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SECTION A [I1(3)E 2003]

1. Consider the system of equations

d
raR Y
d
% = 2z + z9.

Show that the system can be written in matrix form

d

E:I:=Aw,

where x is a 2 X 1 column vector and A is a 2 X 2 symmetric matrix. Find the
eigenvalues and eigenvectors of A and hence find the general solution of the system.

Find the particular solution corresponding to the initial conditions z1(0) =1 and

Show that z1(t) ~ za(t) ~ 2% as t — oo.

2. (i) Consider the mapping
1

(z —1)2

from the z-plane to the w-plane where w = u + fv. Show that the circle

w =

(x —1)% + % = R?
in the z-plane, maps to the circle
w402 =R
in the w-plane.

(ii) Now consider the mapping
1
w= =,
z

For the class of circles
(z-1P2+@y-172=r?,

show that when r = \/§ the circle maps to the straight line v = u — % in the
w-plane, whereas when r = 1 it maps to the circle (u — 1)® + (v +1)2 = 1.

PLEASE TURN OVER
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3. The complex function ‘
e'I«Z

2(z2 4+ 1)(22+4)’
has simple poles in the upper half-plane at z = and z = 24, with another at z =10
and two simple poles in the lower half-plane at z = —¢ and z = —2¢. Show that

(i) the residue at z =0 is I
(ii) the residue at z =1 is -z,
[

(iii) the residue at z = 2t is 77

Now consider the contour integral

7{ e dz
cz2(z2+1)(22 + 4)

where C is taken to be a semi-circle in the upper half of the complex plane, with an
additional small semi-circular indentation below the pole at z = 0. Show that the
contribution to the above integral from this indentation, in the limit when its radius
goes to zero, is mi/4. Altogether, show that

/°° sinz dz _ m(8e=1){e—-1)
oo (@2 + 1) (22 +4) 12€2

4. Using the unit circle z = e* as your contour C, convert the integral

27 do

I = —
0o 2+sind

to a complex integral over C' and hence show that

2T
I=——.
V3
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5. If f(w) is the Fourier transform of f(t), prove Parseval’s equality

/ 1£(8)[2 dt = / )| dw.
_ pr

The sinc-function sinc (t) and the tent function A(t) are defined respectively by

sin(t/2)
(t/2) °

1+t —1<t<0,
A(t)_{l—t, 0<t<1.

sinc (t) =

Show that

(i) A(w) = sinc? ()

. Rl 4
(i1) /_oo sinc? (w) dw = 3

6. f(s) = L{f(t)} and g(s) = L{g(t)} are the Laplace transforms of two functions
f(t) and g(t) respectively. The convolution of f(t) with g(t) is defined as

f*xg= / t — u) du.
Use double integration to prove the Laplace convolution theorem

L{f * g} =F(s)a(s)
providing a sketch of the region over which the integration takes place.

Hence, or otherwise, show that
-1 8 _ 1
L {m} = Et sint.

You may assume that L{coswt} = 7= and L{sinwt} = 5.

PLEASE TURN OVER
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7. A second order ordinary differential equation, with initial values, takes the form

d’z dx dz
W+2E+5x:f(t), = — = 0 when t=0,

for some function f(t).

Use the Laplace convolution theorem and the Shift Theorem to show that

2(t) = % /0 e~ sin(2u) (¢ — w) du

satisfies the differential equation and its initial conditions.

You may assume that L{sinwt} = 5¥—.

8. (i) The vector field F is given by
F = (z+3yY)i + (y—22)j + (z+a2)k,
where « is a constant scalar.
Calculate
(a) divF, (b) curlF, (c) div(curl F).
+

(ii) If v = w X r, with w a constant vector and r = i 7! yj + zk, show that

1cl
w = —curlv.
2

(iii) Calculate
curl(f (r)r),

where 7 = | 7|, with r defined as in part (ii) and f(r) is an arbitrary differen-
tiable function of r.



9.

10.

[11(3)E 2003]

A closed curve C is defined parametrically by the equations

x = pcost, y=4psint, 0<t < 2m,
where p is a positive constant.

A vector function F' is given by

F=F1i1+Fyj, with Fi=22+4+3y, Fh=z+y.

(i) Sketch the curve C and calculate the area A enclosed within it.
(ii) Calculate divF.

(iii) Compute the quantity

Q = [(Pidy-Fodo),
where C' is traversed in an anti-clockwise sense.

