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[E 2.9 (Maths 4) 2007]
SECTION A

1. Find the eigenvalues and normalised eigenvectors of the matrix

310
A= 13 0].
0 05

Using these, or otherwise, show that the matrix

1 1
1 -1
0 0

diagonalises A such that

2. The quadratic form
Q = Tz? + 2V7 2129 +2:§ + 7}
can be written, in matrix notation, as
Q = zT Az,
where A is a 3 x 3 symmetric matrix and & = (z;, T3, z3)7 .
(i) Find the matrix A, and its eigenvalues A;, Az, and A3 and normalised eigen-

vectors ai, as and asg.

(i) Now form the 3 x 3 matrix P = (a1, a3, a3). Show that it is orthogonal,
ie. PT=p1,

(iif) If new variables y = (y1, Y2, y3)* are chosen such that = = Py, show that
@ can be written as

Q = nvf + Xyl + N
(iv) Find also the components y; in terms of ;.

PLEASE TURN OVER
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SECTION B

3. (i) Suppose that a system consists of ¥ components in parallel, i.e. it functions

(i)

as long as at least one of the components functions. Suppose that the states
of the components are independent and that each component functions with
probability %.

(a) What is the probability that the system functions?

(b) It is required that the system will fail with a probability of less than 1/1000.
How many components & need to be used?

Consider a system in which there are three components with component 1
parallel to the serial components 2 and 3 as in the sketch.

Suppose that the failure times of the components are independent and follow
an exponential distribution with parameters Ay = 3, A3 = 2 and A3 = 1,
respectively.

(a) What is the probability that the system fails before a specified time ¢?
(b) What is the median of the failure time distribution of the system?
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4. (i) The discrete random variable X has probability mass function
p(z) = kz for z = 1,2,3,4,

and p(z) is zero for other values of z.

(a) Show that k= .
(b) Calculate the mean and the variance of X.
(c) Find cov(X, —5X).

(ii) The continuous random variable Y has the probability density function

) = £@P+y) foryin(0,2)
0 for y outside (0, 2)

(a) Calculate the mean and the variance of Y.

(b) Find E[{Y(1 + Y)}!].

5. At Random University, students have to pass an oral examination. The examinations
are spread out over 20 days. On any given day the examiner is one of the Professors
A, B and C. Professor A examines on 5 days, Professor B on 8 days and Professor C
on 7 days. It is known that 12% of the students fail when the examiner is Professor
A, 11% if the examiner is Professor B and 10% if the examiner is Professor C. We
observe one of the 20 days. Consider the event D that exactly one of the three
candidates examined on that day fails.

(i) Compute the conditional probability of D given that Professor A was the ex-
aminer.

(i) What is the probability of the event D?

(iii) What is the probability that Professor C was the examiner given that D oc-
curred?

PLEASE TURN OVER
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6. The random variables X; and X are independent and each is uniformly distributed
on [0, 8] for some 6 > 0.

(i) Let W = max(Xl,Xg).
(a) Find the cumulative distribution function Fyy of W.
(b) Show that for z € [0, 8] the probability density function of W

¢ 2z
s fw(z) =75 -
(c) Find the expectation E(W) and the variance Var (W) of W .

(ii) Consider the two estimators

S = gmax(x;,x:g) and T = X; + X,5.

(a) Show that both S and T are unbiased estimators for 6.

(b) Find the variances of S and 7. Which estimator is to be preferred?

(iii) Find the maximum likelihood estimator of 6.

END OF PAPER
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Probabilities for events

For events A, B, and C P(AUB) = P(A)+P(B)—-P(ANnB)

More generally P(U Ai) = ZP(A,-) - ZP(A,- NA4;)+ z P(AiNAjNAg)—---
The odds in favour of A P(4)/ P(4)

Cenditional probability P(Al B) = %J%-B—) provided that P(B) >0
Chain rule | P(ANBNC) = P(A)P(B|A)P(C|ANB)
Bayes' rule P(A [ B) BLAIFLE [ﬁ) =
— P(A)P(B|A) + P(A)P(B|A)

A and B are independent if P(B| A) = P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(ANB) = P(A)P(B), P(BNC) = P(B)P(C), P(CNA) = P(C)P(A)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is called the
probability mass function (pmf) and is the complete set of probabilities {pz} = {P(X = z)}

Expectation E(X) = p = prz

For function g(z) of z, E{g(X)}= Zg(m)pz, so E(X?= Z r’p,

1 .
Sample mean T = — Ewk estimates p from random sample z1,Z3,...,Zn
FEMIEIE ey f
k .

