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[II(4)E 2004]
1. Find the eigenvalues A1, A2, Az (A1 > A2 > A3) and the normalised eigenvectors of

the matrix
1 0 v3/2
A= 0 2 0

V3/2 0 2

Using these, or otherwise, find the diagonalising matrix P that satisfies
PTAP = A = diag(A1, A2, A3) -

Find the expression for A, n being a positive integer, in terms of A and P.

Hence calculate the limiting form

B = lim —1-A",

n—00 ,\717'

where \; is the largest eigenvalue.

9. Find the eigenvalues and normalised eigenvectors of the matrix

4 -1 1
A= -1 4 1
1 1 2

The quadratic form Q is defined as Q = xT Ax, where xT = (z1, 22, z3).

Find a matrix P such that the substitution x = Py brings Q into a diagonal form
in terms of y.

Write down the resulting diagonal form and prove that @ > 0 for all y.
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The events A, B and C have probabilities given by P(A4) = 0.3, P(B) = 0.2,
P(C) =0.2, and P(BNC) = 0.05. Also, A and B are independent, and A and
C are exclusive.

Calculate P(AN B), P(AUC), P(B | C), and the probability that exactly one
of A, B and C occurs.

Manufacturer A supplies 80% of the electrical components used by a firm, and
a proportion p4 of them are defective. Manufacturer B supplies the other 20%,
of which a proportion pp is defective.

Give an expression for the probability that a randomly-selected component is
defective.

Two components selected at random are both defective.

Obtain an expression for the probability that both are from Manufacturer A.

The discrete random variable X has probability function p(z) = k/z for
z = 1,2,3,4; p(z) is zero for any other value of z.

Show that k£ = 12/25. Calculate the mean and variance of X, and compute
cov(X, X?).

The continuous random variable Y has density function f(y) = 6y(1 — y) on
(0,1); f(y) is zero outside the range (0,1).

Calculate the mean and variance of Y, and compute E[{Y (1 — Y)}~1).
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5. The distribution of lifetimes to failure of certain electronic units is well described by
the survivor function F(t) = exp(—0.2t — 0.1t3/2) for 0 < t < oo.

Compute the probability that a randomly-selected unit will fail before time ¢ = 1.

Calculate the hazard function and the time by which the hazard function has doubled
from its value at time 0.

Two such independently-functioning units are arranged in series, so that the system
fails as soon as one of the units fails.

Calculate the survivor and hazard functions for the system lifetime.

Write down the form of these functions for a system comprising m such units in
series.

You are reminded that the survivor and hazard functions are related by

F(t) = exp{— /OIt h(s)ds}.

6. The random variable Y has distribution function F(y) = 1 — %(e'y + 2¢7¥/%) on
(0,00), with § > 0.

Write down its density function, and compute E(Y) and var(Y’). From a random
sample of n such Y-values the sample sum, S = Y7 + ... + ¥y, is formed.

Show that %(% — 1) is an unbiased estimator of 6 and calculate its variance. Is it
consistent?

Now suppose that the null hypothesis Hy : § = 1 is to be tested against the alterna-
tive Hy : 6 > 1.

Write down the form of the appropriate p-value based on a single observation, ¥ = y.

END OF PAPER



“AQ/d@ = T0/DE It wexa st o = fip(A ‘T)P + zp(A ‘T)d "}

‘OI = QEH'“ yeyy os ‘[zp)(z)d fldxa = (z)]  20%0€]
SuypesSoqur ue sey (z)® = fi(z)g + Tp/fip uolyenbs resuy| 1oplo 381y YT, 1

:suorjenba tenquazo (3)

“jutod-ajppes e st (¢ ‘2) vayy 0 > @ JI

‘wnuwrturu e st (@ ‘2) wayy ‘0 < (9 ‘v)*=f pue 0 < @ JI

‘wnuirxews e st (q ‘v) weyy ‘0 > (9 ‘o) pue 0 < @ I

" 2[,(A%f) — *f==f] = @ suurexa :quiod Lreuolress e aq (q ‘) 1]
“A[snosueynuuts g = Af ‘g = =f aizsym mooo (£ ‘z){ jo sjutod Lreuoyyesg ()

agfig agzp g ,mgfig ngTe _ mng

CET6 e 6 e R TR

figfe " zefe de fgfe wele  de
pue ‘(a‘n)J = fusyy ‘(a‘n)i=~A‘(a‘n)z=z) ‘W

wpfig  wze _p
e e = — pue ¢ = fuayyy ‘(DR = A ()z
%Ea:m ,.%v (B = J vow *(2) @)

zphig 9 zp
e 2 = —pue ()] = fuayy ()A=AJ] 1
Apfo " To = qp T (O =/ e (@)i=Aj1

L

:(f 'z) f jo uoryerjuaiayp rered (p)

o[B8+ =5 ] /1T 4 Al 0)f = (149 Yo
:(q *0) Moge (£ ‘z){ jo uotsuedxs s ojfey, (0)
1>6>0 (1 +w)/(Ye+0) (14w 1+u¥ = (W)U oroYm
)+ /(D) ut + 0 +i2/(0),F + (0) fu+ () = (y +0)f

