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1. Show that the four stationary points of the function
Az, y) = (y—=2)(2° +3* - 3)
lie either on the line y =z or on the line y = —2z, and determine their nature.
Sketch the contours through the saddle-points and some general contours of z(z, y)-

Indicate the position of the stationary points on your sketch.

2. Show that u(z,y) = tan~! (El_) and v(z,y) = tan™! (f-) both satisfy the
z Y

equation
Ow + Ow 0
z— — = 0.
6z Yoy
Hence, show that
2(z,y) = zu - y2v
satisfies the equation
0z 4 0z 9y
T — — ==
5z Yoy
Show also that
0%z Ou 0%z v
— =2 — d — = —2v-2y—.
522 u + 2z Ep an % v—2y By
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3. A numerical approximation of I = f(z)dz, where f(z)=+/1+4=z, isgiven
0
by the trapezium rule with two intervals as 0.9416 (correct to 4 decimal places).

Find further approximations by :

(i) using the Trapezium rule with four intervals;
(ii) using Richardson’s extrapolation;

(iii) expanding f(z) using the binomial theorem in a series up to and including
the term proportional to z? and integrating the terms of the resulting series.

Calculate I exactly and compare with the most accurate approximation.
All calculations should be rounded off to four decimal places.

Richardson Eztrapolation: Let I = |, : f(z)dz and let I; and I be two estimates of
I obtained using the Trapezium rule with intervals h and h/2. Then provided h is
small enough (41> — I;)/3 is a better estimate of I.

4. (i) Show that, for any vectors a and b,

(a+b)x(a—b) = 2bxa.

(ii) Show that, for any vectors a, b and ¢,
{(a+b)x(b+¢)}.(c+a)=2(axb).c

Verify this result for the special case where a = (1,0, 0), b = (1, 1, 0) and
c=(1,1,1).

(iii) The vector x satisfies the pair of equations
axx=b and a,x=3,
where a=(1,2,1) and b= (7, -1, —=5).

By taking the vector product of the first equation with a, or otherwise, de-
termine Xx.
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5. (i) Find the minimum distance from the origin to the plane P given by the equation

z — 2y + 3z = 14.

(ii) Another plane Q has equation z - oy = 0. Find the value of o so that P
and Q are orthogonal.

(iif) For this value of @, let [ be the straight line which is the intersection of these
two planes. Find an equation for ! in the form r(\) = Aa+b.

6. Let
(1)
Find the value of a such that A3 =I.
Find the value of a such that A* = 1.
For each of these two values of a find A™".

Prove that A~! exists for any a, but that there is no value of a such that A = A™%.

7. Using Gaussian Elimination, or otherwise, find the values of the constants A and p
for which the equations

z — y + 3z =1,
2 + 3y + Az = T,
z + y + 2z = p

have infinitely many solutions, and find these solutions.

If A= % +5« and p'=3-28, find the solution of the above equations in terms
of the non-zero constants a and f.

PLEASE TURN OVER
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8. (i) Find the solution of the differential equation

9.

10.

a:—j—z + 1l+z)y = =,

subject to the condition that y =1 when z = 2.
(ii) The function y(z) satisfies the differential equation

2

14z’

T 4y _
de
subject to the condition that y =4/7 when z=1.

Using the substitution v = y/z, or otherwise, solve for y(z).

(i) Find the general solution of the differential equation

d*y dy
CY L4 gy = -z
TS hA Ty =8+

(i) Find the general solution of the differential equation

d2
a;% + 4y = cos2z.

The function f,(z) is periodic, with period 2, and is an odd function of z. In
the interval 0 < £ < 7 it has the value

filz) = 7—z, 0O0<z<m.
Sketch the graph of fi(z) over the interval —27 <z < 2.

Find the Fourier series for fi(z).  State the values of the Fourier series when
£=0 and when z =m/2. Use the latter result to show that
1 —

+ + .=

[JC R
| =
~ -
S|

The function fp(z) also has period 2m and is an even function. In the interval
0<z<m, fo(z) is defined to be equal to fi(z)- Sketch the graph of fa(z) over
the interval —27 < z < 27 and find its Fourier series.

END OF PAPER
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