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SECTION A

1. Consider a real n X n symmetric matrix A with distinct eigenvalues A; and corre-
sponding normalized eigenvectors e; fori =1, ... n.

(a) Show that all the A; are real.

(b) Show that the eigenvectors e; obey the orthogonality relation
T . 1, i= .7 y
sl { 0, i#j].
(c) Show that the mn x n matrix P ={ejez... ey} satisfies the relation
PrP = |,

where I is the m X n unit matrix.

2. Show that the quadratic form
Q= 4z§ - 4z175 +335 + 622

can be written as
Q = zTAxz,

where z = (z1, 2, :cg)T and A is a real symmetric matrix, which is to be found.
Hence show that () can be re-expressed in the diagonal form
Q = My + My + A3ui,

where the \; are to be determined, by finding a matrix P that satisfies ¢ = Py
where y= (yls U2, US)T‘

Find yi, y2 and y3; in terms of z;, 23 and 3 from the matrix P.

PLEASE TURN OVER
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SECTION B

3. (i) The discrete random variable X takes values 0,1 and 2 with probabilities 1/2,
1/3 and 1/6, respectively. A second random variable X5 takes values 1 and 3
with probabilities 1/4 and 3/4, respectively, and is independent of X;. Compute
the probabilities:

(a) P(X1 + X2 = 3)
(b) P(3X1/X> < 2)
(ii) The probability that a job running on a CPU (Central Processor Unit) will fail

has been estimated to be ¢ = 0.05. Assume there is a cluster with n =10 of
these CPUs all working independently. What is the probability that:

(a) no jobs fail?
(b) exactly one job fails?

(c) at least one job fails ?

(iii) The breakdowns of a piece of electrical equipment occur in a Poisson process
of rate A = 0.1 per year. Find the probability of:

(a) one breakdown in 5 years;

(b) no more than 2 breakdowns in one year.
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4. (i) Let the positive random variable T represent the lifetime of an electrical com-
ponent.

(a) Carefully define the hazard function A(t) of the component.

Now suppose that the distribution of the lifetime is exponential, so that the
probability density function is f(t) = e *, t > 0.

(b) Show that, for s,¢ > 0, T is memoryless, that is

P> et | D3l =BT >.4.

(c) Calculate the hazard function in this case, and interpret the answer.

(ii) Let the independent positive random variables T4 and Tp represent the
lifetime of electrical components A and B, respectively.

(a) If fr,(t) and fry(t) are the probability density functions for T4
and Tp, respectively, what is the joint probability density function fr, 75 (¢4, tB)
for T4, TB?

(b) Show that the probability that A fails before B is given by

fow Fr, (t) frg () dt.

(c) Assuming that T4 and T both have exponential failure time distribu-
tions, i.e.

Age~at if ¢t >0, Ape™8t i t >0
t) = - and t = ==
il {0 otherwise , s (i {0 otherwise

with A4, Ap > 0, find the odds ratio

P{ A fails before B } / P{ B fails before A } .
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5. (i) A certain process for producing an industrial chemical yields a product con-

(i)

(i)

taining two types of impurities. For a specified sample from this process, let
Y; denote the proportion of impurities in the sample and Y3 the proportion of
type I impurity among all impurities found. Suppose that the joint distribution
of ¥; and Y can be modelled by the following probability density function:

20-y1) 0<y1 <1, 05y <1,
0 otherwise .

iy (1, 92) = {

Find the expected value of the proportion of type I impurities in the sample.

Two brands of CPU processors, denoted A and B, are each guaranteed for
one year. In a random sample of 50 CPUs of brand A, 12 were observed
to fail before the guarantee period ended. A random sample of 60 brand B
CPUs also revealed 12 failures during the guarantee period. Estimate the 98%
confidence interval for the true difference between proportions of failures during
the guarantee period.

Let Xi,...,X, be iid random variables from a Poisson distribution with
unknown parameter A. Assume n > 2.

a) Showthat Ay = 21 3% X; and A = 1 (X1 + X;) are both unbiased
n =1 2
estimators of A.

(b) Which estimator is more efficient? Justify your answer.

An MA (3) process is defined as

1 1
Yy = et + §6t—1 I Zet—2:

where {e:} is the white noise with E(er) = 0 and var(e;) = o7

(a) Evaluate the expected value E(y;) and variance var(y:).
(b) Evaluate the covariance cov(ys, yi—s) for s> 1.