10 = T jnoqe (z)J jo uoisuedxa s Jo[he], (q)

bfa+ 0 wafa) b g fall) +6ua s = (6f)ua
‘e[nunIo] §,ziuqror] (e)
SNINOTVO TVILNIITIIIA ¥
TZUIST = ZIYWS  {ZYUISt = z1uls !2S00 = 21Ys0d !z SO = Z1500
*quis o uls — 9503 psod = (q + »)sod
¢ quis 0D + gS0d puls = (g + p)uls

SNOILONAJA JITOHHIdAH ANV SHILILNIJI OIMLANONODIYL 't

+u .23 =
(5a> 1)+ av..:|v+ -+ -e=(E+t0u
1+u € z
‘ ...+5+:~V..:|v+.:|wm+mnp.u.,:ﬁ
1+uz” T T
i(ug) U A
o _ e _y=zxs00
S W1-) + at el
P ld ..+m+a+~uuu
T T
z| ‘Aremiqre o) 4 T i€ + .,z it +x04+ 1= (T+1)
(1> | "o D A
SATHAS
o(e'q)—q(e'd)=(oxq)xme 1onpoxd adi1y 10309

€ T
g % 1 ana.undxo.ﬁ"uxn.wuﬁoﬁ,d_
¢ I lo

1ponpoid a1duay Iefedg

® % 9
fp i I | = qx®
¥ [ 1t
sponpoxd Ammohvv 10709/
£qfp + glv + Qi =q e :jonpoid (j0p) Je[eds

And ‘Zp ._dv =)o+ (lo+1lnp=wu

VHIADTY HOLOTA -’

AVINNYOd TVOILVINIHIVIA

INTWNILEYVdIA SOILVWIHLVINN



(0<I'5) ‘s/0-?

(0 < 8) (g + 45)/m

(o< 5) ¢ —+=n\m.:.

s/(s)d
sp/(s)ap—
(0).f — (0)f5 = (8)ad s
(8)09 + (s)do

utlojsuey,

1=u _
() g =wrdon [T

wa109Y) S,Jerssted

ces ta by b - ‘ T T QIQ
g'g't=u ‘zp—uws(3)f q\ﬂn q
ue ‘2 1o = [ ..Hl QIMl:
P zalo=uv ‘sp/—soo(s)f q\ 1=
1=u 1=u
T T [4
asaym ¢ ——— =_n=aM+N_wﬂmou:eM+oem = (z)f

pue * (z)/ = (7z+ ) ueys “Tg powad jo dpotad st (z)/ J1

SHIYIS HIIYNOod '8

I<? 1

> g (=WTIH 0< §) ‘(g + 5)/¢ wmsod
jmuts (v<s) ‘(o—95)1 10?
(zr=uw s/1 I
(9)os)d ap(n — )6(n)f Jf
wNFY (0*s)d(oe/0) (0 *9)f(00/@)
(N3 (o= 8)d (N2
2P/ § P (0)f —(s)gs w/fp
(8q+ (Nfv P()f36-2 0af = (s)d on
uonoung wopsuexy, womoung

SIWHOASNVHUL HOVIAVT 'L

+ [ Jo ayeuntjsa 13339q € Sl
i/ - T+
‘ySnoua [[ews st Y papiaoid ‘uayy,
-z/y pue Y sfeArdjul ym a[n1 s,uosdung Buisn £q pourejqo J Jo saIRUINIS3
omy aq ¢ ‘1y 391 pue zp(z)f “.ﬁ = J 197 :poyjaur uotyejoder}xa suospIeyORy (o)
“[ef 4 Vip + 0f) (g/y) ~ zp(z)h oof :(dins-g) ana s,uosduig 1t
* 1A+ ) (z/u) = zp(z)f o3 i(dis-T) e wnyzadely,
c(vx)h = uff ‘yu 4 0z = “Z M :uoryeldajul [ediIoWMU J0] e[nUIo] (q)
*(poyseur uosydey uojmaN)

egrpomu () g/ () f) - e = T
pue p = 0z oye} ‘D = T JeaU SIMID0 0= (x)f joq001%]]

:uotyenba oreiqad[e ue Jo UOHNIOS ayeuntxoxddy (®)

