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Special Information for the Invigilators: none
Information for Candidates

The trigonometric Fourier series of a periodic signal z(t) of period Ty = 27 /wy is

o0
z(t) = ag + Z (@, cos nwgt + by, sin nwgt),
n=1
with
! / z(t)dt, a 2 / z(t) cos nwotdt, b 2 / z(t) sin nwoptdt
an — — n = — y n = — .
0 Tb To ' Tb To 0 ]b To 0

The compact Fourier series is given by

o —b,
(t) = CO+Z Cy cos(nwot+6,) with Cp=ag, Cp,=4/a2+b2, 0,= tan™! .

n=1 Qp

The exponential Fourier series is given by

o0
z(t)= > D,e™* with D,= 1 / x(t)e ™ot gy
n=—00 Jb To
Some Fourier Trasforms ‘
cos wot — 7[6(w — wp) + 6(w + wp)]

rect(£) <= T7sinc(4)

Wsine(Wt) <= rect(s2)
Some useful trigonometric identities

cos(z +y) = cosrcosy —sinzsiny

sinzcosy = 3sin(z — y) + 1 sin(z + y)

cos T cosy = 3 cos(z — y) + 1 cos(z + y).

Euler’s formula
e’* = cosz + jsinzx.
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1. Consider the periodic signal z(¢) shown in Figure 1.

x(t)

- —

-5 3 - 1 3 5 t
T=4

Figure 1: The periodic signal z(¢).

(a) Find the power of z(t).

[4]
(b) Compute the trigonometric Fourier series of z(¢). That is, compute
the coefficients ag, a,, and b,,.

[4]
(c) Find the coefficients C,, and the phases 6, of the compact Fourier
series.
[4]
(d) Compute the coefficients D,, of the exponential Fourier series.
[4]

(e) The signal z(t) is fed to a filter h(t) giving output y(t). The frequency
response of the filter is

1 for |w| < 3rad/s
H(w) = { 0 otherwise

Write the exact expression of the output y(t).
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2. Consider the energy signal z(t) = sinc(10¢).
(a) Sketch and dimension the Fourier transform of z(t).
[4]
(b) Using Parseval’s theorem compute the energy of z(t).
[4]

(c) Sketch and dimension the spectrum of the DSB-SC modulated signal
s(t) = 2z(t) cos 100¢.

[4]

(d) From the spectrum of s(t), identify the upper sideband (USB) and the
lower sideband (LSB) spectra.

[4]

(e) From the USB spectrum, write the exact expression of pysg(t).

[4]
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3. Consider the power signal z(t) = cos 10¢.

(a) Find the power of z(t).

(b) Compute the autocorrelation function of z(t) defined as
T/2

= - z(t dt
Re(T) = lim T / T/2 +7)

(c) Determine the Power Spectral Density (S, (w)) of z(¢),

(d) The signal z(t) is fed to a filter with frequency response

1
1+ jw’

H(w) =

Compute the power P, of the output signal y(t).
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4. Consider the frequency modulated signal
t
wrm(t) = Acos [27rfct + kf/ m(a)da] :

where the message signal is m(t) = 100 sinc(100xt). The carrier is given
by ¢(t) = 4 cos(2n f.t) with f. = 100 MHz and k; = 207.

(a) Sketch and dimension the Fourier transform of m(t).

2]
(b) Determine the bandwidth of the baseband signal m(t).

2]
(c) Find the peak value m, of the baseband signal.

[4]
(d) Using Carson’s rule, determine the bandwidth of g (t).

[4]
(e) Compute the average transmitted power.

[4]
(f) Using Carson’s rule, compute the bandwidth of ppp(t) if m(t) =

100sinc(2007t).
[4]
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5. A sinusoidal source v(t) = 10sin(27 fot) Volts with internal resistance R =
50 §2 is connected to a transmission line having L, = 0.25 puH/m and
Co = 100 pF/m. The transmission line has length L = 100 m and is
connected to a load Z; (see Figure 2).

| LR]

Vo eXp(jcot)q\,) [__:— ______________________________ IT[——Z-I-“_—"I

Figure 2: A transmission line connected to a sinusoidal source.