Variance var(X) = o* = E{(X —p)’} = E(X?) - u?

2
(ij) } estimates o2

J

3|~

n—1

. 1
Sample variance  §* = {Z T8 —
k

Standard deviation sd(X) = ¢

If value y is observed with frequency n,

n=Sny, Yo=Y yny, Y.TE=) yny
v k v k v

g

4 = 4

— 1 i
Kurtosis [z = E(X #) =3 is estimated by —— (I‘ a:) -3
e g n—1 E

— g\ 3 . 7\ 3
Skewness (1 = E(X ,u.) is estimated by % (1‘:8 I)

Sample median % or Tmeq. Half the sample values are smaller and half larger

If the sample values z1, ..., Zp are ordered as z() < Z(z) <+ -+ < Z(n),
then Z = T(atl) ifnisodd, and T = %(m(%) + m(#)) if n is even



a-quantile Q(c) is such that P(X < Q(a)) = «

Sample a-quantile @(a) Proportion « of the data values are smaller

Lower quartile Q1 = Q(D.25) one quarter are smaller

Upper quartile Q3 = Q(0.75) three quarters are smaller
Sample median % = Q(0.5) estimates the population median Q(0.5)

Probability distribution for a continuous random variable

The cumulative distribution function (cdf) Flz) = P(X<z) = f F(zo)dzo

The probability density function (pdf) =) = e

BX) == [ afle)s, var(X)=o® = B~ 2 where BX?)= [~ o f(a)ds

—0Q

Discrete probability distributions

Discrete Uniform Uniform (n)

pF% =15 000) p=(n+1)/2, o?=(n2-1)/12

Binomial distribution Binomial (n, )

pz=(n) (1-6"7 (£=0,12,...,n)  p=nf, o*=nf(1-0)
T

Poisson distribution Poisson (A)

Aee~A
Dz = =

(z=0,1,2,...) (with A>0) p=2A, of=)

Geometric distribution Geometric (6)

1 1-46
pz=(1-021 (r=1,2.3,...) p=3, 00 =—F7—
6 6
Continuous probability distributions
Uniform distribution Uniform (e, §)
1
F—n (@<z<p), p=(a+p)/2, o*=(B-a)?/12
flz) =
0 (otherwise).
Exponential distribution Ezponential (A)
de—AT (0 <z < 0), p=1/x, c2=1/)2

f(z) =

0 (—o0 <z L0).



Normal distribution N (u,0?)

flz) = \/Zir_aiexp{—l(m_#)z} (-0 <z <), EB(X)=4p, var (X) = o

Standard normal distribution N(0,1)

If X is N(u,0?), then ¥ = e is N(0,1)
o

Reliability

For a device in continuous operation with failure time random variable T having pdf f(t) (¢ > 0)

The reliability function at time ¢ Blf) = P'>1)

The failure rate or hazard function ~ h(t) = f(£)/R(¢)
t

The cumulative hazard function H(t) = / h(to)dte = —In{R(t)}
0

The Weibull(a, 8) distribution has ~ H(f) = ft®

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device i operates”)
The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(D1ﬂpzﬂ-'-ﬂDk) = RiRy--+ Ry
A system of devices in parallel operates if any device operates

R=P(91UD2U---UD;;)=1—(1-R1)(1—*R2)---(1-Rk)

Covariance and correlation

The covariance of X and Y cov(X,Y) = E(XY)-{EX)HE()}

From pairs of observations (Z1,¥1)--+»(Tns¥n) Szy = Ezkyk - %(Zmi)(Zyj)
k b

i

1 1
Sz = Zﬁi—;(zfﬂi)z: Sy = ZyE—E(Zyj)z
k i k J

1
Sample covariance Szy = Szy estimates cov (X,Y)
X
Correlation coefficient p = cor(X,Y) = ﬁ-—;,d%
S.
Sample correlation coefficient r = —2_ estimatesp
V/SzzSyy




10.

11.

12.

