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E1.5

Fundamental constants:

Permittivity of free space, ¢, = 8.85 x 10> F/m
Permeability of free space, y, = 4 x 107 H/m
Planck’s constant, & = 6.62 x 10 Js
Boltzmann’s constant, k= 1.38 x 10% J/K
Electron charge, e= 1.6 x 107 C

Electron mass, m =9.1 x 107 kg

Speed of light, ¢ =3 x 10® m/s
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E1.5 Exam questions

1.(a) An electron is trapped in a infinitely deep one-dimensional potential well:
V(x)=0, x<0

=0, O=sx=sL (equation 1)
=0, x>L
Show that the wavefunction
Yx)=0, x<0
=Asinkx, O=sx=<L (equation 2)

=0, x>L
is a solution of the one-dimensional Schrédinger equation

ht d’
SV (own = By

By using the appropriate boundary conditions derive expressions for all possible k and E
in terms of quantum number, n. Show that the energy difference between the two lowest
states is

AE = é—l? [9 marks]
m

(b) A quantum-well infrared photodetector (QWIP) has been designed to detect infrared
radiation of wavelength less than 10 pm. Assuming the quantum well of the QWIP can
be approximated by the potential V(x) in equation 1 and the infrared absorption occurs for
a transition between the two lowest states, what should be the width of the well? [5
marks] :

(c) The probability of finding a single electron confined to one dimension between x
and x+dx is given by lyp(x)Pdx. Explain why the electron wavefunction should obey the
normalization condition:

Tl{/}(x)lzdx -1

1 , . .
Hence, using the identity sin’ 0 = 3 (1 —c0s28), find the constant A in equation 2 for the

ground state of the electron. [6 marks]
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2.(a) The diagram below shows the cantilever and tip of an atomic-force microscope
together with the crystal axes of the silicon used in its fabrication. The tip, in the shape of
a pyramid, has been fabricated by anisotropic etching of the silicon, with the {111}
planes resistant to the chosen etchant. Give the Miller indices for the crystal faces (p) and
(q) and determine the angle of these faces to the vertical [001] direction.  [5 marks]

> support
l

tip ; -

cantilever
)

t
—1 [001]

[100] [010]

(b) The tip is fabricated a distance / from the cantilever support. The cantilever has
width w and thickness . Show that the relevant second moment of inertia, I, for
calculating the deflection of the cantilever is given by

wt®

T2
Using the expression

P x x°
v(x)= ——(l—x— =
EI\ 2 6
for the small vertical deflections, v, of the cantilever, where x is the distance from the
cantilever support, P is the force at the end of the cantilever, and E is Young’s modulus

for the cantilever material, derive an expression for the spring constant, k, of the
cantilever for a force on the tip. [11 marks]

(c) The cantilever has a width 50 um, length 1 mm and the Young’s modulus for silicon

is 1.1 x 10" Nm™. Determine the thickness of the cantilever required to produce a force
of 1 nN for a 1-nm tip deflection. [4 marks]
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3. (a) Name and describe the three types of polarization observed in dielectrics and their
relative associated frequencies. What types would you expect to see exhibited by (i)
helium (i1) sodium chloride (iii) water? [6 marks]

(b) The frequency response of the dielectric constant of a material due to its orientational
polarization is given by:
Ae
1+ jeor
What is denoted by ¢,,, Ag, and 7? By consideration of the imaginary component of ¢,

determine the frequency of maximum absorption for an electromagnetic wave passing
through the material. [6 marks]

Er = Sr.\' +

(¢) Hence show that the ratio of the real, &', to imaginary, k’’, wavenumber for an
electromagnetic wave at the peak absorption frequency is given by

[8 marks]

Page 4 of 6 Paper E1.5



4. (a) With reference to the capacitance of a parallel-plate capacitor, describe how
polarization increases the dielectric constant of a material. [4 marks]

(b) A parallel-plate capacitor is produced by evaporating a thin layer of metal on the two
largest sides of a thin slab of dielectric. The dielectric has a dielectric constant ¢, and a
thickness d. A voltage V is applied between the plates. By consideration of the energy
stored in a capacitor show that the dielectric will feel a normal stress, o, given by

AL
a==""r

2d

Is this stress compressive or extensive? [5 marks]

(c) The dielectric has a Young’s modulus F and a Poisson’s ratio of v. Show that the
fractional change in the capacitance due to the stress on charging the capacitor is given
by

AC

o}
—=({+2v)—
C ( )E

You may assume that the induced strains are all much less than 1.

