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E302 INSTRUMENTATION

1 A medical thermometer is designed using a diode-connected n-channel MOSFET oper-
ating in weak inversion. A constant current source of 1nA is applied to the MOSFET
and the resulting voltage drop is measured.

The MOSFET has a threshold voltage of ¥ = 0.1V. In this application it is operating in
the weak inversion region so that the I-V relationship of the diode-connected transistor
is similar in form to that of a bipolar transistor:
elVgs=Vr)
Ins = lpe™ #T , = SOUPA (1.1)
In the weak inversion regime the FET transit frequency is proportional to the drain bias
current:

. 8m 12

= =K-Ips , K=10""Hz/A. 1:2
Ir InCos DS zf (1.2)
The absolute zero temperature is —273.15 °C. The Boltzman constant isk=138x
10-23J/K. The electron charge is e = 1.6 x 107°C.

a) Draw a schematic diagram of the proposed thermometer. Assume the necessary
voltmeter is available. Write an expression for the voltage drop on the ther-
mometer as a function of temperature. Calculate this voltage drop ata nominal
human body temperature of T’ = 37 °C. [2]

b) Calculate the small-signal resistance of this thermometer at 7" = 37 °C. Write
an expression for the Johnson noise voltage developed on the thermometer.
Calculate the Johnson voltage noise at 7 = 37 °C. What is the measurement
bandwidth if it is determined by the pole formed by the forward resistance and
the gate-source capacitance of the FET? [5]

c) Write an expression for the shot noise amplitude of the current source over the
measurement bandwidth. Evaluate the shot noise amplitude at 7 =37 °C. [3]

d) Write an expression for the signal to noise ratio and evaluate it at the nominal
human body temperature. Use the Shannon formula to calculate the maximum
data rate in bits/s. [5]

e) Assume the voltmeter used to read this thermometer has a noise figure of N =
20dB. What is the resolution of the instrument (in bits) if 1 measurement/second
needs to be taken? 5]

[ Total: 20 ]
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b)

Instrumentation

The schematic of a generic Wheatstone bridge with arbitrary impedances on its
branches is shown of figure 2.1. Write an equation for the voltage developed
across terminals N3, N4 of the bridge if an AC voltage ¥ =V} is applied across
terminals N1 N2. [5]

Design a capacitance meter using a Wheatstone bridge with a null detector, as
follows: Use a fixed parallel resistor-capacitor network on branch Z2. Place
the unknown capacitor in parallel with a fixed resistor on a branch of your
choice. Use resistors for the remaining branches. Draw a schematic of this
instrument, including the driving source and the null detector. Write equations
for the balance condition for this instrument assuming a vector voltmeter is
used as a null detector. Which of the resistors needs to be variable if we wish
the unknown capacitance to be proportional to the resistance of the variable
resistor when the bridge is balanced? At what frequency should the bridge be
operated? [10]

Sketch the null detector voltage dependence on capacitance if an RMS volt-
meter is used as a null detector. What is the sensitivity of the bridge in this
case? What are the implications of using an RMS null detector in the presence
of noise? [5]

[ Total: 20 ]
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Figure 2.1 A Wheatstone bridge.
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3. The following components are available for the design of a frequency multiplier to be
operated from a 5V DC power supply.

a)

b)

¢)

Instrumentation

XOR gates, TTL counters and op-amps.
10pF and 100pF capacitors
10k , 47k and 100k£2 resistors

a VCO whose output frequency is f = 1kHz+V /27RC . Where V is the voltage
applied at the input of the VCO and R and C are a resistance and a capacitance
externally connected to the VCO. Please note that the VCO control voltage needs
to be smaller than the power supply.

Draw a schematic of a circuit that can multiply the frequency of an input signal
by an integer constant. [5]

Write the steady-state transfer function of the multiplier in part 3(a) above.
What should the loop filter be so that the multiplier can track a linear frequency
ramp applied to the input? Derive an expression for the steady state phase error
for a frequency ramp input. [8]

Design a multiply-by-16 frequency multiplier using only components from the
list. The input frequency is 1kHz < f < 10kHz. The multiplier should be ca-
pable of tracking an input linear frequency ramp. Calculate the gains of the
circuit blocks of this PLL. Calculate the steady-state phase error of this fre-
quency multiplier under a frequency ramp input of 100Hz/sec. What is the
steady-state phase error for this frequency multiplier for a step change in the
input frequency? [7]

[ Total: 20 ]



b)

c)

d)

Instrumentation

Draw a diagram for a dual-slope A/D converter and explain its operation. Sketch
important waveforms on the converter assuming a constant input. [5]

Derive a relationship between the maximum frequency and the maximum am-
plitude of the input signal to a dual-slope A/D converter. State any assumptions
made. Assume the comparator has an internal delay 6. Show that in the limit of
the input voltage being much larger than the reference voltage and with a very
fast comparator, the product of maximum frequency and maximum amplitude
of the input signal needs to be smaller than a certain constant. Calculate the
value for this constant. [5]