Sums of random variables

EX+Y) = EX)+E(®Y)

var(X+Y) = var(X)+var(Y)+2cov(X,Y)

cov(aX +bY, cX+dY) = (ac)var (X)+ (bd) var (Y) + (ad + be) cov (X,Y)
If X is N(u1,0%), Y is N(ua,03), and cov (X,Y) = ¢, then X+Y is N(u1+p2, 02403 +2¢)

Bias, standard error, mean square error

If ¢ estimates 8 (with random variable T giving t)

Bias of ¢ bias(t) = E(T) -8
Standard error of ¢ se (t) = sd(T)

Mean square error of t  MSE(t) = E{(T—0)*} = {se (£)}? + {bias (¢)}?
If T estimates p, then bias(T) =0, se(Z) =c/vn, MSE(Z)=0c%/n, & (T)=s/y/n

Central limit property  If n is fairly large,  is from N (g, o?/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.

For a random sample z1,%3,...,Zn
20 21, %2,004i8s) = PXi=m J ) -+ P(Xn=12q | ) (discrete distribution)
£6; z1,22,...,2n) = f(z1 16) f(z2|6) - Flza | 6) (continuous distribution)

The maximum likelihood estimator (MLE) is 8 for which the likelihood is a maximum

Confidence intervals

If 21,%3,...,Tn are a random sample from N(u,0?) and o2 is known, then
the 95% confidence interval for p is (T — 1.96%, zZ 4 1.96%)

If o2 is estimated, then from the Student t table for ¢t,—1 we find tg = tn—10.05

A s
The 95% confidence interval for u is (T — tO%, T+ tnﬁ)



13.

Standard normal table

Values of pdf ¢(y) = f(y) and cdf @(y) = F(y)

y o) @) | v o 2@ |y ¢ 2Ww| vy 20
0 .399 5 9 266 .816|1.8 .079 .964 |28  .997
1 397 540 | 1.0 242 .841 |19 .066 .971 |3.0  .999
2 391 579 |11 .218 .864 |20 .054 .977 |0.841 8
3 381 618 |12 .194 .885 |21 .044 .982 |1.282 .9
4 368 .655 |13 .171 .903 |22 .035 .986 | 1.645 .95
5 352 691 |14 .150 .919 |23 .028 .989 |1.96 .975
6 333 726 |15 .130 .933 |24 .022 .992 | 2326 .99
7 312 758 | 1.6 .111 .945 |25 .018 .994 | 2.576 .995
8 200 .788 |17 .094 .955 |2.6 .014 .995 |3.09 .999

14. rStudent t table

Values tp, , of z for which P(|X| > z) =p, when X is

m p=0.10 005 002 00l |m p= 0.10 0.05 0.02 0.01

1 6.31 12.71 3182 6366 | 9 183 226 282 3.25

2 2092 430 696 9.92 |10 181 223 276 3.17

3 235 318 454 584 |12 1.78 218 268 3.05

4 2.13 278 375 460 |15 175 213 260 295

5 2.02 257 336 4.03 |20 172 2.09 253 285

6 194 245 314 371 |25 171 206 248 278

7 1.80 236 3.00 3.50 |40 168 202 242 270

8 1.86 231 290 336 | 1.645 196 2326 2576

15. | Chi-squared table | Values xﬁ,p of z for which P(X > z) = p, when X is x§
and p = .995, .975, eic

k .995 .975 .05 .025 .01 005 | k 995  .975 .05 .025 .01 .005
1 .000 .00l 384 502 663 7.8 |18 6.26 8.23 28.87 31.53 3481 37.16
2 010 .051 599 7.38 921 1060| 20 7.43 0.59 31.42 34.17 37.57 40.00
3 072 216 7.81 935 11.34 1284 | 22 8.64 10.98 33.92 36.78 40.29 42.80
4 207 .484 9.49 11.14 1328 14.86 | 24 9.89 12.40 36.42 39.36 42.98 4556
5 412 .831 11.07 12.83 15.09 16.75| 26 11.16 13.84 38.89 41.92 4564 4829
6 676 124 1259 14.45 16.81 1855 | 28 1246 15.31 4134 4446 48.28 50.99
7 990 1.69 1407 16.01 1848 20.28 | 30 13.79 16.79 43.77 46.98 50.89 53.67
g 1.34 218 1551 17.53 20.09 21.95( 40 20.71 24.43 5576 59.34 63.69 66.77
9 173 2.70 16.92 19.02 21.67 2359 | 50 27.99 32.36 67.50 71.41 76.15 79.49
10 2.16 3.25 13.31 2048 2321 2519 | 60 35.53 40.48 79.08 83.30 88.38 91.95
12 3.07 440 21.03 23.34 2622 2830 | 70 43.28 48.76 90.53 95.02 100.4 104.2
14 407 563 23.68 2612 20.14 3132 | 80 5117 57.15 101.9 106.6 1123 1163
16 5.14 6.91 26.30 28.85 32.00 3427|100 67.33 74.22 1243 129.6 135.8 1402