(c) Is the process {y;} stationary? Justify your answer.

END OF PAPER
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Probabilities for events

For events A, B, and C P(AUB) = P(A)+P(B)—P(ANB)

More generally P(U 4;) = Y P(A) =D P(AinA)+> P(ANANA)—---
The odds in favour of A P(A)/ P(A)

Conditional probability P(A|B) = % provided that P(B) >0
Chain rule P(ANBNC) = P(A)P(B|A)P(C|ANB)
e i P(4]B) P(4) P(BP’Cj)) TBJS!(%)) P(B|2)

A and B are independent if P(B|A) = P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(AnB) = P(A)P(B), P(BNC) = P(B)P(C), P(CnA) = P(C)P(A)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is the complete set of
probabilities {p,} = {P(X = z)}

Expectation E(X) = p = Y zp,

T

1
Sample mean T = = Zxk estimates 1 from random sample zi,2s,...,2,
k .
Variance var(X) = o2 = E{(X—u)*} = E(X?) — u? where E(X?) =Y 2’p,
- 2 1 2 1 2 - 2
Sample variance s* = — > a} — = Y.z estimates o

J

Standard deviation sd(X) = o

If value y is observed with frequency n,

s D B Y i Y Zﬂf'i:Zyzﬂy
v k y k v
For function g(z) of z, E{g(X)}=>_ 9(z)pz
X — 1 z; — T\3
is estimated b .
> ) is estimate yn—lz( )

_ 4 w4
Kurtosis B = E(X ﬂ) —3 s estimated by ! 3 Z(mi x) -3
P — n_

3

=

Skewness (; = E(

o



Sample median Z. If the sample values z;, ..., T, areordered z(;) < zg) < +++ < 2y

T = zap ifnisodd, and Z = 3 (z(3) + T(ag)) ifniseven.
a-quantile Q(a) is such that P(X < Q(a)) = «

Sample a-quantile Q(e) is the sample value for which the proportion of values < Q(a) is

a (using linear interpolation between values on either side)

The sample median T estimates the population median Q(0.5).

Probability distribution for a continuous random variable

The cumulative distribution function (cdf) Flz) = PIX<3) = /m f(zo)dzo
To=—00

The probability density function (pdf) Sflz) = d];'i:r)
BX) = p = [af@)e, ver(X) = o = B(XY) - 4

(=2}

z? f(z)dz

where E(X?) = f

Discrete probability distributions

Discrete Uniform Uniform (n)

1
p=— (@=12...,n) p=in+1), o?=3 @ -1

Binomial distribution Binomial (n,6)

Py = (n) G%(1L=8)"* (2=0,1,2,:..,n) p=mnd, 0>=nd(1-06)
z

Poisson distribution Poisson ()

ATe=A . 5
P =0 (£=10,1,2,...) (with X5 0) p=A, o"=2A
Geometric distribution Geometric ()
z— 1 5, 1-9
B; =(1—8'0 (£=1,2,8,...) psgy O S
Continuous probability distributions
Uniform distribution Uniform (e, )
1
= f(e<&<f), p=(a+0)/2,
f@) = ¢ #F-e
0 (otherwise). o = (8 — a)?/12.



Exponential distribution Exponential (\)

A2 (0< 2 < o0), n=TiA,
flz) =

0 (—o0 <z L0). o= 1/RR,

Normal distribution N (u,0?)

flz) = 2irazexp{~%($;“)2} (—00 < z < 00)
E(X)=pu, var(X)=o?

Standard normal distribution N (0, 1)

If X is N(g,0%), then ¥ = 2" is N(0,1)

o

Reliability

For a device in continuous operation with failure time random variable T' having pdf
f&) >0)
The reliability function at timet  R(t) = P(T >t)

The failure rate or hazard function h(t) = f(t)/R(t)
£

The cumulative hazard Ht) = f h(te)dty = —1In{R(t)}
0

The Weibull(a, §) distribution has  H(t) = ft*

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device i operates”)
The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(D10D20'“0Dk)=R1R2"'Rk
A system of devices in parallel operates if any device operates

R=P(D1UD2U“‘UD};)=1—(1—Rl)(l*—R2)"'(1—Rk)

Covariance and correlation

The covariance of X and Y cov(X,Y) = EXY)—-{EX)HE®Y)}



10.

