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SECTION A [E2.8 (Maths 3) 2007]

1. (i) Consider the mapping

w = 1
= G-

from the z-plane to the w-plane where z = = + iy and w = u + iv.

Show that the circle (z — 1)2 + y?> = R? in the z-plane maps to the circle
u? +v% = R~ in the w-plane.

(ii) Consider the mapping w = 1/z.
For the class of circles
(-1 + -1 = r*,
show that when r=+/2 the circle maps to the straight line
v=u— 1/2
in the w-plane, and that when r =1, the circle maps to the circle
(u—1)2 + (v+1)2 =1

in the w-plane.

2. Consider the complex function
¢i
e =35
(i) Find the two poles of F(z).
(ii) Find the residues of F(z) at these two poles.

(ili) By considering the semi-circular contour of radius R in the upper hali-plane
and taking the limit as R — oo, show that

*® coscz T
—dz = —.
0 1+$2 2e

PLEASE TURN OVER
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. Consider a circular contour C taken as the unit circle z=¢¥  (0<6<2r).

Convert the integral

7o /*21? de
~ Jo 3+4cosf
to the complex integral around C
7= 2 f dz
i Jo 22+6z2+1°
and hence use the Residue Theorem to show that

I=1x/v2.

. If f(w) is the Fourier transform of f(t), prove Parseval’s equality

[ e pa=g [ 1w P,

The sinc-function sinc (t) and the tent function A(t) are defined respectively by

; sin(3¢)
sinc(t) = l; :
2
14+t, -1<t<0,
At) =
l1-¢t, 0L£t<1
Show that
(i) A(w) = sinc(w)
(ii) f sinc*(w) dw = 4%
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5. f(s) = L{f(t)} and F(s) = L{g(t)} are the Laplace transforms of two functions
f(t) and g(t) respectively. The convolution of f(t) with g(t) is defined as

frg= /: f(u) g(t —u)du .
(i) Prove the Laplace convolution theorem
L(f *g) = F(s)3(s)
by using double integration. Sketch the region of integration.

(i) Hence, or otherwise, show that
=1 s _ i

You may assume that

K] 1
o o |
T 9 G =aam

L{cost} =

6. A second-order ordinary differential equation, with initial values, takes the form

&+ 4% + 5z = f(t),
where f(t) is a driving force. At t=0, z(0) = zo and %(0) = .

(i) When zo = £9 =0, use the Laplace convolution theorem to show that the
solution of the differential equation can be expressed as

t
z(t) = /0 e *siny f(t — u)du . (%)

(i) When zp =1 and g = —2, show that the solution is comprised of two
parts, the first being the integral in (*) and the second being e~ cost.

PLEASE TURN OVER
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7. Consider a two-dimensional region R bounded by a closed piecewise-smooth curve C.
Using Green'’s Theorem in a plane, choose the components of a vector field u(z,y)
in terms of P(z,y) and Q(z,y) to prove the two-dimensional form of the

Divergence Theorem
f‘u-nd3= f/divudzdy (1)
¢ R

where n is a unit vector normal to C.

Suppose
u(z, y) is given by

1 . ;
u(z,y) = ;o' V)i+29(y)]
where g = g(y) is a function with the property g(0) = 0.

The region R lies in the first quadrant and is bounded by the z-axis, the curve
y = z° and the line z = 1.

(i) Sketch the region R ;

(i) Evaluate the double integral on the right hand side of (1) to show that

1
fu-nds= /g(B)dH,
¢ 0

where 0 = z2 .

Hint:  Green’s Theorem in a plane states that for any differentiable functions
P(z,y) and Q(z,y)

}{j[P(m, y)dz + Q(z, y)dy] = ffR (g—f— = %j) dz dy

where R is a region in the plane and C is the counter-clockwise closed curve sur-
rounding R.
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8. (i) The integral

.[f m2+y ey

is to be evaluated over the region R bounded by the curves y =0, y =z,
g?—y*=1land zy=1.

Sketch the region R. Find the values of the new variables u = zy and v = z2—y°
on each part of the boundary of R and then evaluate the integral by first

changing to the new variables.

(ii) Find the position of the centre of mass of area S which is the sector of the circle
z? +y? = 1 between the linesz =0and y=z withz > 0.

