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(1)

Consider the system of interconnected tanks given in figure 1. The water levels
in the three tanks are 4;(¢), hy(t)and h3(t) metres respectively. Water from an

external source flows into the first tank at a rate g;,(z) ms™ . The object is to

maintain the water level /3(7) in the third tank close to a prescribed level A* by
controlling the flow rate gin(t).

Area A
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figure 1

The flow rates g;,(t)andg,3(7) between the tanks, and the flow rate qs3(t)
from the third tank are given by:

q12(t) =k(hy(t)—=hy(t))
g23(t)=k(hy(t)-hs(t))
qs3(t) =khs(t)

in which k is a constant. The cross-sectional area of each tank is A m”.

(a) By using the three heights as state-variables, derive a state-space model
for the system which relates the input g,,(#) to the output /,(z). [7]

(b) What is the constant input flow rate ¢* that results in the constant output
height h,(t) = h*? [3]

(©) The input flow rate g,(f) is now controlled according to the feedback
law: .

gnlt) = q* + F(h* - hy(1)).

What is the range of values of the gain parameter F for which the closed-
loop is stable? [10]
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(2) Large space structures have to be stabilised against vibration. One way to achieve this
1s to use a vibration absorber such as the one illustrated in Figure 2.
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figure 2
a) Derive a state-space model which links the input force F(z) to the structure
displacement x(z). [10]

b) Show that the structure may be represented by the feedback loop shown in

figure 3 below:

F(s) x(s) structure
G(s) §2 © acceleration

X (5)-x(s)
H(s) H, (5)

figure 3

and find G(s), H,(s) and H,(s). [8]

C) Briefly comment on the stability of this system - argue by analogy with electric
: circuits.  (Hint: What do you know about the stability of passive circuits -
circuits comprising inductors, capacitors and resistors alone?) 2]
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(3)

Consider an ecology that is comprised of rabbits and foxes. The number of rabbits is
denoted x;, and if left alone the rabbit population would grow indefinitely according to:

X ] = kx ] k>0.
However, with foxes present this equation becomes
Xp=hxp—axy,

where x, is the number of foxes — the foxes eat rabbits! Now, since foxes must have
rabbits to feed on, we have

X 9= —~hx 2+ bx ]-
a) What are the requirements on a, b, 4 and k for a stable system? [4]
b) What will bappen if k > h? [4]

c) Suppose a=b=2, k=] and h=4. What is the equilibrium composition of
rabbits and foxes? [4]

d) Suppose we take the rabbit food supply into account so that

J&] =]OC] —daxs +CIX3
J'C2 =bx1—hx2
X3 =—px; + fxs

where x; represents the supply of rabbit food. If k=1, h=3, f=-0.5 and
a=b=2, what values of y will cause the demise of the rabbits? [8]
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(4)  Consider the automatic gain control for the compact disc radial position loop illustrated
in Figure 4:

AUNENGN W/ RN K(S:;] Sl »(®
s

compensator plant

figure 4
The plant gain £ is unknown, variable, but always positive, while the compensator gain
K can be adjusted. The input to the loop is a sinusoidal “wobble” signal of the form
r(t) = sin wyt.
(a) Show that the transfer function between r(t) and e() is

e(s) _ s°(s+p)
r(s) $2(s+p)+kK(s+a)

[6]

(b) To ensure stability, show that the Compeﬁsator must be a lead network
and that the loop gain must be positive. [8]

(c) ~ The aim of the automatic gain control is to ensure the e(t) lags r(t) by 90
when r(z) = sin w,t. Find the value of the gain K that will achieve this.

[6]
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(5)

Figure

5 below shows a plant equipped with a temperature controller, K(s)=1/s7, and

which is subjected to disturbances D(s).

a) What is the value of 7 that will give the closed-loop system a gain margin of 3?
(8]
b) Find the transfer function that relates 6,(s) to D(s). [6]
b) Suppose the disturbance D(s) is sinusoidal with frequency 0.31/s.
How much will the feedback loop amplify the disturbances at this frequency.
[6]
D(s)
Oi(s)___ 3 ERN NN 5 > 6,(s)
l A st (1+s)(1+5s) -
figure 5
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