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1. Find the stationary points of the function

flz,y) = (y - 1)(&* - %)

and determine their nature.

Consider the surface z = f(z, v).

Sketch the contour z =0 and other representative contours of the surface.

Indicate the position of the stationary points.

2. (i) I v = f(z,y) and =z, y are defined parametrically in terms of s, ¢ via
z(s,t) = & + 2, y(s,t) = 2st,

show that
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(i) Furthermore show that
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3. Show graphically that the equation
f —z-01=0
has one negative solution and one positive solution.
Consider the fixed point schemes
(i) Tny1 = x5 — 0.1,
(i) Tnt1 = (za + 0.1)4.

Show that (i) with zo = 0, and (ii) with zp = 1 are convergent schemes for
computing the negative and positive solutions, respectively.

Compute the first two iterates for both schemes.
Write down the Newton-Raphson scheme for computing these solutions.

Starting with the same z; as above, compute the first two Newton-Raphson iterates
for both solutions.

4. Two planes are defined by the equations’

z — 4y + z = 6,
z - Yy + z 2.

(i) Find the perpendicular distance from the origin to each plane.

(i) Find the vector equation of the straight line defined by the intersection of these
planes. '
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5. Consider the n X n matrix
A=1-—- 8.

where B™ =0 for some positive integer m.

Show that
A= T4 Bop Bk, 4 B,
Given
01 1
B=|0o0 -1],
0 0 0

show that B® = 0.

Hence find A~!.  Use the Binomial Theorem to find AP where p > 2 is an
integer.

Calculate A? by direct multiplication and check your result.

6. (i) Using the substitution v = y/z, or otherwise, find an implicit solution of the
differential equation
dy =z
dr ~ 2z-—y

that satisfies y = 0 at z = 1.

Give an expression for z in terms of y/z.

(ii) Find the general solution y(z) of the differential equation

d
(z? +1) = A oy = (22 +1)Y2.
dz
Evaluate the arbitrary constant given that

lim z(y-1) = 1.
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7. (i) Consider the ordinary differential equation

dy TY

dz (22 +12)
and, using the substitution y = uz , show that y and z are related via
z? = 2°In[Ay],

where A is an arbitrary constant.

(ii) Solve the ordinary differential equation

& . FRiF
dr ~ z+y-—-1"

8. (i) Find the solution y(z) of the differential equation

&y dy .
g 48;8— + 8y = 20sin2z ,
: dy
that satisfies y = 0 and = 0 at z = 0.

(i) Find the general solution y(z) of the differential equation
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. Consider the differential equation

d’y dy
y R S ~1)=-= =0,
(1+z%) Tn? + (2z-1) I 0 (1)
Use Leibnitz’s theorem to show by differentiating n times that
(1+2%) ¥ (2) + 2(n+ e - 1y™(z) + n(n+1)y™(z) = 0.

Hence show that, if y(0) = ¥/(0) = 1, the Taylor-MacLaurin expansion of y(z) is

2 3

ylz) = 1+$+—§-—'§'+...

Show also that the substitution if v =y’ reduces equation (1) to a first order equa-
tion and hence find a closed form solution for y(z) subject to the same conditions

y(0) = ¥(0) = 1.

10. Given the function f(z) = cosz for 0<z <7 and f(z) = —cosz in

—r <z <0, show that

g = m .
cosT = — ———— sin2mz
T nf:‘l dm? -1

holdsin 0 <o < 7.

Hence show that
_ 8 5 2p-1) (=17
E; 16p% — 16p + 3

%I._-
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END OF PAPER
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