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1. Find the eigenvalues and normalised eigenvectors of the matrix

1 V2 0
A= V2 1 V2
0 V2 1

By writing the quadratic form
Q = mf + 2V2z129 + w% + 2V2z0z3 + m%

as
Q = xTAx,

where x = ($1,$2,$3)T

, show that ) can be written in the diagonal form

Q =3y + 5 — v},

by finding a matrix P which satisfies x = Py where y = (y1, 2, y3)T.

Find ¥, y2 and y3 in terms of z;, z7 and z3 from the matrix P.

2. Consider a real n x n symmetric matrix A with distinct eigenvalues A; and corre-
sponding normalised eigenvectors a; fori =1, ... n.

(i) Show that all the A; are real.

(i1) Show that the eigenvectors a; obey the orthogonality relation
1, 1=j
0, 7#7.
(iii) Show that the n x n matrix P = {aj a3 ... a,} satisfies the relation
PTp=1,

where [ is the n X n unit matrix.
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(1)

(if)

(iii)

[1I(4)E 2002]

Draw a Venn diagram to illustrate the configuration of events when
B C {A; U Ay U A3}, the As being mutually exclusive. Write down an expres-
sion for pr(B) in terms of the quantities pr(B|4;) and pr(4;) (j =1, 2, 3).

Events C and D have conditional probabilities pr(C | D) =  and pr(D | C) = 3-
Calculate pr(C)/pr(D) and pr(C U D) /pr(C).

Certain electrical components can be classified into three quality-bands, high,
medium and low. Supplier A provides 80% of components to the market, in
proportions 0.75 (high), 0.20 (medium) and 0.05 (low).  Supplier B provides
20% in proportions 0.65, 0.30 and 0.05. An otherwise unidentified component
is tested and found to be of medium quality. What is the probability that it
was supplied by Supplier A7

The discrete random variables X; and X, are independent and, for j = 1, 2, X;
has probability function p;(z;) for z; = 0, 1, 2, ... . Derive the convolution
formula pr(X, + X2 =71) = Yo p1(s)p2(r — 5).

The discrete random variable X takes values 0, 1 and 2 with respective prob-
abilities 1/2, 1/3 and 1/6; X» takes values 1 and 3 with probabilities 1/4 and
3/4; X and X, are independent.

Compute pr(X; + X2 = 3) and pr(3X:/X2 < 2).

The peak power over one day required by a certain machine is a continuous
random variable with density function f(y) = 6ye=3v" on (0, o0). Calculate
the distribution function F(y) of the peak power and hence find its median.
Compute the probability that the peak power exceeds 1.0. Assuming that peak
power requirements on different days are independent, what is the probability
that the peak power will remain below 1.0 over seven days?
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-

5. (i) If T} and T are independent failure-time variates, with respective hazard func-
tions h; and hy, show that min(T}, T3) has hazard function hi(t)+ha(t). Cal-
culate the survivor function of min(T}, Tp) when h;(t) = a and hy (t) = 24t.

(ii) The degradation Y (¢) of a certain electrical system at time ¢ is described by
the curve Y(t) = Z(1 —e~), where c is a positive constant and Z is a random
variable with density function fz(z) = 6(1 + 2z)~* on (0, 00). The system is
classified as failed when Y (t) reaches the critical level Yo.

Calculate pr(T' < t), T being the time to failure of the system. Allow t - oo in
your answer and identify the event of which this is the probability. Also, relate
this result to the degradation curve and the distribution of Z.

6. (i) The random variables X and Y hLave joint density function
f(z,y) = 24(1+ 2z +2y)~* on {x>0,y>0}.

Calculate the marginal density of X and its distribution function. Verify that
EF(X)= % and, noting that f(z, y) is symmetric in z and Yy, find E(X +Y)
and pr(Y > 1).

(ii) A system has ‘strength’ X and ‘stress’ Y is placed upon it: X and Y are
independent and the system ‘fails’ if ¥ > X. Show that the system failure
probability is given by

pr(Y > X) = /0 ~ Fr () Fx (v)dy,

where fy (y) is the density function of ¥ and Fx(z) is the distribution function
of X.