11.

1
From pairs of observations (z1,%1), ..., (Tn,¥n) Sey = 9 Tk¥k — E(in)(Zyj)
k i J

1 1
Ser = Zzi—g(zw% Sy = Zyi*-;(z:t}j)z
k i J

k

1
Sample covariance Soy = 7 Szy  estimates cov (X,Y)
o XY
Correlation coefficient p = corx(X,Y) = 2 dc(c;)( 3 ()Y)
Sample correlation coefficient r = ——=2— estimates p
DSy

Sums of random variables

EX+Y) = EX)+E®Y)
var (X +Y) = var(X)+var(Y)+2cov(X,Y)

cov (aX +bY, cX +dY) = (ac)var (X)+ (bd)var (Y) + (ad + bc) cov (X,Y)

If X is N(u1,0%), Y is N(ue,0%), and cov (X,Y) = ¢,
then X +Y is N(uy + po, 02 + 0% + 2¢)

Bias, standard error, mean square error

If ¢ estimates 6 (with random variable T' giving t)
Bias of ¢ bias(t) = E(T)-—90
Standard error of ¢ se(t) = sd(T)
Mean square error of t MSE(t) = E{(T —0)*} = {se(t)}*+ {bias(t)}?
If T estimates , then bias(Z) =0, se(Z)=o/v/n, MSE(Z)=o0c*/n, & (Z)=s/v/n

Central limit property if n is fairly large, Z is from N(u, o?/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.

For a random sample z1,22,...,2Z,
20; 21, %3, ..., Tn) = P(Xy=121]8) -+ P(Xo=2n |6) (discrete distribution)

20; 71,72, ., Tn) = f(z1|0)f(z2]6) - F(za|6) (continuous distribution)

The maximum likelihood estimator (MLE) is @ for which the likelihood is a maximum.
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13.

14.

Confidence intervals

If z1,%,,...,z, are a random sample from N(p, 0?) and o? is known. then

the 95% confidence interval for pis (T —1.96—, Z + 1.96—= )
\/_ vn

If o2 is estimated, then from the Student t table for ¢,_; we find to = t,—1,0.05

The 95% confidence interval for p is (T tg\/ﬁ, T+ to%)

Standard normal table

Values of pdf ¢(y) = f(y) and cdf &(y) = F(y)

y oy) ®)| v o) 2|y @) 2@ | v 2@
0 .399 5 9 .266 .816 1.8 .079 .964 |28 .997
397 540 | 1.0 .242 841 |19 .066 .971 |3.0 999
391 579 | 1.1 .218 .864 | 2.0 .054 .977 | 0.841 .8
381 618 | 1.2 .194 885 |21 .044 .982 [1.282 .9
368 655 | 1.3 .171 903 |22 .035 .986 |1.645 .95
352 691 |14 .150 .919 (23 .028 .989 | 196 .975
333 726 |15 .130 .933 |24 .022 .992 | 2326 .99
312 758 | 1.6 .111 945 |25 .018 .994 | 2576 .995
290 .788 | 1.7 .094 955 |26 .014 .995 | 3.09 .999

0 ~N oUW N

Student t table

Values t,, , of z for which P(|X| > z) =p, when X is tr,

m p=010 0.05 0.02 001 |m p=010 005 0.02 0.01
1 6.31 1271 31.82 63.66 | 9 1.83 226 282 3.25
292 430 696 992 |10 1.81 223 276 317
235 318 454 584 |12 1.78 218 2.68 3.05
213 278 375 4.60 |15 1.75 213 260 295
202 257 336 403 |20 1.72 209 253 285
1.94 245 314 371 |25 1.71 2.06 248 278
1.89 236 3.00 350 |40 1.68 202 242 270
186 231 290 336 | 1.645 1.96 2.326 2576