Note, the centre of mass is defined by

1 1
T e = O d
T /-[sxdmdy, 7 f[sy x dy

where A = / dzdy is the area of the sector S.
S

9. A vector field E(z, y, z) is given by

E = e®cosbyi + e "sinyj + zk.

Find curl E and find the values of a and b for which there exists a scalar field
#(z, y, z) such that E = grad¢. Find ¢(z, y, 2).

Calculate div E and show that for the values of a and b found above

divE = 1.

Show also that if F' = curl B + E, then for these values of @ and b and any differen-
tiable vector field B we also have

divF =

PLEASE TURN OVER
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10. Green’s theorem in the plane states that

fras + gay) - [/R(gg - ?) s

where C is the counter-clockwise boundary of R.

(i) Use this theorem to write down a condition for the line integral
[ (e + ga)
G

to be independent of the path C; joining the two fixed points A and B.

(ii) Hence show that the line integral
-/; [(2¢**siny cosy)dz + €**(cos’y —sin’y) dy]
1

is independent of the path C; joining the points (0, 0) and (1, 7/4) and evaluate

it.
(iii) Consider the line integral

$(7ds + ga)

where

I = 2+’ IT 21

and C is the counter-clockwise circle centre 0 and radius 1.

Show that
o _ of

oz %
everywhere except at the point (0, 0).
Shiow thatf(fdm b gl = o
¢

How do you reconcile this result with Green’s theorem in the plane?

Hint: wuse polar coordinates z = rcosf, y = rsinf to evaluate the line

integral.



SECTION B [E 2.8 (Maths 3) 2007]

11. Consider the discrete random variables X and Y with joint probability mass function
p(z,y) = P(X =z,Y =y) given by the table below.

y
p(z,y)l 0 1 2
0 |042 0.12 0.06
1 /030 0.04 0.6

(i) Find the marginal distribution of X and the marginal distribution of Y.

(ii) Find E(X) and E(Y).

)
(iii) Find P(X = 1|Y > 0).
(iv) Are X and Y correlated? Give your reasoning.
)

(v) Are X and Y independent? Give your reasoning.

12. Consider a shipment of 8 generators. They produce the following voltages:
53, 5.6, 45, 6.0, 5.0, 51, 58, 5.9.

Assume that these are independent samples from an N (u, o?) distribution.

(i) Find the sample mean, Z.
(ii) Find the sample variance s? and the sample standard deviation s.
(iii) Find a 95% confidence interval for the mean u.

(iv) Perform a t-test at the 5% level for the hypothesis
Hy:p =5 against Hp:p # 5.

END OF PAPER
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Probabilities for events

For events A, B, and C P(AUB) = P(A)+P(B)-P(ANnB)

More generally P(UA:) = S P(A:) =Y P(AinAj)+) P(AinA;jnAg)— -
The odds in favour of A P(A)/ P(A)

Conditional probability P(A‘ B) = %@ provided that. P(B) > 0
Chain rule | P(ANBNC) = P(A)P(B|A)P(C|ANB)
Bayes' rule P(A ‘ B) = Bt ] ‘i) e
e P(A)P(B| A) + P(@) P(B|3A)

A and B are independent if P(B | A) = P(B)

A B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(AnB) = P(A)P(B), P(BnC) = P(B)P(C), P(CnA) = P(C)P(4)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is called the
probability mass function (pmf) and is the complete set of probabilities {pz} = {P(X = z)}

Expectation E(X) = p = prx

For function g(z) of z, E{g(X)} =) g(a)pz, so BEXY =" p,

1 :
Sample mean T = — ka estimates  from random sample z1,%2,...,%n
—_— n
k

Variance var(X) = o = E{(X - p)’} = B(X?) - p?

