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1. Find the eigenvalues and normalised eigenvectors of the matrix

A=

O = W

1
3
0

oo

Using these, or otherwise, show that the matrix

1 01 1
P=— 01 -1
V2lvz o o
diagonalises A such that
5 00
P7'AP=10 40
0 0 2

2. Find the eigenvalues and normalised eigenvectors of the matrix

11 V11 0
A=| V11 10
0 01

By writing the quadratic form

Q = 11a? + 2Vl zy2g + 22 + 23

Q =z’ Ax,

where z = (27, z2, .’173)T, show that @) can be written in the diagonal form

Q = 12y2 + 43,

by finding a matrix P which satisfies ¢ = Py where y = (y1, 2, ¥3)7.
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3.

(i)

(i)
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The probability that an emitted particle will penetrate a certain shield is
p = 0.01 and the particles act independently. If ten particles are emitted, what
is the probability that

(a) none penetrate the shield,
(b) exactly one penetrates,
(c) at least two penetrate?

How many particles need to be emitted for the probability that at least one
penetrates to be greater than —%?

Diagnostic tests A (chemical) and B (physical) for metal fatigue are available.
The probability that A gives a correct diagnosis is pa, i.e. P(E4|mf) = ps and
P(E 4 |mf) = ps, where E4 = {test A positive} and mf = {metal fatigue present};
likewise, for test B, the probability of correct diagnosis is pg. Further,

the tests act independently in the sense that P(E4 N Eg|mf) = papp and
P(E4NEg|mf)=(1-p4)(1—pg). The proportion of metal samples that

are fatigued is q.

Calculate the probability that a metal sample for which both A and B give a
positive result actually has metal fatigue. = What is this probability if only A
gives a positive result?

4. An electrical power system is subject to random fluctuations such that the voltage V

at any instant has probability density f(v) = £71(1+v/£)~2 on (0, co) with £ > 0.

Find the distribution function of V and calculate the median voltage.  Evaluate

P(V>a+b|V >a), where 0 <a<b.

Now suppose that the voltage is recorded at the same time on n successive days,
producing independent readings vy, ..., vn.

Calculate the probability that all n voltages lie in the range (a, b).  For the case
n = 4 and £ = 3, calculate the probability that at most two of the readings fall
below the level a = 1.
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5. The random variable X has density function

flz) = %g%%—@ on (0, 00), with{>0.

Calculate E(X 1) and var(X 1), for which you may assume that

o0
/ e % dr = 7‘!/{“H for integer r > 0.
0

A random sample (1, ..., T,,) is obtained from the X-distribution. =~ Show that

1

the estimator ¢ = 2n~1 3° ; 27" is unbiased for £ and compute its mean-square

error. Is t consistent for £7

6. An MA(3) process is defined as

1
Yy = e + 567:—1 + Zet_z’

where {e;} is white noise with E(e;) = 0 and var(e;) = o?2.
Evaluate E(y;), var(y:) and cov(y:, yi—s) for s > 1. Is {y;} stationary?

Calculate the spectrum of {y;} and verify that {y:} forms a low-pass filtering of

{e:} .

END OF PAPER
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7. LAPLACE TRANSFORMS
5. INTEGRAL CALCULUS

(a) An important substitution: tan(8/2) =¢: Function Translorm Function Transform
ind =24/ 41, cond= (1= D/ 41, d0=2d/01 4. M) Fe =Rl af(0) +bolt) aF(s) +1G(s)
b) S indefinite inte :
(b} Some indefinite integrals o/ o) = 10 A»\\&» m:u?v o) - 110)
\?u -2~z = sin~! AMV v lzl<a. () Fls - a) L0 —dF(s)/ds
(8/0m)f(t, o) (3/0a}F(s, a) Jo f(0)t F(s)/s
2 23-1)2 oz T P 1/2
Jur s i i () =i+ (145)  p- - by F9GL)
1 1/s t"(n=1,2..) nl/s"t, (5> 0)
2 _ _2y=1/2 -1z z z? i . 2 2
.\Au —a%)”/dz = cosh AMV =In 7 + - ! . c°! 1/(s - a), (s > a) sinwt w/(s? +w?), (s v. 0)
coswt s/(s*+w?), (s>0) H(1t-T)= a—.. n M “ e Tls, (s, T>0)
z ]
\.? +2Y) "z = A Vpﬁ. Amv .
8. FOURIER SERIES
6. NUMERICAL METHODS If f(z) is periodic of period 2L, then f(z +2L) = f(z),and
(a) Approximate solution of an algebraic equation:
nrr E |
If a root of f{z) = 0 occurs near z = a, take 2o = a and f(z) = |=o + MU a, cos — MU basin , where

ITngl = Tn~ :.AH:V\\.AH-_V—. n=0,1,2...

{Newton Raphson method).
nrz

L
(b) Formmulae for nuinerical integration: <<:S Zpa=zo+nh, ya=y(z,). W=7 \ J(z) cos |||5... n=012..., and

i. Trapezium rule (1-strip): [ y(x)dz = (h/2) {yo + w] .

e

nrr

ii. Simpson's rule (2-strip): [ y(z)dz = (h/3) o + 41 + va] . b = M.\r f(z)sin Ikh hel23
=T L ' =1,44,...

(¢) Richardson’s extrapolation method: Let / = b. f(z)dz and let 1, I; be two

estimates of 7 obtained by using Simpson's rule with intervals & and h/2. Parseval's thearem

Then, provided A is small enough, o \ () dz = Mcu. W Aaw. + &.v .
Iy+ (I, - I)/15, e

is a better estimate of /.