O ~N O 0w
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Chi-squared table

Values xj , of & for which P(X > z) = p, when X is x§ and p = .995, .975, eic

.995

975

.05

.025

.01

.005

k

.995

.975

.05

.025

.01

.005

© 0 N o G A W N

e i e
S BN O

.000
.010
.072
207
412
676
.990
1.34
1.73
2.16
3.07
4.07
5.14

.001
.051
216
484
831
1.24
1.69
2.18
2.70
3.25
4.40
5.63
6.91

3.84
5.99
7.81
9.49
11.07
12.59
14.07
1551
16.92
13.31
21.03
23.68
26.30

5.02

7.38

9.35

11.14
12.83
14.45
16.01
17.53
19.02
20.48
23.34
26.12
28.85

6.63
9.21
11.34
13.28
15.09
16.81
18.48
20.09
21.67
23.21
26.22
29.14
32.00

7.88
10.60
12.84
14.86
16.75
18.55
20.28
21.95
23.59
25.19
28.30
31.32
34.27

18
20
22
24
26
28
30
40
50
60
70
80

6.26
7.43
8.64
9.89
11.16
12.46
13.79
20.71
27.99
35.53
43.28
51.17

100 67.33

8.23
9.59
10.98
12.40
13.84
15.31
16.79
24.43
32.36
40.48
48.76
57.15
74.22

28.87
31.42
33.92
36.42
38.89
41.34
43.77
55.76
67.50
79.08
90.53
101.9
124.3

3153
34.17
36.78
39.36
41.92
44.46
46.98
59.34
71.41
83.30
95.02
106.6
129.6

34.81
37.57
40.29
42.98
45.64
48.28
50.89
63.69
76,15
88.38
100.4
112.3
135.8

37.16
40.00
42.80
45.56
48.29
50.99
53.67
66.77
79.49
91.95
104.2
116.3
140.2

16.

17

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7, for every group exceeds
about 5.

Ty = ' as e ;
X? = E u—;~~n—?)— is referred to the table of x? with significance point p,
7
y Y
where k is the number of terms summed, less one for each constraint, eg matching total

frequency, and matching T with .

Joint probability distributions

Discrete distribution {p,,}, where p,, = P{X =z}N{Y =y}).
Let pge=P(X=2z), and p,, =P(Y =y), then
Ds
Poe = D Pmy and PX=2z|Y=y) = =
v

Doy
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10,

Continuous distribution

T

; Y

Joint cdf F(z,y) = P{X<z}n{Y <y} = fxu /y F(zo,y0) dzo dyo
=—00 n==—00
2
Joint pdf flz,y) = E%%
Marginal pdf of X fx(z) = /m f(z,%) dyo
iy . B _ fl=y) ;

Conditional pdf of X given Y =y fxiy(zly) = (provided fy(y) > 0)

Linear regression

fr(y)

To fit the linear regression model y = a+ Bz by 7, = a+ B:f: from observations

(1,%1),-- -, (Zn,Yn), the least squares fit is

-~

o

?_EE: Jg = Sw‘y/‘s'xz

52
The residual sum of squares RSS = S, — -2
—~ RSS n—2—~ .
o= — p o? is from x2_,
E@) = a, E@B) = 8,
2 . 2 _ -
1 _ 2
G =a+fr, B@)=oa+fe, () {-+ (-7) }02
n S
i_ﬁa, E_P , L la: 2t are each from ¢,_,
s¢ (@) se (0) 5€ (7:)

(

=

—

—

With 3 factors each at 2 levels

1 =1 1 1 -1
-1 =1 =1 1 1
-1 -1 1 -1 1

1 =1 =1 =1 =i

1 1 =1 =1 1
-1 1 I =1 ~—1
-1 1 -1 1 -1

1 1 1 1 1
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EE2 Exam Sheet - Year 2005-2006 - Paper 4 Questions 3-4-5-6

Solutions
Note: U means UNSEEN
3 (i) The required probabilities are

(@) P(X1+X2=3)=P{(X1 =0nX,=3)U(X; =20 Xp=1)}
=P({X; =0NXy=3}) +P{X; =2n X2 = 1})
1 3 1 1 11 e

=21 %

b

(b) P(3X1/Xz <2)=P{(X; =0)U(X; =1nX; =3)}
=P({X1 =0}) + P({X1 = 1})P({X; = 3})