2
(ij) } estimates o2

3

3|~

il
Sample variance  §* = === {E z2 —
k

Standard deviation sd(X) = o

If value y is observed with frequency ny

n= Zn.y, ka= Zyny, Zm% = Zyzny
y k y k Y

o n—1

X — 4 comnd
Kurtesis (2 = E ( ,u) -3 is estimated by & (m‘ m) -3
= c n—1 s

—pu\3 R
Skewness [ = E(X #) is estimated by o (x,s :::)

Sample median F or Tmeq . Half the sample values are smaller and half larger

If the sample values z1, ..., Tp are ordered as z(;) < Z(2) <+ < ()
then T = Z(an, ifnisodd, and T = %(m(%) + :c(l;g}) if n is even



a-quantile Q() is such that P(X < Q(a)) = «

Sample a-quantile @(a) Proportion « of the data values are smaller

Lower quartile Q1 = Q(0.25) one quarter are smaller

Upper quartile Q3 = Q(0.75) three quarters are smaller
Sample median 7 = Q(0.5) estimates the population median Q(0.5)

Probability distribution for a continuous random variable

T

The cumulative distribution function (cdf) Flg) = P(X £2) &= / f(zo)dzo
Tg=—00

The probability density function (pdf) f(z) = diim)

oo

B(X) == /_:xf(:c)dx, var (X) = 0% = E(X?) — u?, where E(X?) = /mmzf(:c)d:c

Discrete probability distributions

Discrete Uniform Uniform (n)

px=% (o= 1;2;:00) p=(n+1)/2, o*=(n®-1)/12

Binomial distribution Binomial (n,6)

bz = (n) *(1-0)""* (z=0,1,2,...,n) p=nb, gzznﬂ(l—ﬁ)
T

Poisson distribution Poisson (A)

AZe—A
Pz =

—— (2=0,1,2,...) (with A>0) p=2X, 2=\

Geometric distribution Geometric (6)

1 1-0
p3=(1—9)z_19 ($=1,2,3,...) 'U,=§| G'2=T
Continuous probability distributions
Uniform distribution Uniform (e, B)
—— (a<z<p), p=(a+p)/2, ¢*=(8-a)?/12
f@) = { F-e
0 (otherwise).
Exponential distribution Ezponential ())
A=A (0<z < ), p=1/x, o?=1/)

flz) =

0 (o <zL0).



Normal distribution N (g,0?)

flz) = ﬁexp{—%(m;#)z} (-0 <z <00), E(X)=u, var (X) = o

Standard normal distribution N(0,1)
X-—p

If X is N(u,0?), then ¥ = is N(0,1)

Reliability

For a device in continuous operation with failure time random variable T' having pdf f() (t>0)

The reliability function at time ¢ R(t) = P(T>1)

The failure rate or hazard function  h(t) = f(t)/R(t)
t

The cumulative hazard function ~ H(f) = f hitg)dte = -m{R()}
0

pte

The Weibull(a, 8) distribution has  H(%)

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P(“device i operates”)
The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(D1ﬂﬂzﬂ---ﬂpk) =RiRy---Rx
A system of devices in parallel operates if any device operates

R=P(D1UD2U---UD;¢)=1—(1—R1)(1—R2)---(1—Rk)

Covariance and correlation

The covariance of X and Y cov(X,Y) = E(XY)-{EX)HEY)}

; . 1
From pairs of observations (Z1,¥1),- -, (T Un) Szy = Za:kyk - E(Zm)(z‘y}-)
k i j

1 1
Szz = in_;(zzi)gl Sy = Eyﬁ_a(zyj)z
k i k J

1

Sample covariance by = =% Sgy  estimates cov (X, Y)
) o cov (X,Y)
Correlation coefficient = cor(X,)Y) = ————F=
- ¥ XY) = G sa)
;5 S. .
Sample correlation coefficient r = —=2__ estimatesp
zzDyy
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11.
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Sums of random variables

B(X+Y) = E(X)+E(®)
var (X +Y) = var(X)+var(Y)+2cov(X,Y)

cov (aX +bY, cX+dY) = (ac)var(X)+ (bd)var (Y) + (ad + bc) cov(X,Y)
If X is N(p1,02), Y is N(u2,03), and cov (X,Y) =, then X +Y is N(u1+p2, 01 +03+20)

Bias, standard error, mean square error

If ¢ estimates @ (with random variable T giving t)
Bias of ¢ bias(t) = E(T)-—§6

sd (T

Il

Standard error of ¢ se (t)
Mean square error of t MSE(t) = E{(T —6)?} = {se(t)}? + {bias(t)}?
If T estimates u, then bias(Z) =0, se(Z) =o/y/n, MSE(Z)=c%/n, 8§ (Z)=s/V/n

Central limit property  If n is fairly large, Z is from N(u, o2/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.