(iii) A circuit-breaker will trip out if the current exceeds X, where, due to imperfect
manufacturing quality control, X varies among the supplied units with distri-
bution function Fx(z) = 1 — e~Az~a) oy (a, o), a being a positive constant.
Suppose that the current Y has distribution function Fy(y) = 1 — e~¥ on
(0, 00), where p is a positive constant, and is independent of X. Show that the
probability that the unit will trip out is given by

/oo pe=Hy {1 _ e—«\(y—a)} dy

and evaluate this integral.

END OF PAPER
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J ¢ Lt CLeas ~MATHEMATICS FOR ENGINEERING STUDENTS

PAPER
sz EXAMINATION QUESTION / SOLUTION [— E
, b SESSION :  2001-2002 4
Ntk e T QUESTION
7 _ ¢ ¢ Z_ Please write on this side only, legibly and neatly, bets«reen the margins
SOLUTION
| v 6 - Vi o
R N R N R A
o Vi | 0o VY1 (-A

>~): ) A‘L:l) Ag:"' 3
1
A, =3 n,= e (L~ )T = %
Y
Ay 2| A, = cx(, 0 —-,)T c, = V2 6
Ayz-l Ny o= <G (1~ )° 324
Fr w =Py §o A T=yTPT
2.oQ= nTAx = yT(PTAL) d
Noo e T W grarhes Awr=Ax' #As
AP: PA _A:Nva(k‘).\,_) -~~A..)
Dee Pz fu, %y %y oo 2aS Pk P poparty. 2
Alrterl
Tp_ [T il )
A O S -0 TS
MR
S PTAP= PTPA = A = Mep(3 (-1
2 1 z r;?
Lo R=9yTAy = 2yt Y -3
. 4 ¢
~ oA  aT [V
Z(,P? = g—-P”ﬂ—Pl\ P-‘%‘a.ﬁ )
4
Iy 44 1 T "V i‘« 02_
go= BRTRG TN !
A T. [ *
M = ﬂ"(""")13) Pl= T O
3 = i“n"?l/'v“"‘r%‘"’ L L 3
Chewc = PTP=]

Setter : J-p . GIBBON
Checker: NS 2S AN

Settes signature: - ). K Mo

Checker's signature : % VQ'L\&)&Jb



MATHEMATICS FOR ENGINEERING STUDENTS

EXAMINATION QUESTION / SOLUTION E E
SESSION :  2001-2002

Please write on this side only, legibly and neatly, between the margins

PAPER

L.t..

P —————
QUESTION

SOLUTION

)

L-H. raw i T .
- “TW i;’TA‘l(:A; a’ e J $ R H. melBpy, by A
A ez A aa;

([ ATT=A Hew  A=d7 rotL.

Aazn;a; Ascumt Ajap ot teeplax,
Cu'vs?'\l-n 'WJWJ&H’ }Y'h-"ljo-(
-1

—

iy | [}

New Ahe Aw orh o tveds fe e (A.'jg;) g (AJ,%)
A’i; = A;

Trtu:fu o R.H. Nv\ih‘rkj L“j ar

Tq

T AT . a-
ﬁ)TAg" = A g}‘rq ﬂj, A 2/ = >‘J E‘J -
— ' ‘- - ‘7. A
L AT=A  Huw S-bluwr) (A, AJ)gJ a: =
Praee Ny D 2 Tar= 0 IF)
aTa;= | (pve) 73
P & .
o {a, a, --- an) = {5; 5J} =T
T
v
Bw’\(w«s—rk.

2

6

Sefterssignature:  J . D. € hiov.

Setter : J.D. G/BBsN.
Checker: WSQ2B3InA Checker's signature : Mm&\b



MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EXAMINATION QUESTION / SOLUTION EE2 (i)
SESSION :  2001-2002
QUESTION
Please write on this side only, legibly and neatly, between the margine
SOLUTION
S
(i) Venn diagram as seen. % Z
pr(B) = ¥3_ pr(B | 4;) pr(4;) &
(ii) pr(C | D) = pr(C N D)/pr(D) and pr(D | C) = pr(D N C)/pr(C)
o pr(C)/pr(D) = pr(C | D)/pr(D | C) = 3/2 4
and pr(C U D)/pr(C) = {pr(C) + pr(D) - pr(C N D)}/pr(C)
= 1+(2/3)-(1/3) = 4/3. L,L
(iii) prob = pr(A | medium) = pr(medium | A) pr(A)/pr(medium) 3
and pr(medium) = pr(medium | A) pr(A) + pr(medium | B) pr(B)
= (0.20 x 0.8) + (0.30 x 0.2) = 0.22 3
2.

so prob = (0.20 x 0.8)/0.22 = 8/11 = 0.727272.