L.1. 3 3
=373%171
(ii) Define the random variable X = { number of completed jobs } and notice that X follows
a binomial distribution with success probability p = 1 —g¢ = 0.95. The required probabilities
are:
(a) P(X = 10) = (0.95)1° = 0.598
(b) P(X = 9) = 10(0.95)°0.05 = 0.315
(¢) 1 — P(X =10) =1 —0.598 = 0.402
(iii) Define the random variable X = { number of breakdowns in 5 years } and notice that
X follows a Poisson(At) distribution, where At = 0.5. The required probability is
(@) P(X =1)=el-%90.5 =0.303
Now define the random variable ¥ = { number of breakdowns in 1 year } and notice that
Y follows a Poisson(At) distribution, where At = 0.1. The required probability is
0<128_0'1
() PY=0)+P(Y=1)+PY =2) =% +0.1e7* + ——5— = 0.999
4. (i) (a) The hazard function is the conditional density that a t-unit-old system will fail in the
imminent future given that has survived so far. It is defined as
f@)
A1) = 4\
®=1"Fg

(b) For an exponential distribution we have F(t) = 1 — e, ¢ > 0 so that 1 — F(t) = e~ .

Hence with s, > 0,

P(T>s+1) e+
P(T>t) — e™

P(T>s+t|T>t)= = P(T > s)

4
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(c) The hazard function in this case is

h(t) = _f®) AeM

T—F@ - ex ~

This is sensible since components with exponential lifetime are memoryless, and hence the
probability of failure in (¢,%+ dt) is independent of ¢

U

H

(ii) (a) Since T4 and Tp are independent, fr, 7, (ta, tB) = fr.(ta) frs (t5)

o0 tp
(b) P(Ta <TB)=/0 dip . dtafra,1s(tA, tB)

oo te

=fo dtg 2 thfTA(tA)fTs(tB)
oo 19:3

=/ dthTB(tB)/ dtafr,(ta)
0 0

— | dtotr, (ta)Prate)

= " P, (8 fra ()t

(c) From the assumptions made, we have that Fr, (t) = 1 —e~*4% and
o0 o0 {s=]
P(T4 < Tg) = [ [1 —e 2MY)ge rotdt = / e~ Btdt — \pg / e~ (Aatas)t gy
0 0 0

but (A4 +Ag) faoo e~(Aa+28)tgt — 1 because this is the integral of an exponential probability
density function with parameter A4 + Ap > 0. Hence

Ap Aa

P(Ty <Tg)=1- =
(T4 <T5) Aa+As  Aa+t s
By using symmetry,
P(TA <TB)_ Aa x/\A'F/\B_M
P(TB <TA) Aa+As AB A

This is the ratio of decay parameters,

. (i) Since Y; is the proportion of impurities in the sample and Y5 is the proportion of type
[ impurities among the sample impurities, it follows that ¥7Y; is the proportion of type I
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impurities in the entire sample. Thus we want to find
1 .1 1 1
E("1Y2) =/ / 2y192(1 — y1)dyadyr = 2/ y1(1 - w)zdun
o Jo 0

1
o i o (BT o1 1.1

(ii) The confidence interval for the difference of two proportions is given by

L pil—-p1)  pa(l-—pa)
—py) %
(71— P2) Z“’z\/ n * na
In our case, we have p; = 0.24,p; = 0.20,n; = 50,ny = 60 and zp; = 2.33. Substituting py
and p, for p; and p; in the computation of the standard deviation, we obtain

(0.24)(0.76) _ (0-20)(0.80)

50 60 =0.04 4+ 0.185 = (—0.145, 0.225)

(0.24 — 0.20) & 2.33

6. (i) (a) They are both unbiased estimators of A because

b =

B(Ay) = % S E(X) = %(n)\) =) end E(A)= %{E(Xl) +E(X2)} = 2(2X) = A

(b) The corresponding variances are

1 1 B
Var(Ar) = —5 > Var(Xi) = —(nd) = =
i

and

A
5

Thus if n > 2, A, is a more efficient estimator of A than A; because % < -é-

Var(As) = 7(24) =

(i) (a) i 1 -
E(y)=0 Var(y)= (1 gk 1_6) o2 = *1'603

10U

10U
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1 1 1 1
(b) Cov(ys,yi-s) =Cov (e: +5e-1F ge-2, €5 + G511 + —Bg_s_g)

4 2 4
(% + é) of = ‘g-crz fors=1
= 302 fors =2
0 fors > 2
N o on L

(c) The process is stationary because mealﬂa;nd covariance are independent of ¢