For a random sample z1,%Z3,...,Zn
£0; z1,23,...,2n) = P(X1=a | ) v P(Xp=12n [ ) (discrete distribution)
£0; z1,232,..-,20) = f(z1 16) f(z2]8) - f(zn ) (continuous distribution)

The maximum likelihood estimator (MLE) is 8 for which the likelihood is a maximum

Confidence intervals

If z1,23,...,Tn are a random sample from N (4, o?) and o2 is known, then

the 95% confidence interval for p is (T — 1.96%, T+ 1.96\'%)
If o2 is estimated, then from the Student t table for t,_; we find tg = in_10.05

: ; s - s
The 95% confidence interval for p is (Z — to'ﬁ, T+ toﬁ)
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Standard normal table

Values of pdf ¢(y) = f(y) and cdf &(y) = F(y)

y o) @@ | v o) W |y ¢ W | y W)
0 399 5 9 266 .816 |1.8 .079 .964 |2.8  .997
1 397 540 | 1.0 .242 .841|1.9 .066 .971 |3.0  .999
2 391 579 |11 .218 .864 | 2.0 .054 .977 | 0.841 .8
3 381 .618 |12 .104 .885 |21 .044 .982 | 1282 .9
4 368 .655 |13 .171 .903 | 2.2 .035 .986 | 1.645 .95
5 352 .691 |14 .150 .919 |23 .028 .989 | 196 .975
6 333 726 |15 .130 .933 | 2.4 .022 .992 | 2326 .99
7 312 758 | 1.6 .111 .945 |25 .018 .994 | 2576 .995
8 200 .788 |17 .004 955 |26 .014 .995 |3.09 .999

14. (Student t tabIeJ Values t,, 5 of z for which P(|X| > z) =p, when X istm

4
o

m p=010 005 0.02 001 |m p= 0.10 0.05 0.02 0.01
1 6.31 1271 31.82 63.66 | 9 1.83 226 282 3.25
2 202 430 696 9.92 |10 181 223 276 3.17
3 235 318 454 584 |12 178 218 2.68 3.05
4 213 278 375 4.60 |15 1.75 213 260 29
5 202 257 336 403 |20 172 209 253 285
6 194 245 314 371 |25 171 206 248 278
7 189 236 3.00 3.50 |40 168 2.02 242 270
8 186 231 290 336 | 1.645 196 2.326 2.576

Chi-squared table

and p = .995, .975, eic

Values X} , of « for which P(X > z) =p, when X is x}

.995

975

.05

.025

.01

.005

k

.995

.975

.05

.025

.01

.005

O o NN o ;s W N

= e
O BN O

.000
.010
.072
.207
412
.676
.990
1.34
1.73
2.16
3.07
4.07
5.14

.001
051
216
484
.831
1.24
1.69
2.18
2.70
3.235
4.40
5.63
6.91

3.84
5.99
7.81
9.49
11.07
12.59
14.07
15.51
16.92
13.31
21.03
23.68
26.30

5.02
7.38

9.35

11.14
12.83
14.45
16.01
17.53
19.02
20.48
23.34
26.12
28.85

6.63
9.21
11.34
13.28
15.09
16.81
18.48
20.09
21.67
23.21
26.22
29.14
32.00

7.88
10.60
12.84
14.86
16.75
18.55
20.28
21.95
23.59
25.19
28.30
31.32
34.27

18
20
22
24
26
28
30
40
50
60
70
80
100

6.26
7.43
8.64
9.89
11.16
12.46
13.79
20.71
27.99
35.53
43.28
51.17
67.33

8.23
9.59
10.98
12.40
13.84
15.31
16.79
24.43
32.36
40.48
48.76
31.1b
74.22

28.87
31.42
33.92
36.42
38.89
41.34
43.77
55.76
67.50
79.08
90.53
101.9
1243

31.53
34.17
36.78
39.36
41.92
44 .46
46.98
59.34
71.41
83.30
95.02
106.6
129.6

34,81
37.57
40.29
42.98
45.64
48.28
50.89
63.69
76.15
88.38
100.4
112.3
135.8

37.16
40.00
42.80
45.56
48.29
50.99
53.67
66.77
79.49
91.95
104.2
116.3
140.2
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18.

