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1

(i)
(ii)

(iif)

(iv)

)

(vi)

(vii)

Consider the discrete-time system with the following input-output relationship

Ynl=2x[n]-x[n+1]-x[n-1]. (1)
Is this system linear and time invariant (LTI)? Justify your answer. '

_ _ (51
Find the impulse response #4[n] of the system and express it compactly in a mathematical form.
Sketch the impulse response.

[5]
Find the step response s[#] of the system and express it compactly in a mathematical form.
Sketch the step response.

[5]
By performing the discrete time convolution y[n]=x[n]*h[n] find the output y[n] of the
system defined in equation (1), when the input is the following signal

{L n=0,1
x[n]=

0, otherwise.

[5]

Consider a discrete signal x[n] with Discrete Time Fourier Transform (DTFT) X(e’?). Find
dx(e’®)
—

the time signal with Discrete Time Fourier Transform j

[S]
Find the frequency response of the system defined in equation (1). Find the amplitude and the
phase of the frequency response.

5]

Consider a discrete signal x[n] with z-transform X(z). Find the z-Transform of the signal
x[n—ny] with n, any integer.
5]

(viii) Find the z-Transform of the output y[n] of the system defined in equation (1) above, when the

input is the function x[n] defined in (iv).

5]
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¢
(a) Consider a discrete signal x[»] that is periodic with fundamental period N and Fourier Series

coefficients c,. Find the Fourier Series coefficients of the signal y[n]=x[n]-x[n—1] as
functions of the Fourier Series coefficients ¢, of the signal x[n].

171

(b) Let x[n] be a discrete periodic signal with fundamental period N =10 and Fourier Series

coefficients ¢, . Let
1, 0<n<7
x[n]=
0, 8<n<9
Also, let
y[nl=x{n]—x[n-1].
(i)  Show that y[n] has a fundamental period of 10.

[4]
(i) Determine the Fourier Series coefficients of y[n] from its samples.

(8]

(iif) Using the Fourier Series coefficients of y[#] and the result of part (a) above, determine the

Fourier Series coefficients ¢, of x[n], for ##0. Determine ¢, separately from the
samples of x[n].

(11]
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3.

(a) Consider a continuous time signal x(¢#) which is sampled uniformly with sampling period 7, to

obtain the signal x_(¢)=x(z) fé‘(z —kT,), where &(t) is the continuous time impulse function.

k=—m

Find the Fourier transform of the sampled signal x ().

[Hint: Use the Fourier Series representation of the function Eéf (t—kT,).]

k=—c0

[10]

(b) Consider a continuous time signal x(¢) with Fourier transform X (@)= H(ﬁ) where @ is
7 x10°

the angular frequency and Il(®) is defined as:
1 |eo|<05

0 otherwise

H(a))z{
We sample x(f) uniformly with sampling period 7, to obtain the signal

x, ()= x(t) 3 8(t — kT,).
k=—oo

(i)  Sketch the Fourier transform of x,(f) , X (@), assuming 7, = 0.1 ms.
[10]

(i) Sketch the Fourier transform of x (1), X,(w), assuming 7, =%ms. Comment on the

result. [10]
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4.
(a) (i)

(ii)

Find the analytical expression and the region of convergence (ROC) of the z-Transform of
the discrete signal x[n]=a"u[n+1], with a real and u[n] the discrete unit step function

{l, n=0
u[n]=

defined as

0, otherwise.

]

[6]
Find the analytical expression and the region of convergence (ROC) of the z-Transform of
the discrete signal x[n]=-a"u[-n—2], with a real and u[n] the discrete unit step

function.

[6]
; iz s : . B I
For parts (a) (i)-(a) (ii) you may wish to use the relationship Y x" = — if |x| «].
n=0 —X
(b) Consider a LTI system with input x{»] and output y[#n] related by the difference equation
9
yln] - Ey[n —1]+2y[n-2]=-7x[n]
Determine the impulse response and its z-Transform in the following three cases:
(i)  The system is causal.
(ii) The system is stable.
(iii) The system is neither stable nor causal.
Find the ROC of the z-Transform in each of the above cases.
(18]
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1. SGL Wl e J ZL (»-_]
Consider the discrete-time system with the following input-output relationship
y[n] = 2x[n] - x[n+1]-x[n—1]. (1
(i)  Yes, since if the inputs x,[n] and x,[n] produce the outputs y,[n] and y,[n] respectively, the
input a,x,[n]+a,x,[n] will produce the output a,y[n]+ a,y,[n]. Furthermore, if the input
x,[n] produces the output y,[n], the input x,[n — 7] will produce the output y,[n—n,].

151

(i) The impulse response of the system A[n] is defined as the output of the system when the input

28[n]-8[n+1]-d[n—1]
2

. This function is

is the impulse function &[n]. Therefore, A[n]=

shown below:

A h[n]

~ n
-1l 0 11
12

3]
(iii) Find the step response s[n] of the system and express it compactly in a mathematical form.
Sketch the step response. The step response of the system s[n] is defined as the output of the

system when the input is the unit step function  u[n].  Therefore,
s[n] = Zuln] ~uin ; -] . This function is shown below:
= 2u[-1]-u[0]—u[-2] 1
2 2
- 2u[0]—af1] —u[-1
sf07= 240 ”[21] U1l =% 4 s[n]
s[n]=0,n=1

121

5]
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(iv) ﬂﬂzﬂﬂ*mﬂ:xwpZﬂﬂ—5W+H—5M—H=2ﬂm—ﬂn+n—ﬂn—u

2 2
L 2-1-A0]-x-2] _ 1
W-1]= s e
_2x[0] =] =x-1] 1T
Mo]= s =3
C2a2]-a3]-a] _ 1
2] = 5 ==
_ _ [S]
W X@)= S = JEED 2 5 e = JEED - Fague
H=— da H=—n do

N=—w

. — . : dX(e’”)
Therefore, the signal with Discrete Time Fourier Transform

is the signal nx[n].