Draw a schematic of a first order ZA A/D converter. Identify all its components.
Write expressions for the transfer function of the signal and of the quantisation
noise in a ZA A/D converter. What is the transfer function of the signal to
quantisation noise ratio? What is the SNQR of the converter? It is given that
the SNQR of an N-bit Nyquist converter is SNOR =3 - priint [5]

Derive an equation relating the effective number of bits ofa XA A/D converter
to the signal bandwidth, sampling frequency and order of the loop filter (which
is assumed to be an ideal filter with N poles at zero frequency). Calculate the
required filter order in order to make a professional audio converter capable of
a 24 bit resolution at 96 k samples/sec. The clock frequency is 6.144MHz. Use
a 1 bit DAC. [5]

[ Total: 20 ]
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b)

Instrumentation

Draw the schematic diagram of a lock-in amplifier and identify all its sub-
circuits. Briefly explain the operation of a lock-in amplifier. [5]

A radiation meter has an output of 14V DC superimposed onto ImV S50Hz
RMS AC noise.

i) What is the initial signal to noise ratio of this measurement in dB?[3]

ii) Describe how a lock-in amplifier operating at 10Hz can be used to
measure this signal to 3 significant digits. Specify the first order filter
required to make this measurement. [6]

iii) How long would this measurement take to settle to 95% of its final
value? [3]

iv) What should the order of the filter be for the measurement to be pos-
sible in less than 1 hour? [3]

You may assume that any amplifiers you use are noiseless. State any other
assumptions you make.

[ Total: 20 ]

5/6



6. A collection of many data points {x;,y;} is available from a measurement. We need to
describe this data by a quadratic model y = ox? + Bsinx.

a) Derive an expression that needs to be minimised in order to *fit’ the proposed
quadratic model to the data. [10]
b) Derive expressions for the *best’, in the least squares sense, values of the coef-
ficients o, 3 . [10]
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Question 1: (computed example)

a)
VDD

D
ILy=Ie* ™ oy oy o5 [Iﬂ] _at T=37C
g I

Ve =0.1426.75mV x0.6908 = 0.1185V

b) Small signal resistance:
-1
Ry= iy =R i7 =26.75MQ
dng ql s
The noise bandwidth is B= £, =102-10” Hz =10’ Hz
Johnson noise is V, ,,c =V4kTRB =21.4uV [5]

c) Shot noise 1, =+/2el, B

This results to a voltage noise amplitude of

Vs s = Rpj2el, B =21.4uV
d) The total noise voltage is: ¥, =V} s +Vs s =220V

The signal to noise ratio is then (note that the threshold is an offset, so it cannot included in
the SNR):

22:10°°

-2\2
SNR = [M} =7.1s10° . The data rate is

D = Blog, (1+SNR) =1000*log, (7.1-10°) = 1944 bits/s [5]

If a 20dB noise figure is used to measure this, then SNR at rhe output of the amplifier is
SNR,,,,; =7.1:10°+0.01 = 7.1s10°. The number of bits follows from the Shannon capacity

formula (or if the student prefers, the quantisation noise formula)
N = Blog, (1+SNR) = 19bits

(5]
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ANSWERS

Question 2: (bookwork+ application of theory)

a) [bookwork]
N1
Zy Zs
N3 N4
Z, Y
N2

N1 is driving, N2 is ground N3-N4 is the null detector voltage.

N (A 70 I LT
NULL M s
Z+Z, Z,+Z, (2,+2,)(2,+2,)

b) [application of theory]
Use fixed R//C in branch 2 , and unknown C // known R in branch 4.

The balance condition is:
R,

2.7.-27,=0=>R R _p—
1+joR,C, 1+ joRC,

equate real parts: R R, = R, R;
equate imaginary parts: ®R,C R, R, = oR,C;R R, = C.R,=CR
It follows that R; needs to be made variable so that C, = R,/ R;.

The frequency has cancelled from the balance condition, so it appears not to be critical.

The best frequency, though, would be the fixed RC pole frequency.
[10]

c)

\Y
A
» Cx
With an RMS detector we expect a parabolic response curve. On balance the sensitivity
vanishes, so that in the presence of noise the instrument uncertainty is large. [5]
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ANSWERS

Question 3)

a) [bookwork]
VCO
(PREF(t) (fp o) " C KO/S f=N fREF
——— ?
= Il e ) e
d -
— 0 = N orex(t)
Frequency |,
divider 1I/N)|*
[5]
b) [bookwork+ application]
K,K,F(s) _ NKF(s)

P,
B(s)=Ltou = =
(5) o, s+K,KF(s)/N s+KF (s)

The steady state phase error is (by the final value theorem:
Sp =lim,__ ¢, () =lim,_s¢,(s)

and
€, (S) _ K,s
o,(s) s+K,K,F(s)/N
then,
o = lim_, s¢, (s) =lim,_, 50(s) &
. oo 7 s+K,K,F(s)/N

since the Laplace transform of the input phase disturbance is: L O(t)=d.t" = —naj , n=2
s

K. =lim as” U S S
s+ KK F(s)IN " s+KKF(s)/N " sK,KF(s)/N

It follows that F(s)=a/s, i.e. the filter must be an ideal integrator.