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7y for every group exceeds about 5.

2
Ty — . . . ,
= 3 (ny = 7y)” ~ Tiy) is referred to the table of x2 with significance point p,
v
where k is the number of terms summed, less one for each constraint, eg matching total frequency,

and matching T with u

Joint probability distributions

Discrete distribution {pzy}, where p,y = P{X =z}n{Y =y}).
Let pre=P(X =2z), and pyy =P =y), then

Dze = Zpg,-y and P(X:mJY.—_.y) — Ez__‘y_
Y Dey

Continuous distribution

< v
Jointcdf F(z,y) = P{X <z} n{Y<y}) = f f f(zo ,30) dzo dyo
To=—0c0 Jyp=—0c0

d*F
Joint pdf flzy) = ﬁg’f)
Marginal pdf of X fx(z) = / f(z,v0) di&)
Espdi ; 3 _ f(=zy) ;
onditional pdf of X given Y =y fxiy(zly) = Fel) (provided fy(y) >0)
¥

Linear regression

To fit the linear regression model y=a+fz by yz=a+ ﬁm from observations

-~ -~ S
(€1,91),---» (Zn,¥m)  the least squares fitis @ = §—3B, B = 2%
_— IZT
| Szy
The residual sum of squares RSS = Syy— =
SEE
- =D, =
o2 = nRisg nar2 o? isfrom x2_,
E@) = o, EQ@) =08
s Yzl , 3 ? 58 L
= —_ ) —_——_—
var (&) ! var (B) 5 W (@ 8) T
e ~ ~ 1, =@-9%] ,
r = Q-+ pT, E(ym)=a+6$! Va‘r(yx) = pok a
n Sa:z
L -8 J—c—pz are each from t,_g

5€ (%)
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Parts
(i) P(X =0)=0.42+0.12+0.06 = 0.60 1 \ /
P(X =1)=0.30+0.04 + 0.06 = 0.40 1 v
P(Y =0) =042+ 0.30 = 0.72 1
P(Y=1)=0.1240.04 =0.16 1
P(Y =2) =0.06+0.06 = 0.12 1
(i) E(X)=0-0.60+1-0.40 = 0.40; 2
E(Y) = 0-072+1-0.16 +2-0.12 = 0.40; 3
iii
(iii) Seen

P(X=1Y >0)

P(Y > 0)
PX=1,Y=1)+P(X=1Y=2)
P(Y =1)+P(Y =2)
0.04+0.06 0.10 5
T0.16+0.12 028 15 G:48)

P(X=1Y >0) =

E(XY)=1-0.04+ 2-0.06 = 0.16

cov(X,Y) =E(XY)-E(X)E(Y)=0.16 — 0.16 = 0.
Hence,
p=core(X.Y) = COV(X 1) =
v/ Var(X) - Var(Y)

By definition this implies that X and Y are uncorrelated.

X and Y are not independent (i.e. they are dependent) because

P(X=1)P(Y =2)=0.40-0.12=0.048 #0.06 = P(X = 1,Y

(Of course, any other choice besides X
that X and Y are dependent.)

=1,Y = 2 can be used to show

ghmh%y
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Question
12 Marks &
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Parts S
(i) Z=3(53+56-+45+60+50+51+58+59)=54 2 d/
(ii) Let zy,...,z3 denote the observed values. .
e
2 1 1
2= = — [ 235.16 — =(43.2)?
k=1 j=1 Sg"mt f V
=l(235.16 —233.28) = —§§ ~ 0.269
7 7
3
so s = /58 &~ 0.518. 1
(iii) From the Student t table we find ty = t3_1 0,05 = 2.36. 2
The 95% confidence interval for 4 is thus
;‘1 8 /1 8
z—t T+t (5.4 —2.36 ,0.4 4+ 2.36
( D\/g 0\/—
~ (4.97,5.83)
4
(iv) The test statistic is
=T s szl&
s/\/8
The corresponding quantile ¢y from the Student t distribution is
t7,0.05 = 2.36.
Since |t| < 2.36 the hypothesis Hy is not rejected. 8
——-'-'-—'——'-ﬂ——
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