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SECTION A [II(3)E 2004]

1. Consider the complex mapping
z

z—1

from the z—plane where z = z + iy to the w-plane where w = u(z,y) + w(z,y).
1 ow that circles (r — + y*“ = a° in the 2-plane map to circles
i) Show that circl 1) 4 42 % in the z-pl ircl
(w — 1)? + v = a2

in the w-plane. For some value of a # 1, make separate sketches of each circle.
Show that for any value of a # 1, if both fixed points of the mapping (that is,
points that satisfy w = z) lie inside one of the circles then they must lie outside
the other and vice-versa.

(ii) Show also that the y-axis in the z-plane maps to the circle centred at (%, 0)
and radius % in the w-plane.

(iii) Given the straight lines in the 2-plane of the form y = m(z — 1), show that for
arbitrary finite values of m, these map to the lines

mu + v = m

in the w-plane.

2. By choosing a suitable closed contour C in the upper half of the complex plane for
the complex integral

% ez dz
c (22 +4)(22+9)’

use the Residue Theorem to show that

/°° cos 2z dx _ T _e:j_ B f
—oo (224 4)(z2+9) 5\ 2 3 )

PLEASE TURN OVER
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3. The contour integral

e'iz
?{ —dz
Cc 2

is taken around a closed contour C that contains no poles. C is comprised of

(i) A semi-circle in the upper half-plane of radius R;

(ii) A small semi-circular indentation around the pole at z = 0 that has radius r
and which lies in the upper half-plane ;

(iii) Those two parts of the z-axis, namely (—R, 0) = (—r, 0) and (r, 0) — (R, 0),
that connect the two semi-circles.

By considering the integral I in the limits r — 0 and R — oo, show that

o
sinzx
/ de = 7.

oo I

4. The square-wave II(t), the tent function A(t) and the sinc-function sinc¢, are defined
respectively by

_ 1, —-1/2<t<1/2,
() = { 0, otherwise.
1+t, -1<t<0,
AQt) = 1-—t, 0<t<t,
0, otherwise,
in(t/2
sinct = M

(t/2)

(i) Show that the Fourier transform of II(¢) is given by
TT(w) = sincw.

(ii) Show that the Fourier transform of A(t) is given by

Aw) = sincw.

(ili) Given that

/°° e'pt gt = { +z:7r p>0
—oo t —ir p<O0

where p is an arbitrary real number, show directly that the Fourier transform
of sinct is 2w II{w).
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5. Show that the Dirac delta-function has an integral representation of the form
oo .
/ eV dy = 2mé(T)
- 00

or with 7 and w reversed.

Hence, prove Plancherel’s integral relation between the two functions f(¢) and g(t)
and their Fourier transforms f(w) and g(w)

o * 1 *® = -k
[ swewa = 5 [ Fw)gw)de,
—oo TJ o
where * represents the complex conjugate.

If f(t) = eIt and g(t) = cos Qt, where § is a constant frequency, show that

oo
/ 6—|t| COSQtdt = 'H_m .

6. A function y(t) satisfies the differential equation

g+ 5y + 6y = f(t),

subject to the initial conditions y(0) = yo; ¥(0) = —2yg, where yo is a constant. f(t)
is a given function of ¢t. Using a Laplace transform and the Laplace Convolution
Theorem, obtain the solution of this differential equation in the form

t
y(t) = yoe * + / {e'w—”) - e“s(t_")}f(u) du.
0

PLEASE TURN OVER
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7. P and Q are continuous functions of z and y with continuous first partial derivatives
in a simply connected region R with a piecewise smooth boundary C. Use Green’s
Theorem in a plane to find a two-dimensional vector u, defined in terms of P and
@, to show that Green’s theorem can be re-expressed as the two-dimensional version
of the Divergence Theorem ‘

fu.nds = //divud:l:dy
C R

where n is the unit normal to the curve C.

Ifu=142%+ jy? and R is the region between the pair of parabolae 2y = z? and
2z = y? in the first quadrant, evaluate the double integral directly to show that

// divudzdy = 24/5
R

Green’s Theorem in a plane says that

fc(Pd:c + Qdy) = //R (%g - ‘3—5) dzdy.

8. The double integral I is given by
1= [[ @y s - dady,
R

where n > 0 is an integer and f is an arbitrary function. The domain of integration R
is the finite region in the z—y plane enclosed by the linesz =0, y =0 and y = 1 —=z.

(i) Show that, after the variable transformation,
u=$2—y2,v=$+y7

the integral can be written as

I - ?12 /01 vn_1< _vvz £(u) du) dv .

(ii) Evaluate the integral for the special case n =2, f(u)= e".

(iii) Evaluate the integral for the special case n =0, and f(u)=1.

Give a simple interpretation of your result.
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9. A vector field F is defined as

10.

F(z,y,2) = 2zsinzi + 2e¥j + (z° cosz + ae¥)k,

where a is a constant.