(a) Determine the phase velocity of the wave.

[4]

(b) Choose Z1, so that there is no reflection in the line.

[4]
(c) Assume Zp = 150 ), compute the fraction of the incident power that
is reflected at the load.

[4]
(d) Assume Zj, = 0 (short circuit termination),

i. find the lowest non-zero frequency at which Z;, = 0. (Recall that
Zin =V(-L)/1(-L)).

[4]
ii. find the lowest non-zero frequency at which the current flowing in
the circuit is (¢) = 0.2sin(2n fot) A.

[4]
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E1.6 Communications |
Exam Solutions
(a) Period of z(t) is Ty = 4.

1

1 .
sz—/ 2 (H)dt = =.

(b) x(t) is an even function, therefore, b, = 0.

1 /2 1

ap = 7 /Qm(t)dt =35

2 1 9

x(t) cos nwotdt = / cos nwotdt = — sin(nm/2).
0 nm

2
/ x(t) cos nwotdt = /

J—2 JO

YR

ay, =

(¢) Co=ag, C,, = /a2 + b2 =lay|, 0, =01if a, 2 0 f,, = m otherwise .

(d)
D, = ﬁeﬂ’”

2 b
C ,
D*n = i _]Gnv
5 €
Do = agp-.

(¢) The filter cuts all the harmonics except for the fundamental one. Thus
1 2
y(t) = ag + a; cos(mt/2) = 5 + - cos(mt/2).

10
“~sinc(10t) <= rect(w/20),
T

(b) The energy of z(t) is given by

1o , 1 0 10
A, = = f = —_— dt == —_—
! 2T ./700 X (w) e 27 J-10 T
() 100 + 100
W — W
= ‘t
S{w) = rect( 50 ) + rect( 50 )
(d) o
95
Yisp(w) = rect(w )+ rect(w ‘IFO ).
— 105 105
Yisp(w) = rect(w 10 )+ rect(w ﬁ[) ).



(a

10
ouss(t) = ?sz’nc(i)t) cos(105t)

R.(T) = %COS 107
So(w) = g[é(w —10) + §(w + 10)).

Sy(w) = [H(w)|*Se(w)
and

1 ‘0C
P, = Py ./_oo Sy(w)dw

Thus,

1 joo 1
p_ [T - _
Y '/.OO L+ w2 [5(w — 10) + 6(w + 10)]dw = 1/202

w

M (w) = rect (——> .

2007
The bandwidth of the baseband signal is B = 50Hz.
The peak value of m(t) is m, = m(0) = 100.

Using Carson’s rule the effective bandwidth is given by
kgmy,
Bry = 2(Af + B) = 2(—2— + B) = 2(1000 + 50) = 2100H z.
T

Since an angle modulated signal is essentially a sinusoidal signal with
constant amplitude, we have

Ppy = A?/2 =16/2 = 8.
B = 100Hz but m,, is the same. Therefore

By = 2(1000 + 100) = 2200H z

) Phase velocity u = 1/v/CoLlo =2 X 10%m/s

The characteristic impedance of the line is

Zo = \/Lo/Co = /0.25 - 1076/100 - 1012 = 5092.

Thus. there is no reflection if Z;, = Zy = 5082

2



(¢) The voltage reflection coefficient is K, = (Z, — Zo)/(Z1 + Zy) = 1/2.
Thus, K, =1/4.
(d) i If Z, =0 then Zi, = v(—L)/I(—L) = jZotan(kL); Zin =0 when
kL = 7. Thus fo =u/2L =10° = IMHz.
i, i) = v(t)/(Zim + R). We want i(t) = 0.2sin(27fo) A. Thus
Zin + R = 508, which implies Z;, =0 and fo = 1 MHz.