Sy = lim,_, 56(s)

[8]
¢) [computed example]
T
K,=—
10

K, = };TZ’ Since the maximum output frequency needs to be 160kHz=1 Mrad/s,

5K, >10° :>ESC—>105 — RC <5-107°. Choose R=47kQ , C =100pF . Then,
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ANSWERS

K =L=2.128-105de
RC

0

1
R.C. %

int ~int

The steady state phase error, if the filter transfer function is F(s)= (R, . C.are

the ideal integrator R and C respectively), is:
a aN  16x628x R, C,,

sK,KF,/Ns K,KF, x/10x2.128-10°

8¢ <1.5%x107 rad
The phase error for a step input change is zero. [7]

5@5‘3 = hmx—»u

Question 4:
a) [bookwork]

Analog Clock and control
input Switch control

|
I

\
y S1 \ & H Counter
:I / +

/;/ .................

Vref

A dual slope ramp converter integrates the input signal for a time t; and then subtracts from
it the integral of a fixed voltage until the output reaches again zero, which takes a time ta.
If an intermediate output Vi is reached after t; , if T is the integrator time constant then:

Vim‘ = t_IVm = E?;—Prr‘ef = I/I'H' = LZ-V-mf
o L
The logic times t; .
t |4
Knt:t_]Vm:_eref:IZ:tl_m_ [5]
T T I/ref
(b) [theory extension]

The total conversion time is : T'=¢,+¢, +3 so that the maximum input frequency is

1 1
Fe™

2(1,+1,+5) o [1+£+§—]
1

Vn’f rl

in the limit of input much larger than the reference voltage and negligible delays, this
reduces to:

v v
foi = Ztr; = fouVn = 2’? Which establishes the absolute upper limit for this quantity.
1

in 1
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[5]
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ANSWERS

(c) [bookwork]
Clock
+ Filter AD Vour (PWM)
H(s) Converter
Via(analog) T -
D/A
Converter
the signal transfer function is:
H{s
G (.s) = -——( )
1+ H(s)
while the quantisation noise transfer function is:
1
A8 | =——r
(%) 1+ H(s)

The SNQR transfer function will then be: Gy, = H(s).

If we require the signal to quantisation noise ratio at much a lower frequency fy (since,
after all we are sampling at a frequency that is much greater than the Nyquist frequency),
the in-band signal to quantisation noise ratio will approximately be:

Bppi 3029 e Y B (f) s
E(fm)( T )Hz(ﬁ) [5]

d) [bookwork+example]

assuming an ideal filter of order M, we can write:

‘H(s)}:ﬁ-ﬁ

E _ 3o22N'lfx H® (fN) _ 3,92 (LJMH
E(fN) ( fg\,r ]Hl(ﬂ) 3.2 _fN

if we define the oversampling ratio: OSR = £,/ f,, =2" then we can write
SNOR = 322" 12D from which it follows that
ENOB =N +k(n+1/2)

For the numbers given, OSR =2° = k =6, and we require
ENOB=24=1+6(n+1/2)= n=333. We need a 4" order filter

[5]
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ANSWERS

Question 5)
a) [bookwork]
Lock-in Amplifier 1
Input i
—>{ Sensor | LPF |——>
Observable output

A

R

Reference

input ! Reference

joutput

Phase lock 4@——————"%
"
]

The lock-n amplifier is a laboratory version of a chopper stabilized amplifier.
A very low LPF at the output allows arbitrary rejection of interference and/or noise.  [5]

:
1

I

1

1

[
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1

1

1
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1

I

I

1

!

1

1

1

1

(b) [Computed Example]

9
The initial SNR is: SNR = % =20log(107)=-60dB

—6

We can use an external 10Hz generator to amplitude modulate the input signal, and then
apply this to a lock-in instrument. The low pass filter must be such that at 50 Hz it provides
an attenuation of:

107
H(50Hz) = o 10°
For a 1% order filter this implies a settling time of
[
Af= 2210 _35.10°sec =9.7 hours
2

To do the measurement within an hour we need a filter of order N:
(07)" 210° , =100z, r<3600=

Inw+NIn3600>In10°= N >9.8

i.e. we would need a 10" order filter

[15]
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Question 6) [application]

The model is of the form
y=az+bw,z=x> ,w= sin(x]
We want to minimise the objective function:

fZZ(y,. -az, —bwi)2 =

gl=0=>2(y,.—azj—bw,)z, =0
a i

-g"%=0:>2(y,.~—az, —bw,)w, =0

sS4 Sawlr, [T
Yzw, YW [ﬁ]_ >y, -
nyzfzwf _Zyiwfzziwi

Zap (2o

ZZ,Z Zy‘.w,. - Zy,.zl.z W,
ﬁz i i i i

2
§ : 22 : 2 z :
z;. W’- —[ .‘Zj‘Wi.]
i i i

=

a
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