(i)
(if)

(iii)

(i)

Find div F and curl F.

Find the value of a for which there exists a scalar function ¢(z, y, z) such that
F = V¢ and find ¢(z, vy, z).

Find (F - V)¢ and V?¢ for the ¢ obtained in (ii).

The two-dimensional vector field F is defined by F = (ycosz, 3y +sinz, 0).

Show from Green’s theorem in the plane that the line integral
I = /(Fld:c + P dy)
C

depends only on the end points A and B of the path C and is otherwise inde-
pendent of C.

Find a potential function ¢(z, y) such that F = V¢ and hence evaluate the
integral I when A is the point (0, 0) and B is the point (7/2, 1).

Let R be the region in the first quadrant of the zy-plane bounded by the ellipse
(£/2)2+v? =1 and the lines x = 0, y = 0. Let C be the boundary of R taken
in the counter-clockwise direction.
Using Green’s theorem in the plane, evaluate the line integral
%(y2 de — z%dy) .
C
Green’s theorem in the plane states that

fae + oa = [[ (2 - L) aray,

where C is the counter-clockwise boundary of the region R.

PLEASE TURN OVER
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11.

12.

In a certain electrical subsystem three components are arranged as shown below:
¢l and c2 are in series, and c3 is in parallel with them, and the components
function independently. The probability of failure of component cl is p;, that
of c2 is p2, and that of c3 is p3. Calculate the probability of failure of the
system.

The cost of the system with just cl and c2 is k, the additional cost of installing
c3 is [, and the cost of a system failure is m. Show that installation of c3 is
justified in terms of expected cost if [/m is less than a certain function of p;,
p2 and p3.

The table below shows the bivariate probability distribution of two random
variables, X; and X5.

X1=1 2 3

1 0.12 0.06 0.22
21 005 0.02 0.13
3 013 0.02 0.25

(i) Calculate the marginal distributions of X; and Xj.

(i) Calculate the conditional distribution of X; given X5 = 3.

(iii) Compute E(X;), E(X3), var(X1), var(X32), E(X1X?2), and cov(X,, X3).

(iv) Are X1 and X correlated? Are they independent? Give your reasoning.

END OF PAPER
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Please write on this side only, legibly and neatly, between the margins
‘ SOLUTION
(1 Transfwmeton of Youndav jeo ____.._3
. S(&Lj = i :7 v =4
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E q QUESTION
Please write on this side only, legibly and neatly, between the margins
A SO,LUTION
U AAVE = V.F = 2%in2 + 2el - Asinz = @-AHTME ¢ ze’
. . 2.
~ L R =
b= UxE= | = -
2 2 2
™ | n
2x$inz zel  Veoz + el
= (g-0e? L - 2%z 2% w2)y = ok
Qw{t:: RSN |3
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Setter : /R:L‘ Qoo Setter's signature : R-L-Joeoi
Checker: d- E Y&‘ W Checker's signature :



MATHEMATICS FOR ENGINEERING STUDENTS

EXAMINATION QUESTION/ SOLUTION
2003 - 2004

Elo

Please write on this side only, legibly and neatly, between the margins

PAPER
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QUESTION
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2003-2004 QUESTIO?
Please write on this side only, legibly and neatly, between the margins ] l
SOLUTIO!
!
1.
P(system failure) = P{(cl failsU 2 fails) N (c3 fails)}
= {1 — P(cl does not failNc2 does not fail)} P(c3 fails)
= {1-(-p)(-p)lps: 5
E(cost without ¢3) = k + {1 = (1 = p1)(1 — p2)}m 7
E(cost with 3y =k +1+{1 - (1 - p1)(1 — p2)}pam | 5
difference = {1 — (1 = p1)(1 — p2)}(1 — pa)m — 1 ;
>0i“/m<{1—(1-191)(1—172)}(1—1’3) .- 5>
IS5
Setter: /u T CresbaEX Setter’s signature: MTﬁmvéw
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2003-2004 QUESTION
Please write on this side only, legibly and neatly, between the margins i Z
SOLUTIOI

(i) marginal X;: p1(1) = 0.3, p(2) = 0.1, p(3) =0.6

marginal X,: p2(1) = 0.4, p2(2) = 0.2, p(3) =04

(i) conditional Xy | X2 =3 M
pipa(1) = 0.13/0.4 = 0.325,
puja(2) = 0.02/0.4 = 0.05,
p1|2(3) = 0.25/0.4 = 0.625, &_i

(i) E(Xy) = ¥, zipi(z1) = 2.3, B(X2) = 20 “

var(X1) = L alpi(z) - pf =61 - 9.32 = (.81, var(X,) = 4.8 —2.02 =08

E(X1X2) = Z.’B]I'zp(xl,.’l:z) = 4.62

cov(X1, Xa) = 4.62 — (2.3 x 2.0) = 0.02

(iv) Yes, because covariance not zero.

No, because covariance not zero, or e.g. p(1,2) # p1(1)p2(2)
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