16.

17.

18.

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7, for every group exceeds about 5.

2 (ﬂ'y =T ﬁy)z . 2 . i ‘
X = Z -———ﬁ—-y--— is referred to the table of x¢ with significance point p,
y

where k is the number of terms summed, less one for each constraint, eg matching total frequency,

and matching T with u

Joint probability distributions

Discrete distribution {pzy}, where pzy = P({X =z} N{Y =y}).
Let DPze = P(X = x)| and p.y = P(Y = y), then

Pze = Z‘pzy and P(X:xJY:y) = Pzy
y Daey

Continuous distribution

T Y
Jointcdf F(z,y) = P(X<z}n{Y<y}) = /sc fy f(2o ,30) dzo dyo

g=—0c0 g=—0C

d?F
Joint pdf flz,y) = _da:(zf;y)

Marginal pdf of X fx(x) = / f(z,y0) dyo

Conditional pdf of X given Y =y fxr(zly) = f?iif(fjl (provided fy(y) > 0)

Linear regression

To fit the linear regression model y=a+fz by =20+ Eo: from observations

=~ = S.
(1,91)s---, (Zn,yn), the least squares fit is @ =7-%8, B = S_”y
Iz
52
The residual sum of squares RSS = Sy, — S—”
- i
o = RRES2 £ — o2 is.from e
E@) = a, E@) = B,
2 _ 2 -
(@) = 2200, @) = £, @B = -z
- 1 =2
Yz =0+ Pz E(Yz) =a+ Pz, var (Jz) = {_+(x 7) }0'2
n Sz
Sl E_ﬁ At are each from t,_2
€@’ =@’ 5€ (¥:) e
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EXAMINATION SOLUTIONS 2006-07 Course
EE2(4)
Question
3 Marks &
seen/unseen
Parts
(i) () |
W
P(system functions) = 1 — P(all components fail) |
k SPPZ/L
= 1- HP(component i fails) _
i=1 S)M{&U({/
k
= 1- H(l — P(component 7 functions))
i=1
: 3
= 1- 1—= ) =1-47*
5
(b) |Want: P(system fails) = 1 — P(system functions) = 47% < . 2 U
This is equivalent to 4% > 1000. ynseen
Hence, klog,p4 > 3 and k > 3/ log;, 4 ~ 4.98. 2
Since k needs to be a natural number, at least 5 components are needed. 1 ’T

(check:4~° &2 0.00098)

Let C; denote the event “component 7 fails before time ¢".
From the formula sheet: P(C;) = 1 — exp(—Ait).
Using the system structure and the independence we get

P(system fails before time t) = P(C; N (C; U Cs))

= P(Cl) P(Cy U Cs)
=P(C1)(1 - P(Can Cs))
= P(C,)(1 — P(C3) P(C3))

= (1 — exp(—3t))(1 — exp(—2t) exp(—1t)) :

= (1 — exp(-3t))*

Need to solve (1 — exp(—3t))% = 0.5 for t, where we know that ¢ > 0.
This results in ¢t = —1 log(1 — v/0.5) = 31og(2 + v'2)(= 0.409).