[5]
(i) Y(e?)=2X(e’?)-e’"X(e’)—e " X (/). The frequency response is
q

H(e’?)=2-¢’ —e® =2 -2cosw = 2(1 - cos w) . The amplitude response is the same and the
phase response is zero

[5]
(vii) ix[n -nylz" = i n—nyJz "z = 270 X(2)
. _ 5|
(vii) Y(z)=(1+z" ')2—‘Zéi
[5]
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2,

(a) x{n]: che-’.kw“n and x[n ]_ ZC e;kwn(n 1) ze r‘k‘i’oc e_jkﬁ)on
k=(N) k=(N) k=[N)

Therefore, x[n]—x[n-1]= Z(l e ) e’ and thus, the FS coefficients of the signal
k_

ﬂﬂ—xn—l]meﬂ—efmﬂq.

171
(b)

(i)  x[n] is periodic with period 10 and therefore x[n—1] is periodic with period 10. Hence,
yln]= x[n]— x{n —1] will be periodic with period 10.

[4]
(i) y[0]=x{0] - x{-1]=x[0]-x[9] =1
y[n]l=x[n]-x[n-1]=0,1<n<7
V(8] =x[8]-x[7]=-1
V91=x{9]-x{8] =0
p 1 - Jka 1 ~ ke, 0 — jkm, 8 1 _j_
,‘:__ u”:_l_ Skl _ mkdaty e 10
Nn% nk IO( ¢ ‘ ) ]0( )
8]
N S
(iii) ¢ =ﬁ(l—e 0 y=(-e Xi g =——7—
-k
l—e 10
gL 210
LU_NnEj}C[n] 10
[11]
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(a) The function f&(l —KkT) is periodic with period 7 and therefore, it can be written using

(b)
M

(i)

k=00
. . i o = e 2 .
Fourier  Series  representation  as Y o(t—kT)= Y ¢, o, z?ﬁ with
k=— k==wn
e
¢ - jg c‘;‘(t).«:'-"'J”“"-"'ah‘:l Therefore +Zmﬁ(t—;ki"): § 1 kot " fe"-’*‘“-" ® —2%
T 7 T i BT Face, - F°

(5]

Hence, x, (1) = x(?) +Zw ot - kT_g)=%;x(t) fe‘f’”*’ . The Fourier transform of x(f)e "' is

k=—o0 k=—am

k=+x
X(jo+ jko,) and therefore, X_‘_(ja))z% Y X(jo+ jko,)

k=—wn

[10]

In that case o, =27f, =2EL=10-271'] 0° and the Fourier transform X (@) is given in

5

Figure 2 below. [10]

In that case o, =27f, = 2:JrL - 23%103 =2.2710° —%2::1 0° and the Fourier transform

5

X, () is given in Figure 3 below. As we see there is aliasing since the sampling frequency

does not satisfy the Nyquist criterion according to which
o, =21f. 22Qrx10°) = £, 22x10° = T, =%£0.5x10_3 [10]
X(w)
A
1
>
-27x10° 27 x10°

Figure 1: Fourier transform X (@)

X(0)

?

v

@

—27x10° 27 x10° 2710x10°

Figure 2: Fourier transform X () for 7, =0.1ms
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X(w)

>0
—2x10% 27 x10° Zglst
4
. . 4
Figure 3: Fourier transform X (@) for T, = ?ms
5]
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@
(1)
I, n+120=>n=>-1
un+1]= )
0, otherwise.
X(2)= Ea”z_"za_lz+ ia"z_":a"z+ %(az'])"za"lz+ : — =£ = ,a‘<‘z|
n=—I n=0 n=0 l—-az az—a
[6]
(ii)
, —n-220=>n<s-2
u[-n—2]= ,
0, otherwise.
X(z)=- Sa"z™" =—§a_"z” =-§a""z" +1+a_lz=—§(a"z)” +1+a’'z
=—c n=2 n=0 n=(0
= __I +l+a'z=22 ,|z<‘a‘
l-a 'z az—a
[6]
(b)
Y(z)[lwgz_'+2z‘2]=—7X(z):>H(z): 1 =7 = 11 & i_])
1-—z")1-4z7") (Q-=2z" R
( - X ) ) )
__z & oz oz
1 -4 1 (z-9)
(z 2) (z 2)
(i)  The system is causal.
h[n]= (%)” uln]—8(4)" ulnl,|z| >4
(i1)  The system is stable.
h[n]= (%)’j uln]+8(4)" u[-n—1],|2| > % N ‘z‘ <4
(iii) The system is neither stable nor causal.
h[n]= —(%)” ul-n-1]+8(d)" u[-n-1], }z] < %
(18]
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