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1. Find the eigenvalues and normalized eigenvectors of the matrix

A =

 2 1 0
1 2 0
0 0 4

 .

Using these, or otherwise, show that the matrix

P =
1√
2

 1 1 0
−1 1 0

0 0
√

2


diagonalises A such that

P−1AP =

 1 0 0
0 3 0
0 0 4

 .

2. Show that the quadratic form

Q = 4x2
1 + 4x1x2 + x2

2 + 4x2
3

can be written as

Q = xTAx ,

where x = (x1, x2, x3)T and A is a real symmetric matrix, which is to be found.
Hence, show that Q can be re-expressed in the diagonal form

Q = λ1 y
2
1 + λ2 y

2
2 + λ3 y

2
3 ,

where the λi are to be determined, by finding a matrix P that satisfies x = Py,
where y = (y1, y2, y3)T . Find y1, y2 and y3 in terms of x1, x2 and x3 from the
matrix P .

PLEASE TURN OVER
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3. Use the definition of conditional probability to show that P (A|B)P (B) = P (B|A)P (A) .

A packet-switching network is, in any day, subject to either standard or heavy use,
with probabilities 0.85 and 0.15, respectively. At the end of a day it is in one of three
mutually exclusive states: operational, out of order due to a software failure or out
of order due to a hardware failure. Given standard use, the probabilities of software
and hardware failures are 0.05 and 0.015, respectively. Under heavy use both these
probabilities are tripled.

(i) Find the probability that the network is not operational at the end of a day
given

(a) standard use,

(b) heavy use,

during the day.

(ii) Show that the probability that the network is operational at the end of a day
is 0.9155.

(iii) If the network is not operational at the end of a day, find the probability that
it was subjected to heavy use during the day.

(iv) Given that the network is not operational at the end of the day, find the prob-
ability that it experienced software failure during the day.
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4. Explain the terms prior distribution and posterior distribution, in relation to the
Bayesian analysis of data, and show how they are related.

Lifetimes, T , for certain components have a probability density function

f(t) = β2te−βt, 0 ≤ t <∞, β > 0 ,

and β has a prior probability density function

Π (β) = λe−λβ , 0 < β <∞ ,

where λ is a known constant.

(i) Write down the likelihood function (as a function of β) of a sample t1, . . . , tn
of lifetimes.

(ii) Show that the posterior probability density function of β has the form

f(β|t1, . . . , tn) ∝ β2n exp

{
−β

(
λ +

n∑
i=1

ti

)}
, 0 < β <∞ ,

and show that the constant of proportionality, C, say, has the form

C =
(λ +

∑n
i=1 ti)

2n+1

(2n)!
.

(ii) Find the posterior mean corresponding to the posterior probability density
function f (β|t1, . . . , tn).

You may use the fact that for any positive integer n,
∫∞

0 xne−xdx = n!

PLEASE TURN OVER
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5. Let the positive random variable T (in hours) represent the lifetime of an electrical
component. Carefully define the hazard rate z(t) of the component and derive an
expression for it in terms of the density and distribution functions of T .

(i) Show that for any hazard rate function z(t), the reliability R(t) is given by

R(t) = exp

[
−
∫ t

0
z(x)dx

]
.

(ii) If z(t) has the Weibull form z(t) = αβtα−1, where α, β are positive constants:

(a) Find the reliability, R(t).

(b) Show that the probability density function f(t) of the Weibull random
variable T takes the form

f(t) = αβtα−1e−βt
α

, t ≥ 0 .

(c) Given that for x > 0, ∫ ∞
0

ux−1e−udu = Γ(x) ,

where Γ(x) is the Gamma function, show that the mean, E {T}, of T is
given by

E {T} = β−
1
αΓ

(
1 +

1

α

)
.

(d) For which value of the Weibull distribution parameter α is the exponential
distribution obtained? Given that Γ(n + 1) = n! for non-negative inte-
gers n, show that the mean obtained in (c) is consistent with that of an
exponential random variable.
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6. Given two random variables X and Y with joint probability density function
fX,Y (x, y), the minimum mean square error estimate of the unobserved value
Y = y in terms of the observed value X = x is given by E {Y |X = x}.

(i) Carefully explain the meaning of this statement.

The random variables X and Y which represent the amplitudes of two signals, have
joint probability density function

fX,Y (x, y) =


C(x + 2y) , 0 ≤ x ≤ 2; 0 ≤ y ≤ 1 ,

0 , otherwise ,

where C is a constant.

(ii) Find the value of C required for such a joint probability density function.

(iii) Find fY |X=x (y|x), the conditional probability density function of Y , given
X = x, and show that it integrates to unity.

(iv) Hence derive the minimum mean square error estimate of Y = y in terms of
X = x.

END OF PAPER
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