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1. Sketch the contour f(z,y) = 0 for the function

flz,y) = a(y® —[z> = 1]%),

showing the coordinates of the points where the contour’s components intersect. By
considering the partial derivative of f with respect to y, show that at each of the
stationary points of f, either =0 or y =0.

Find the z- and y- coordinates of each of the six stationary points of f.

With the aid of your sketch, or otherwise, classify each stationary point as a saddle
point, maximum or minimum.

(i) The polar coordinates r and 6 are related to the Cartesian coordinates = and
y via the relations
x = rcosf, y = rsiné.
of of of

For a function f(z, y), find = and or in terms of =~ and —~ and hence

or 00 ox oy
show that

sin 0 g
r 00

cos 6j

- = sin98—+
oy or r 00

(ii) Find the value of the constant « such that the function V (¢, z) = g /4t

satisfies the equation
ov 0’V

ot 0x2
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(iii)
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Find the two points at which the curves y = 2 and 3? = 32z intersect.

Use Simpson’s rule to estimate the area enclosed by the two curves between
their points of intersection, using function values at 3 values of = (including the
points of intersection). Give your estimate correct to 4 significant figures.

Repeat the application of Simpson’s rule to obtain an improved estimate for
the area (to the same precision), using function values at 5 values of z.

Use Richardson’s extrapolation to find a further improved estimate for the area.

Find the exact value of the area, and hence find the percentage error in your
estimate from part (iv).

Given the position vectors
a= (1,12, b=(021),

find the lengths of a and b, and the angle between them. Evaluate a x b and
hence find the area of the triangle with sides a and b.

The vector r satisfies the equation

r + cxr =d,

where ¢ and d are given vectors. By taking the scalar product and the vector
product of this equation with ¢, or otherwise, solve for r.

Verify your result for the special case where ¢ = (2,0, 1), d = (1, 2, 0).




[1(2)E 2001]
5. The straight lines L; and Ly are given by
Ly : (z, vy, 2) (-1, —=2,5) + s(1,1, —-2),
Ly : (x,y,2) = (5,4,0) + t(3,1, —3).
Let x1(s) and x2(t) denote points on L and Ly respectively. Find values of s and
t so that x1(s) — x2(t) is perpendicular to both L; and L.

Hence, or otherwise, find the line L that passes through L; and Lo and is perpen-
dicular to each of them. Find the shortest distance p between the lines L; and
Lo.

Find the distance d of the line L from the origin.

6. A matrix A is given in terms of a constant a as

(i) Express A in the form A = LU where L is a lower triangular matrix with 1’s
on the diagonal and U is upper triangular.

(ii) Hence find the conditions on a for which

Ax =

has

(a) exactly one solution;
(b) infinitely many solutions.

(iii) Find the solution to the simultaneous equations

3z + 3y + 4z
6x + Ty + 9z
3z + 4y + 4z

PLEASE TURN OVER
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7. (i) Find the solution of the differential equation
d
2zy - +y°
dx
which satisfies the condition y =1 at x =6.

(ii) Show that the equation

1 2

is exact and hence, or otherwise, find its general solution.

8. (i) Find the general solution of the homogeneous equation

d?y dy
29 927 =
dx? dx Ty

(ii) Find the solution of the equation

d?y dy
< _ 27
dx? dx Ty

which satisfies the boundary conditions
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9. The function y(z) satisfies:

d*y dy

Differentiate the above differential equation n times using the Leibniz formula. Hence
show that
y"2(0) = (n* +n-2)y™(0).

Use this formula to write down the Maclaurin series expansion for y up to and
including the term of order z'°. Write down the general term of the series and find
the radius of convergence of the series using the ratio test.

. Find the Fourier series for each of the following functions:
(i) flz) = |z|, —-—nm<z<m,

(i)

From the series obtained for (i), deduce that

Z (2n +1)? R

n=0

By application of Parseval’s Identity to the series obtained for (ii), deduce that

o1 2
22T

END OF PAPER
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