(iv) From your calculations demonstrate that

divF = %

Consider a two-dimensional region R bounded by a closed piecewise smooth curve C.
Using Green’s Theorem in a plane, choose the components of a vector field u(z,y)
in terms of P(z,y) and Q(z,y) to prove the two-dimensional form of the Divergence

Theorem
}{(uﬁ) ds:// div u dxdy (1)
C R

where 71 is a unit vector normal to C.

If

1'23/ . 2 .
u= <1+y2>z+ [mln(l—f—y )]J

and R is the region in the first quadrant bounded by the z-axis and the lines y = =
and z = 1, sketch the region R and then evaluate the double integral on the right
hand side of (1) to show that

f(u.ﬁ)ds=21n2— 1.
()

Green’s Theorem in a plane states that for a two-dimensional region R bounded by
a closed, piecewise smooth curve C

§ (P + Qe = [ [ (F2-5) doaw

PLEASE TURN OVER



SECTION B [I1(3)E 2003]

1. ()

Given

calculate

P(AUB), P(A|B)/P(B|A) and P (exactly oneof A, B occurs).

A bag contains six components of which two are defective. Two components are
selected at random from the bag (without replacement). What is the probability
that (a) both of them are defective, (b) just one is defective, (¢) neither is
defective?

Three electrical components in line are subject to failure independently, each
with probability p. Calculate the probability that at least two adjacent
components fail. Extend the calculation to the case of two adjacent failures
among four such components.

12. In a computer network X and Y are two performance measures that vary randomly
with bivariate density

f(:v,y)zk:c(w——y)on0<y<w2<1.

Calculate k and the marginal densities, fx(z) and fy(y). Is the criterion for inde-
pendence of X and Y satisfied here?

Evaluate

E(X?-Y), P(Y<%|X<%) and P<Y<%|X=O.9>.

END OF PAPER
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5. INTEGRAL CALCULUS

(2) An important substitution: tan(8/2) =t¢:
sin®=2t/(1+13), cos8=(1-1%)/(1+13), do=2de/(1+1%).

(b) Some indefinite integrals:

\?u - 23~z = sin”! va vzl < a.

\?u + 22)" Yz = sinh ! AMV =m{Z +{1+ = .

a

\?u - a?)~Y2%dz = cosh™! Amv =ln m. +{5 -1 .

\?s +2Y)Mr = Amv tan=} Amv .

6. NUMERICAL METHODS

{(a) Approximate solution of an algebraic equation:

If a root of f(z) = 0 occurs near z = a, take zp = a and

Zas1 = Zo = [f(Za) /S (zn)], n=0,1,2...

(Newton Raphson method).

(b) Formulae for nuincrical integration: Write zp = 2o + nh, ya =y (za}.

i. Trapezium rule (1-strip): [ y(z)dz = (h/2) [wo + wi] .
ii. Simpson's rule (2-strip): [;! y(z)dz = (h/3) [yo + 1 + wa].

(¢) Richardson’s extrapolation method: Let / = .ﬁ._ J{z)dz and let I, I; be two

estimates of / obtained by using Simpson's rule with intervals i and h/2.

Then, provided h is small enough,

is a better estimate of /.

I + A?I ﬁ_w\—u.

7. LAPLACE TRANSFORMS

Function
/()
df/dt
/(1)
(9/8a)/(t, o)

Jo I{u)g(t = v)du

nn_

coswit

Translorm
F(s)= [ e " f(t)dt
sF(s) - f(0)
F(s - a)
(8/0a)F(s,a)
F(s)G(s)

1/s

1/(s~a), (s> a)

s/(s* +w?), (s> 0)

8. FOURIER SERIES

Function
af(t) + bg(t)
dif/de?
tf(t)
fo S(0)dt

t"(n=1,2..)
sinwt

0, t<T

ne-T=q14, t>r

If f{z) is periodic of period 2L, then [(z +2L)= f(z),and

nrr

Jf(zx) = lao + MU ap cos —= + Muv sin E , where

nrz

L
a, = W\ f(z)cos —dz, n=0,12,..., and

L

nrzr

bo=t [ dr,
:"M.\.h:ngu;l 2, n=

Parseval's theorem

L R
w\.r_:uzinu.mfm?rﬁv .

Transform

aF(s) + bG(s)

s*F(s) - s/(0) - /'(0)

-dF(s)/ds

F(s)/s

nl/s"H (s> 0)

w/(s? +w?), (s >0)

e Tls, (s, T>0)