For a particular parallel-plate capacitor, the dielectric has a Young’s modulus of 10° Nm™
a Poisson’s ratio of 0.5, a dielectric constant of 2 and a thickness of 100 um. What is the
relative change, AC/C, in the value of the capacitance when the originally uncharged

capacitor is charged to 100 V? [11 marks]
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5. (a) In the Weiss model of ferromagnetism, the magnetization, M, as a result of a
magnetic field H at a temperature T is given by

( fott, [H + AM]
\ k)
where L is the Langevin function. Explain the meanings of the parameters n, u, and A?
By suitable substitution, this relationship can be rewritten

ax - BH = L(x)
Find expressions for a and 8. Demonstrate using graphical methods that the Weiss model
predicts permanent magnetization for no external field if the temperature is below the
Curie temperature, T,. Derive an expression for the Curie temperature. [10 marks]

M =nu, L (equation 3)

(b) Show graphically that above the Curie temperature magnetization will only occur
with an external field, H. Show, by solving equation 3, that when x is small,

3 ”Hf}, uoH
3K(T-T,)
[6 marks]

(c) What are the two limitations of the Weiss model in explaining observed ferromagnetic
behaviour? [4 marks]
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E1.5 Exam answers
{
/
1.(a) Substitute y(x) into the Schrodinger equation S’
"L ) = Fyo
_ — xp(x) = X
8t m dx*
to give
hZ
—— Ak sinkx + V (x)Asinkx = EAsin kx [1]
8 m
As y(x) is only nonzero for 0 < x < L, where Vis zero,
hZ
—k’=E [
8x°m
From the boundary conditions, (x)=0, when x = L, which implies
sinkL=0 [1]
and therefore
kL = nm [1]
where n is the quantum number and is any integer not equal to zero. [1]
Hence the general solutions for k and E are
nw
k = T,
2
e 2]
SmlL’
The energy difference between the two lowest states will be
(2= 3
AE = = (2]
8mL*  8mL
Total [9]
(b) For the QWIP,
AE = hv
hc
- 1
A (1]
_ 3k’
8mlL’
and so (1]
I 3hA
8mc
3 3%x6.63x107* x107° 2]

8x9.11x107' x 3x10°
=3.0nm

(1]
Total [5]



(c) The probability of finding an electron in the region from x to x+dx is given by
ly(x)*dx. Hence as the probability of finding the electron somewhere must be 1

fllp(x)lzdx =1 (2]
The groimd state is given by

Px)= A sin% [1]
and so the normalization condition becomes

+L 5 2(m\

[ Asin®, —ldx = 1 [1]

o \ L)

1
Using sin’ = 5(1 —c0s28)

7142—2—[1 - cos(z;—?c-\-l X =

02 | \ L)
So
AT 2w . (2m\] 1
th Lsm\L/JO 1 [1]
and A=+v(2/L) [é]
Total [6]
2.(a)p: (111); q (111) [2]

The angle of the planes to the vertical is given by:

b
cos”' B = A2 [1]
falb|

where ais (111) and b is (001)

|
— (1]
143
and so the angle is 54.74° [1]
Total [5]

-1
cos O =

(b) The second moment of inertia is given by

I={[vda 2]

A
with da = wdy, and so
+1/2

I=wfy2dy [1]

—t/2

oc \



3 +112
43
-1/2 [2]
_w
12
From
2 3
N PR
EI\ 2 6
when x = [, (1]
__pr )
- 3El 2
The spring constant is defined by
P=—ky [1]
and so
3EI
k== [2]
Total [11]
Ef'w
C Hence k= 1
(©) e (1]
To determine a thickness ¢ we use
1
[ 4k \3
t=—11 2
\Ew/ g
with k = 1 N/m,
1
( 4 P
t= 1x10~
\1.1x10'" x 50 x107 / (2]
=899 um
Total [4]

3. (a) Electronic — due to the linear motion of the electron cloud about the nucleus
induced by an external electric field. Highest frequency (UV to visible). 1]

Molecular — due to relative motion of atoms in a molecule with different charges induced
by an external electric field. Lower frequency than electronic polarization (IR).  [1]

Orientational — due to the alignment of molecules with a permanent dipole with the

external electric field. Lowest frequency (RF) [1].
(1) Helium — electronic
(i) Sodium chloride — electronic and molecular
(ii1)  Water — electronic, molecular and orientational (3]

Total [6]
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(b) €, 1s the static, or DC, or zero-frequency value of the dielectric constant.
Ace is the change in the dielectric constant from zero frequency to frequencies above the
orientational-polarization frequencies. Tis the relaxation time constant of the

orientational polarization. [3]
Given
Ae
£ =£, +—
B S 17
g =€, -j&
e 4 Ag(1- jot)
"+ wit?
and so
" wTAeg
r =T 32 2 [1]
l+w'T
To find the maximum value,
de,
dw
and so
rAe(l + wzrz) —wtA 2wt
> =0 [1]
(1 +w 2r2)
(1 +m zrz) 2wt =0
which gives w = 1/t (1]
Total [6]
w
(¢c) Fromk=—n
c
=2y
fu we” 2
k'=—n"=—=
C c.2n'
and so
kK 2n”
L [1]
S
which gives
kK 2
—==" 1]
kg,
The real part of the dielectric constant is given by
e p—2E (1]
£ =t +———
b ry 1+(U2T2
and so at w = 1/7,
, Age
£ =€, +— [1]