SAOHLAW TVOITHAWAN "9

@) em()metes o)

. Nd D G
1- MI. + =|Ul = |Hlu nlnﬂwoo = Hﬁﬂ\u|ANd - NHV.\.
u>

NG U U
* Mnm +1)+ z up = mv ~I£~:m = HEN\AIANH + Ndv.\
~>

D
EEd AMV (Ui = 2Py (¢% - NS\.
:syeafaqui 2jUYAPUL BWOF (a)

(g n/wT=0p (g1 1) =05 (p+D1g=0us
: 1 = (g/g)ues uonmINSqNS quejzodunt uy (%)

SNTINOTIVO TVUDHLNI G



< MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EANINT EXAMINATION QUESTION / SOLUTION
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EXAMINATION QUESTION / SOLUTION éél
2003-2004 QUESTIO!
Please write on this side only, legibly and neatly, between the margins K
o SOLUTIO:
3.

(a) P(AN B) = 0.3 x 0.2 = 0.0 3
P(AUC)=03+02=05 3
P(BiC)=P(BNC)/P(C)=0.05/0.2 =025 3
P(cxactly one) = P(4) + P(B) + P(C) - 2P(ANB)-2P(BNC)

=03+02+02-012-0.10=048 °
(L) P(compt def) = P(def | A)P(4) + P(def | B)P(B) = 0.8pa +0.2p5. ]
P(both A | both def) = P(both def N both A)/P(both def)
= (0.8p4)?/(0.8pa +0.2pp)* B e
20
Setter: /L(V C’:}QC’C'»‘{S@Q Setter’s signature: MJC)E f"t/‘

Checker: /\) CorerriN Checker’s signature: /
/Q C -t
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ENXAMINATION QUESTION / SOLUTION
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Please write on this side only, legibly and neatly, between the margins

PAPEL

L
Ec?

QUESTIOM

Y

Checker: /’2 CC’L»EMM Checker’s signature: % C i

SOLUTIO:
4
() 1=Spla) =k +L+1 1) =kH) sok=3 =048 2
mean ¢ = E(X) = S ap(x) = 4k = 48/25 = 1.92 2
variance o2 = var(X) = Y z%p(a) - p? =10k —1.92% = 4.8 — 3.6864 = 1.1136 3
cov(X, X?) = E(X?) - E(V)E(X?2) = Y(ka?) - (192 % 4.8)
= 30k — 9.216 = 5.184 &
(b) mean p = [yf(y)dy = fol 6y%(1 — y)dy
—6ly?/3— v/l = 1 =05 3
variance o2 = [ f(y)dy — p* = 6[y*/4 - y°/5]5 — &
Y
E[Y(1-Y)}~"] = [{y(1 - )}~ f(v)dy = 5 6dy =6 2
( 20
Setter: T Cre bk Setter’s signature: /'(43/ :7{ \z://é/‘



MATHEMATICS FOR ENGINEERING STUDENTS PAPEI]
EXAMINATION QUESTION / SOLUTION EE 2
2003-2004 QUESTIO!:
. ~
Please write on this side only, legibly and neatly, between the margins H
SOLUTIO
P(T<1)=1~-F(1)=1-exp(-02-01)
>
=1-¢93=1-0.7408 = 0.2592 >
hazard function h(t) = —% log F(t) = 0.2 4 0.15¢1/2 3
time at which doubled: solve 0.2 +0.15¢1/2 = 2 x 0.2
)
S

=t = (0-332'2)2 = 1.778

Series system

survivor function: P(system failure time > t) =P(Th >tNTy > t)
= F(t)? = exp(—0.4t — 0.2t3/2)

hazard function 0.4 4 0.3¢'/2

m units

survivor function F(t)™ = exp(—0.2mt — 0.1mt3/2)

hazard function 0.2m + 0.15mt!/?
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6.

density function f(y) = E”;F(y) = z(e™V + 20~ le~v/8)

E(Y) = [yf(y)dy = %fooo ye Vdy + %9'1 fooo ye ¥/ 0dy = % + 232

var(Y) = E(Y?) - E(Y)?

L yemvdy + 307 [T yre 0y — (5 + 5

=

win

sample sum E(S) = nE(Y) = Z(1 +20)
= E{3(32 — 1)} = 0 (unbiased)
var{%(‘q’—,‘l’: -1} = %var(%;i) = Z(“ln-var(Y) = n_l{% +2(6 — %)2}
consistent: yes, because bias=0 and variance — 0
p-value: § > 1 = larger values of ¥ are more probable,

so appropriate probability is

PO(Y > y) =1~ Fo(y) = %(e"y +2e-y/1) =V

Ay (L P = L(5-40+80%) = 5+ §(0- §

1)2
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