends on previous outputs and also current and
previous inputs)

can be unstable. This happens if any poles outside Iz|=1.

can achieve high frequency selectivity with fewer coefficients compared to FIR
non-linear phase typically (dispersive)

implementation in fixed point requires careful treatment for rounding errors (limit
cycles, precision)

b)
Starting from a prototype analogue filter H (s) normalized for a corner frequency of unity,

pre-warping is applied to set the effective corner frequency @ to the specified value:

. : T
Pre-warping: @) =tan ———‘2——
Frequency scaling is then applied to convert the filter from a corner frequency of unity to the

: s
desired corner frequency @ : s is replaced by —

¢

— 1

The bilinear transform is then applied to H (s) to obtain H(z): s :Z—l
7+

c)

: 2r.1
Pre-warp: @. = tan a)_T =tan (ﬂ_é()_(lj: 0.72654
2 2x 8000
Scaling: s replaced by ; gives
.
+(s/@) @4y 0.52786+s

H (s)=

(sl (sla) O @+ ~ 0.52786+0.72654s+5’
(1+0.52786)z" +2(0.52786 -1) z +(0.52786 + 1)
(140.52786+0.72654) z* +2(0.52786 - 1) 2 +0.52786

1.52786-0.944287" +1.527867
2.2544-0.944287" +0.801577
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6.
a)
¥

X(z)= 4 x(n)z"
n=-¥

. — _I__ < AN g,
x(n) = oy 9)((4,)(. dz

Region of Convergence is that part of the z-plane for which X (z) is a convergent series.

ROC must include the unit circle in z for stability.

b)

4 3
+
z+ 02 z+5 )
v01) = din) + 4.- 0.2 'u(n - D+ 3.(- 5" lu(n - 1)
This is an unstable system because in order to be stable causal the ROC must included the
unit circle. In this case the ROCis 1z1> 5.

X)) = 1+

)y p=x-g

2) g=pzd +d,r
3) r=x+p7

4) v

Pz +yq

g=xdz" +xd, 2" —qz"'d, - qzd,

xd,z" +d,z° +d,
I+dz +d,z”°

y=(x—¢q)z7 +q
L diz+dz 7 +d,
. >

=xz + 2(1-z27)
l+d]z_'+a'zzf~ (

dy+d 4+
l+dz "' +d,7”

H(z)

This is an allpass filter
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