2



with
g " B AE []]
T2

which gives
k' de _
—=—242 [
k Ae

Total [8]

4. (a) A dielectric is polarized in the presence of an electric field, and surface charges
will be induced on each surface of the dielectric. These surface charges are of opposite
sign to charges on the capacitor plates and so will reduce the electric flux in the material.
Additional charges will accumulate on the plates of the capacitor to compensate for the
charge cancellation. Hence the capacitance of the capacitor increases, implying an
increase in the dielectric constant.

The key parts of the explanation are

. Induced surface charges (1]
2. Charge cancellation [1]
3. Additional charging of plates [1]
4. Capacitance increase [1]

Total [4]

(b) Energy of a capacitor is given by
E= ;—CV2
> (1]
_&EAVT
2x
and the force is given by
dE

F=_%
dx

. 2
=_i(LOErAV \‘ 2]
dx\ 2x )
g8 AV
2x°
which for x = d gives
g=—
A
gV’
2d*
This force is compressive. [1]
Total [5]

[1]

A



Originally
Co £,6,A
d
Finally,
A

d

C/

Due to the compressive stress,
d=d-Ad

= d(1-¢)

where
Ad g

—_——=— = —

d E
and £ is Young’s modulus and

A'=A(l+ve)’
= A(l + 2ve)
for € << 1. The final capacitance is given by
C = £,6A(1+ 2ve)
d(1-¢g)
which for << 1 gives
o £,£A(1+ 2ve)(l + ¢
d
e g All+ (1 +2v)e]
d
The difference in capacitance is therefore given by
AC = goerA(]d+ 2v)e

and
AC
—=(1+2v) z
C E

Substituting

_ E()gr‘/2

- 2d?
and solving for the given parameters

A 8.85 % 1072 x 2 x 1007
AC 14382107 2

C 2><(10'4)2><109
which is 1.77x103%.

5.In

M g, 1ol (4 201
[ ]

(1]

[1]

(1]

(1]

(1]

(1]
Total [11]
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n is the number of magnetic dipoles per unit volume, (1]
u,, 1s the magnetic dipole moment of each dipole, (1]
A is the Weiss constant representing the strength of the internal magnetic field due to the
overall magnetization (the mean field). 1]
Putting
o, (H +AM)

T
we get

ax - BH = L(x)
with

o = kT : [1]

Anpgl,,
and
1

p prvy [1]
With H = 0, we have

ox = L(x)
and the solution is given by the intersection of the two functions

y,=ax, and

y2=L(x)

which is plotted below:

1.0
A
] I i .
0.5 1 nereasing o | [ S Slope
= increasing T
= 004 ©
- 4
-0.5
Al
1.0 == ; — —— .
-20 -10 0 10 20
X [2]

The solutions are at the intersections A, A’ and the origin. Only the solutions A and A’
are stable. (1]

The slope of the Langevin function is 1/3. Therefore there will be no permament
magnetization, with only a solution at the origin if o is more than x/3. Hence the
transition will occur when



<\

kT 1
A”Uolui; 3
and the Curie temperature is given by

(1]

(1]
Total [10]

(b) Above the Curie temperature there will only be a solution at a non-zero magnetic
field. The solution is now the intersection of

y,=ax - BH and
¥,=L(x) [1]
10 :
05] !
I
0.0 ll\
! \
0.5 | [ ox-BH, o >1/3
1
Lo FT—r—————trrb—r—rrrr
20 10 o | 10 20
x (2]
From
M o L[ 200)]
m |- kT J

When the argument of the Langevin function is small,
np e, (H + M
M _ ILOMm ( )
3kT

(1]
and so
__ Hnpgu, 0
3T — Anpg’
giving the required expression

2
M __Hnpg, [1]
3k(T-T))
Total [6]

(¢) Limitations of the Weiss model of ferromagnetism

() Unphysically high value for A. The correlation of the dipole moments is
not due to a mean field but is caused by quantum effects. 2]

(ii)  Does not consider the effect of magnetic domains. Sudden change in
magnetization predicted by the Weiss model is only seen in the smallest,
single-domain particles. Similarly, unpoled ferromagnets often cancel out
their external magnetic fields by aligning the poles of their magnetic
domains in opposition. (2]

Total [4]