Setter : MJ CRowber Setter's signature : MT Gorvothr

Checker: AT wrthen Checker's signature 1 |.¢;y/ N/J



MATHEMATICS FOR ENGINEERING STUDENTS _ PAPER
EXAMINATION QUESTION / SOLUTION EEL (4)

SESSION :  2001-2002

| QUESTION
Please write on this side only, legibly and neatly, between the margins

SOLUTION

| L

(i) pr(Xi+ Xa=7) = Tigpr(X1=sNXy =7 —35)
= T7opr(Xy = $)pr(Xp =7 — 5) = result | 2
(i) pr(Xy + Xo = 3) = pr(X; =0NX; = 3) +pr(X; =20 Xp = 1)
= (1/2 x 3/4) + (1/6 x 1/4) = 5/12 = 8454545 © . L1 64477 3

pr(3X1/Xz < 2) = pr(X1 = 0) + pr(X; = 1N X2 = 3)

=1/2+ (1/3 x 3/4) = 3/4 3
(iii) F(y) = f§ flu)du=1-e 3
F(median) = 1/2 = median = \/—(1/3)log(1/2) = 0.4807 3
pr(ezceeds 1.0) = 1 — F(1.0) = 0.0498 o3
pr(below 1.0 on 7 days) = (1 — 0.0498)7 = 0.6994 3

Setter :  MT CROWDER Setter's signature AT Crowetloy
Checker: AT WALDEN Checker's signature : |l



MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EXAMINATION QUESTION / SOLUTION ce2 (i)

SESSION :  2001-2002

Please write on this side only, fegibly and neatly, between the margins QUESTION
SOLUTION
-
EE-2002
Ans 3. |
(i) pr{min(T}, T3) > t} = pr(T1 > t) x pr(T2 > t)
= exp{— [j h1(s)ds} x exp{— [g ha(s)ds}
= exp{— [5[h1(s) + ha(s)]ds} = result &4
pr{min(T},T3) > t} = exp{— [g(a + 28s)ds} = exp(—at — Bt?) K
(ii) pr(T < t) = pr{Y (t) = wo} = pr{Z > yo/(1 —e™)} | 3

= f;oo/(l_e—ct) fz(Z)dZ = [—(1 + 22)_3];§/(1—e—°‘)
= {1+ 2yo/(1 —e7)}7° i
t — co = pr(T finite) = (1 + 2yo)™° 2.
identify: (14 2yo)~3 is pr(Z > o) 2.
event {Z > 1o} is that the curve, which rises asymptotically to Z, )

crosses level yg

Setter : /A T .CROwWDER Setter's sidnature: MT . Eroreatty
Checker: A.T. WALLEN . Checker's signature : A’l Wall—



MATHEMATICS FOR ENGINEERING STUDENTS

PAPER
EXAMINATION QUESTION/ SOLUTION Ce2k)
SESSION :  2001-2002
QUESTION
Please write on this side only, legibly and neatly, between the margins
SOLUTION
(i) marginal density fx(z) = [—4(1 + 2z + 2y)~*]52,
= 4(1+ 2z)73 on (0, 00). A
distn fn Fx(z) = [-(1 +2z)" 42 =1 — (1 + 2z)72 2.
E(X) = [§°4z(1 + 2z)~3dz = (by parts)
= [~z(1 +22) P + [°(1 + 22) 2z = 0+ [-3(1 + 2z)7}J3° = 3 2
E(X +Y) = E(X) + E(X) (since distn symmetric in z and y) =1 2.
pr(Y > 1) =pr(X >1)=1-Fx(1) =1/9 2
(i) pr(Y > X) = [i5, f(z,y)dzdy = [ fx(z)fy (y)dzdy
= J5° dy [§ dz{fx (2) fr (v)} = J5~ dy{fr () Fx(¥)} Ll»
(iii) pr(trip — out) = pr(Y > X) = [5° fr (y) Fx(y)dy = result given 2
— [_e—uy + ;_‘_*L‘:Xe—(#+«\)y+,\algo = g~Ho _ ;i_’\e-#a = ﬁl_‘e—ua 3
Seter : LV CROw bR Setterssignature; /Y T Crwretor

Checker: AT WALDEN Checker's signature : A’w\f&ﬂm—



