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1. Find the stationary points of the function
flz,y) = yv*+4z2® -2y +22° — 1.

Show that f(z, y) has two minima and one saddle point.

Sketch some typical contours f(z, y) = constant.

2. If z = rcoshd and y = rsinh @ and f is an arbitrary function of (z, y), show that

6_f = coshegi - sinh ¢ jS

Oz Or r 00

and find a similar expression for ——.

oy

Verify these relationships for the case when f(z, y) = v/Z2 — y2 tanh™(y/z).

PLEASE TURN OVER
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3. Compute an approximation to the integral

/4
I = / 0 sin 6df
0

using :
(i) the Trapezium Rule with 2 ordinates (i.e. one strip);

(ii) the Trapezium Rule with 3 ordinates (i.e. two strips).

From your two approximations, give an improved estimate of the integral using
Richardson extrapolation.

Verify by direct calculation that your improved estimate is the same as that from
Simpson’s rule with 3 ordinates.

Compare your results with the exact value of the integral.

You should work to 4 decimal places throughout.

[Richardson extrapolation: Let I = [ : f(z)dz and let I; and I be two estimates for
I obtained using the Trapezium Rule with intervals h and h/2. Then, provided h is
small enough, (41, — I1)/3 is a better estimate of I. ]

4. Tt is required to solve the equation
tanz = Va?—z?

using the Newton-Raphson iteration method.
By sketching the two curves y = tanz and z? +y? = a? with y > 0, show that this

. . 3
equation has 3 roots if 7 < a < —271
If @ = 4, use the Newton-Raphson method to find both positive roots correct to 4
decimal places. You should take as a first estimate zo = 1.3 for the smaller root and
zo = 3.8 for the larger root and work to 5 decimal places throughout.
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5. Two planes are defined by the equations

z + y — 22 = 3,
2¢ — 2y + =z = 1.

(i) Find the perpendicular distance from the origin to each plane.

ii) Find the vector equation of the straight line defined by the intersection of these
g Y
planes.

6. (i) Let

a b
1= (23)

calculate A2 and hence find all 2 x 2 matrices A such that A% = I (where I is
the 2 x 2 identity matrix). Consider separately the cases where

(a) b=c=0;
(b)  neither bnor cis 0 ;
(c) exactly oneof borcisO.

(ii) Let A and B be general 2 X 2 matrices. Decide whether or not each of the
following rules is valid :

(2) (A+B)(A— B)= A% BZ;
(b) (AB)™! = B~1A~! (assuming that all 3 inverses exist);
(c) (A+ B)™' =B~ + A™! (assuming that all 3 inverses exist).

Justify your answers briefly.

PLEASE TURN OVER
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7. Complete the factorisation

B —

11
A = 1l a = LU =
1 a

Do

a
where each dot denotes an element to be found.

Use the factorisation to solve the system of equations

Ty 0
A %) = 0
3 b

for z1, T2, 3 in terms of a and b (for a # 1).

Find also all solutions (if they exist) of the system in the cases:

i) a=1, b#0;
i) a=1, b=0.

8. (i) Find the solution of the differential equation for y(x)
dy
2 2 2
- -7 = 27y |
(y° —z%) In z° + 2zy
for which y = 2 when x = 1.
(ii) Find the general solution of the differential equation

d
@+1) 2 — 3y = (@+1)°.
dzx



9. (i) Find the general solution of the differential equation

d’y | dy
3;54--(-1;—23/—:1:.

(ii) Find the solution of the differential equation

d? d
y o, %

- = cosx
dx? dzx ’

subject to the initial conditions y(0) =1, ¥'(0) = 0.

10. Prove that for 0 <z < 7 :

() ™ 4 (cosw + cos 3z + cos bz
1 r = — — — .
2 o 12 32 52
and
(i) 5 (sin:c sin 2z 4 sin 3z sindzx
T = — _
" 1 2 3 4

Use these equations to show that

(iii) Z‘o (—251—1)5 = 72/8 .

[I(2)E 2003]

END OF PAPER
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5. INTEGRAL CALCULUS

(a) Animportant substitution: tan(8/2) =t :
sinf=2t/(1410%), cos@=(1~-12)/(1+1%), d8=2dt/(1+(7),

(b) Some indefinite integrals:

\?n - z?)"Ydz = sin~! Amv v 2zl <.

\?n + 17"z = sigh~? Amv =In

CRE. ]
+
+
I

\Anu -a?)~"%dz = cosh™! Amv =t|=4+(Z -1 .
a e

\?ﬂ +2Y)dr = Amv tan~} Amv .

6. NUMERICAL METHODS
(a) Approximate solution of an algebraic eguation:

If a root of f(z) = 0 occurs near T = g, take zp = a and
Zast = Zo = [f(2a) /' (2za)], n=0,1,2...

(Newton Raphson method).
(b) Formulae for numerical integration: Write z, = 1o + nh, Yn =y {(za) .
Trapezium rule (1-strip): .ﬁ-.. y(z)dz = (h/2) {vo + 1] .
ii. Simpson's rule (2-strip): [7* y(z)dz = (h/3) [vo + 4y, + val-

(c) Richardson's extrapolation method: Let J = h. J{z)dz and let 1, I; be two
estimates of [ obtained by using Simpson's rule with intervals & and A/2.
Then, provided & is small enough,

I+ (- 1i)/15,

is a better estimate of /.

7. LAPLACE TRANSFORMS

Function Transform Function
I F(s)=[" e [{t)dt af(t) + bg(r)
df /dt sF(s) - f(0) dJ/di?
e F(s - a) )
{9/8a)/(t, o) (8/0a)F(s, a) Jo f(0)dt
Ja F(w)g(t - v)du F(s)G(s)
! /s (n=1,2..)
e 1/(s-a), (s> a) sinuwt
coswt (s +w?), (s>0) H(t-T)= m“ 'S 7

8. FOURIER SERIES
If f(z) is periodic of period 2L, then f(z +2L) = f(z), and

nre nrz
f(z)= lao+.m==3m Mo sin — T where

~.
a..uw_u\. ?73%5. n=01,2..., and

._ s\ \?vu_sﬁkh n=1237,...

Parseval's theorem

al oo
h\ )N dz =22+ ._Mum?._i.c.

Transform

aF(s) + bG(s)

s*F(s)~ sf(0) - f'(0)

~dF(s)/ds

F(s)/s

nl/s"t (s> 0)

w/(s?+w?), (s> 0)

e *Tis, (s, T>0)