4
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EXAM[NAT'ON SOLUTIONS 2006-07 Course
EE2(4)
Question
4 Marks &
seen /unseen
Parts
(i) (a)|k needs to be chosen such that 35 p(i) = 1. 1
Hence, 1= "7 ki = k(1 +2+3+4) = 10k. Thus k = 3. 1
(b) |B(X) =S¢ ip(d) = S5, 4%/10 = (1 + 4+ 9+ 16)/10 = 3 2
Var(X) = E(X?) - (BXX))* =Y i'p(i) - 3 Seén
\ o
= Zi3/10—9=(1+8+27+64)/10—9=1049=1 QWWK/
i=1 i
(c)|cov(X, —5X) = =5 cov(X, X) = —5 Var(X) = —5. 3
(i) (@)
E(Y) =f: yf(y)dy = /0 Yy (0’ +y)dy = Ey“ % éy:’} »
316 8 6 4 10
4 [z 5| =77 71
3
Using
E(Y?) = /_z v fy)dy = /G y213—4(y2 +y)dy = % [%3;5 + %yﬂ .
332 16] 48 6 78
=14 I:? + -4*} = 35 + 7= g(z 2.229)
we get
Var(Y) =E(Y?) — (E(Y))? = 78/35 — 100/49
=(546 — 500)/245 = 46/245(~ 0.188).
i
() E{(Y(1+Y)}] =f2(y(l +9)) ' fy)dy L
0 (nseen

—f( (149) Sy(1 +9)d —fz—:’ld -;
=) W+ gy vdy= | qW=7
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Question
Marks &
5
seen/unseen
Parts
(i) Let X denote the number of students that fail on this day. Conditional on f
Professor A being the examiner, X follows a Binomial distribution with L/
parameters n = 3 and p = 0.12. Hence, letting A denote the event that
Professor A is the examiner, we get
P(D|A) =P(X =1|A4) = (})p(1 — p)? =3-0.12- 0.88% ~ 0.279. 6
(i) By the law of total probability,
P(D) = P(DI4)P(4) + PIDIE)P(5) + PLDIC) P(0) N
5
—PDA PDB +PDC -
where B (resp. C) denotes the event that Professor B (resp. C) was the
examiner.
Similar to the computation of P(D|A) we get
P(D|B)=3-0.11-0.89% ~ 0.261 and
P(D|C) =3-0.1-0.9% ~ 0.243.
Thus P(D) = 0.259. 8
(iii) Using Bayes rule,
P(CNnD) P(D|IC)P(C) 0.085
P(C|D) = = ~ ~ 0.328.
P(D P(D 0.259
D) D) ~
6
i
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Question
Marks &
6 seen/unseen
Parts
(i) (a)|By the independence of X; and X, for 0 <z <0, d/

—
o
el

—_
0
S—

(iif)

P(W < z) = P(max(X1, X2) < )
<$ X2<$) P(Xl__ )P(XQSIL')

P(X,

z
()"
Furthermore, Fiy(z) = 0 for z < 0 and Fy(z) =1 for z > 6.

Hence, for z in [0,6], fw(z) = & Fw(z) = 2§ and for all other values of z,

fw(z)=0

(It is irrelevant how fy (z) is set at =0 and z = 6.)

Fw(z)

H

fo zfw(z)dr = 9 2md$ 23200 = 38
= fo 2’ fw (z)dz = f093:2§—§d3: Z[22%0 = 21gt = "’2_2
and thus
2 2 92 2 4 1 9 9
Var(W) = E(W?) - (B(W))* = 5 — ( 56| = 150°(~ 0.0556¢%).
E(S) =E(EW)=2E(W) =220 = 0 and

E(T) =E(X: + X;3) = E(Xl) + E(X,)=£2+¢=0.
Var(S) = Va,r(BW) ) Var(W) 211892 =1
Since X; and X; are mdependent Var(T) = Var(X;) + Var(X3).

Var(X,) = E(X2) — f L B (-)2

=[x 3/(39)155 0—92/4_93 360) — 62/4 = 62/12.

As X, and X, are identically distributed, Var(Xs) = Var(X;).

Hence, Var(T') = 2 Var(X;) = 6%/6. '

Both S and T are unbiased estimator of #. As S has the smaller variance, S
is to be preferred.

The density (likelihood) of the observations 1, z3 is fx, x,(T1,Z2) = 7
if both z;, and z, are in [0, 6]. Otherwise, fx, x,(Z1,22) = 0.

Hence, fx, x, is maximised if § is minimal subject to the constraint that
6 >z, and 8 > x».

Hence, the maximum likelihood estimator is max(X;, X»).

9¢
g/wu[uf(y

3
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